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ABSTRACT- In this paper, we price European Call three different option pricing models, where the volatility is dynamically 

changing i.e. non-constant. In stochastic volatility (SV) models for option pricing a closed form approximation technique is 

used, indicating that these models are computationally efficient and have the same level of performance as existing ones. We 

show that the calibration of SV models, such as Heston model and the High Order Moment based Stochastic Volatility (MSV) 

is often faster and easier. On 15 different datasets of index options, we show that models which incorporates stochastic 

volatility achieves accuracy comparable with the existing models. Further, we compare the In Sample and Out Sample 

pricing errors of each model on each date. Lastly, the pricing of models is compared among three different market to check 

model performance in different markets. 
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1. INTRODUCTION  

The latest summary publication from the world's largest 

options market, CBOE, reveals a cumulative dollar volume 

exceeding half a trillion dollars for options in 2014, with 

over $101 billion traded in equities and more than 477 

million transactions recorded (CBOE, 2014). Index options 

markets have garnered significant attention due to their 

interaction with stock markets, particularly concerning 

direction and volume as by Murara (1) and Chance et al. 

(2).  

While American-style exercise prevails in index options, 

the constant volatility assumption in the standard Black-

Scholes model has been empirically challenged. The 

literature on stochastic volatility, emphasizing aspects like 

forecast accuracy and option pricing, is extensive and 

continually expanding as stated by Christoffersen et al. (3). 

This study aims to model volatility using the MSV model, 

comparing its accuracy and calibration ease with the 

Heston model. We categorize volatility models into 

constant and stochastic, with the latter providing more 

flexibility in modeling volatility surface as stated by 

Dumas et al (4), Dupire (5) and Alexander (6).  

Our research introduces a new method to model implied 

volatility, and we focus on establishing its accuracy and 

ease of calibration, comparing it to existing models. We 

present heuristic procedures to simplify calibration, with a 

specific focus on index option pricing. The rest of the paper 

outlines the two main stochastic volatility models, presents 

the literature review, empirical methodology, results, and 

conclusions. 

 

2. LITERATURE REVIEW 

To address these issues, several studies have proposed 

extensions to the Black & Scholes model. Two main 

approaches emerged: deterministic volatility models, which 

link volatility to observable market variables, and stochastic 

volatility models, where volatility itself is treated as a 

stochastic process. This thesis aims to fill two gaps. Firstly, 

we explore improvements over Black & Scholes by 

considering both deterministic and stochastic volatility 

models for pricing OMXS30 index options. The study 

compares various option pricing models, including 

Practitioner Black-Scholes, Gram-Charlier, Heston, and 

Heston Nandi GARCH, using Excel VBA and SAS 

Enterprise. The dataset consists of call options on OMXS30 

from 1st June 2011 to 31st May 2012, focusing on a smaller 

market like the Swedish Stock Exchange that has received 

less attention in the existing literature. 

Secondly, while there are studies comparing the incremental 

contribution of stochastic volatility models or more 

sophisticated models like jump diffusion models, there is a 

lack of research that systematically compares alternative 

groups of option pricing models. This thesis contributes as an 

empirical study that fills this gap by comparing and 

evaluating various alternative option pricing models sourced 

by Stein & Stein (7) ; Romo (8) and Schofield (10). 

 

 3.  EMPIRICAL METHODOLOGY 

In all the three valuation models, we assume that volatility is a 

stochastic function of underlying strike price and time to 

maturity.  

3.1. Black-Scholes Model 

For the price of a non-dividend paying European call option, 

the Black-Scholes equation is described as Black & Scholes 

(10) and Cohen (11); 

 
𝐶(𝑆, 𝑡) = 𝑆𝑁(𝑑1) − 𝐾𝑒−𝑟(𝑇−𝑡)𝑁(𝑑2) (1) 

Where C(S, t) is the call option price, S is the stock price at time 

t, N(d) are the value of cumulative normal distribution, K is the 

strike price, r is the interest rate,t is the time to maturity, (T − t) 

is the option duration to get expiry and the σ2 is the volatility. 

Under BS framework the discounted expected value is given 

by  

𝑑1 =
ln .

𝑆
𝐾

/ + (𝑟 +
𝜍2

2
) (𝑇 − 𝑡)

𝜍√(𝑇 − 𝑡)
 

(2) 
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𝑑2 = 𝑑1 − 𝜍√(𝑇 − 𝑡) (3) 

When the Black-Scholes equation was published, it assumes 

that during the option life no dividend are paid with no taxes 

and transaction cost. Also, the risk-free rate is same for all 

maturities and the interest rate is constant as well as the short 

selling and trading in continuous time is possible. And the 

most important of all assumptions is that the volatility of the 

stock return volatility is constant. Later on this constant 

volatility framework was modified by Heston by including 

the stochastic volatility in pricing options.  

3.2. Heston Stochastic Volatility Model  

Heston model assumes that the process 𝑆𝑡  follows a log 

normal distribution, and the process 𝑉𝑡 follows a Cox, Cox et 

al.[12]. For Heston model, the asset price dynamic is assumed 

to be governed by  

𝑑𝑆𝑡 = 𝜇𝑆𝑡𝑑𝑡 + √𝑉𝑡𝑆𝑡𝑑𝑊1(𝑡) (4) 

𝑑𝑉𝑡 = 𝜒,𝜃 − 𝑣(𝑡)-𝑑𝑡 + 𝜍√𝑣(𝑡)𝑑𝑊2(𝑡) (5) 

𝑑𝑊1(𝑡)𝑑𝑊2(𝑡) = 𝜌𝑑𝑡 (6) 

Where μ is the rate of the return of the asset (drift coefficient), 

dWt and dZt  are the standard wiener process with a give 

correlation coefficients W1(t)and W2(𝑡) =  ρ  , and the 

ρ, θ, σ, χ, St and Vt are the known constants. The price of the 

European call option with strike price K is given by  
𝐶𝐸𝑈𝑅(𝑆𝑡, 𝑉𝑡, 𝑡, 𝑇) = 𝑆𝑡𝑃1 − 𝐾𝑒−𝑟(𝑇−𝑡)𝑃2 (7) 

Where the first term is the present value of the spot asset upon 

optimal exercise and second term is the present value of the 

strike payment. 𝑆𝑡  is the spot price at time t, T is the 

expiration time and 𝑃1 𝑎𝑛𝑑 𝑃2  are the pseudo probabilities. 

Both P1 and P2 ought to satisfy the PDE.  

𝑃𝑗(𝑥, 𝑣, 𝜏, 𝜑𝑗) =
1

2
+

1

𝜋
∫ 𝑅𝑒,

𝑒−𝑖𝜑𝑙𝑛𝐾𝑓𝑗(𝑥, 𝑣, 𝜏, 𝜑)

𝑖𝜑

∞

0

-𝑑𝜑,    𝑗

= 1,2 

 

(8) 

Here, 𝜏 = 𝑇 − 𝑡  and 𝜑𝑗 = (𝑣𝑡 , 𝜏, 𝜒) = exp,𝐶𝑗(𝜏, 𝑥)�̅� + 𝐷𝑗(𝜏, 𝑥)𝑣𝑡-  is the 

characteristic function, which assumes the characteristic 

function solution as, 

𝐶𝑗(𝜏; 𝜑𝑗) = 𝜇𝜑𝑗𝜏 +
𝑎

𝜍2
,(𝑏𝑗 − 𝜌𝜍𝜑𝑗𝑖 + 𝑑𝑗)𝜏 − 2𝑙𝑛 *

1 − 𝑔𝑗𝑒𝑑𝑗𝜏

1 − 𝑔𝑗

+- 
 

𝐷𝑗(𝜏; 𝜑) =
𝑏𝑗 − 𝜌𝜍𝜑𝑗𝑖 + 𝑑𝑗

𝑏𝑗 − 𝜌𝜍𝜑𝑗 − 𝑑𝑗

*
1 − 𝑒𝑑𝑗𝜏

1 − 𝑔𝑗𝑒𝑑𝑗𝜏+ 
 

And  

𝑔𝑗 =
𝑏𝑗 − 𝜌𝜍𝜑𝑗𝑖 + 𝑑

𝑏𝑗 − 𝜌𝜍𝜑𝑗𝑖 − 𝑑
 

 

𝑑𝑗 = √(𝜌𝜍𝜑𝑗𝑖 − 𝑏𝑗)
2

− 𝜍2(2𝜇𝑗𝜑𝑗 − 𝜑𝑗
2) 

 

𝑢1 =
1

2
, 𝑢2 = −

1

2
, 𝑎 = 𝑥𝜑 

 

𝑏1 = 𝑥 + 𝜆 − 𝜌𝜍, 𝑏2 = 𝑥 + 𝜆  

3.3. High Order Moments based Stochastic Volatility 

(MSV) 

In MSV model, volatility has a term structure modified by a 

scalar random variable. And one of the simplest framework to 

introduced a stochastic component in the volatility is to 

consider the Hull-White type model of the asset price process 

by Hull et al. [13]. 

𝑑𝑆𝑡 = 𝑟𝑆𝑡𝑑𝑡 + √𝑣𝑡𝑆𝑡𝑑𝑊𝑡
1 (9) 

𝑑𝑉𝑡 = 𝑓1(𝑡, 𝑣𝑡)𝑑𝑡 + 𝑓2(𝑡, 𝑣𝑡)𝑑𝑊𝑡
2 (10) 

Where, Wt
1and Wt

2 are the uncorrelated Wiener Process and f1, f2 

are smooth functions bounded by liner growth. Let �̅� be the 

mean variance over some time interval ,0, 𝑇- defined by  

𝑉�̅� =
1

𝑇
∫ 𝜍2(𝑡)𝑑𝑡

𝑇

0

 
(11) 

Whereas the price of European call option at time 0 , for a 

time to maturity 𝜏  can be derived as expectation of Black 

Scholes price with respect to the variance rate:   

𝐶𝐸𝑈𝑅 = 𝔼 *𝐶𝐵𝑆

1

𝜏
∫ 𝑣𝑡𝑑𝑡

𝑇

0

+ 
(12) 

Where 𝐶𝐵𝑆(𝑥)  denotes Black-Scholes price evaluated at 

variance x. the above formula is independent of the exact 

process followed by 𝑣𝑡  (under normal assumption about t- 

continuity and uniqueness). Denoting the Variance rate 
1

𝜏
∫ 𝑣𝑡𝑑𝑡  𝑏𝑦 𝑉�̅�

𝜏

0
 and assuming that the moments in question exist. 

And by expanding the right hand side of the above equation 

around 𝔼(𝑉�̅�) in Tylor series as 

𝐶𝐸𝑈𝑅≈𝐶𝐵𝑆(𝑉�̅�) + ∑
𝜕1𝐶𝐵𝑆

𝜕𝑉𝜏
𝑖̅̅ ̅

𝑀

𝑖=2

𝔼(𝑉�̅� − 𝔼(𝑉�̅�))
𝑖

𝑖!
 

(13) 

Where the partial derivatives can be calculated at 𝔼(𝑉�̅�). Than 

they construct a process for 𝑣𝑡 which make the right hand side 

of the above equation easy to evaluate.  Then they assume 

that 𝑣𝑡 in equation 10 is governed by the following specific 

stochastic process  
𝑑𝑣𝑡 = (𝜇𝑡𝑑𝑡 + 𝛾𝑡𝑑𝑊𝑡

2)𝑣𝑡 (14) 

Where, 𝜇𝑡 is the positive deterministic and integral function, 

𝛾𝑡  is the positive deterministic function which is piecewise 

continues with 𝛾𝑡 = 0, 𝑡 > 𝑡0 and 𝑊𝑡
2 is a standard Wiener process 

uncorrelated with 𝑊𝑡
1 .  Using Ito’s lemma, it is 

straightforward to show  

𝑣𝑡 = exp (∫ 𝜇𝑠𝑑𝑠

𝑡

0

) 𝜉𝑡 
 

Where 𝜉𝑡  is a log normal process with unit mean and a 

constant variance for 𝑡 > 𝑡0.  In particular  

𝑉𝑎𝑟(𝜉𝑡) = (exp ,∫ 𝛾𝑠
2𝑑𝑠

𝑡0

0

- − 1 , ) 𝑡 > 𝑡0 
 

 Than they will henceforth assume that 𝑡 > 𝑡0  holds. Let 

𝑘 = √𝑉𝑎𝑟(𝜉𝑡) then the third and fourth centered moments of 

𝜉𝑡 , 𝑚3 𝑎𝑛𝑑 𝑚4 respectively can be expressed as: 
𝑚3 = 𝑘4(3 + 𝑘2) (15) 

𝑚4 = 𝑘4*(1 + 𝑘2)4 + 2(1 + 𝑘2)3 + 3(1 + 𝑘2)2

− 3+ 

(16) 

They will parameterize the standard deviation k of the 

lognormal random variable 𝜉𝑡  directly, with no referencw 

to  𝛾𝑡 𝑜𝑟 𝑡0 . Finally they parametrize  exp (∫ 𝜇𝑠𝑑𝑠 
𝑡

0
) as 

𝑒𝑥𝑝 (∫ 𝜇𝑠𝑑𝑠
𝑡

0

) = 𝜍0
2̂𝑒−𝜆𝑡 + 𝜍1

2𝜆�̂�𝑒−𝜆𝑡 + 𝜍2
2̂ 

 

Where , 𝜍0  ̂ , 𝜍1  ̂, 𝜍2 ,̂   𝜆  are scalar parameter, this gives our 

variance model parameterization as  

 

𝑣𝑡 = 𝜉𝑡.𝜍0
2̂𝑒−𝜆𝑡 + 𝜍1

2𝜆�̂�𝑒−𝜆𝑡 + 𝜍2
2̂/,

𝜉𝑡 ∼ 𝐿𝑁(1, 𝑘2), 𝑡
> 𝑡0 

(17) 
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This is the MSV model, based on the use of high order 

moments of the aforementioned random variable (Date & 

Islyaev, 2015) 

4. DATA SPECIFICTAION 
The sample comprises closing option prices on three stock 

indices (S&P 500, Volatility Index, and Russell 2000) traded 

on the Chicago Board Option Exchange (CBOE) across five 

different days (01 Nov 2012, 26 Nov 2012, 25 Jul 2013, 26 

Jul 2013, 29 Jul 2013). Each index has 100 European style 

options with maturities ranging from 30 days to 1 year and 

various strike prices. Implied risk-free rates are proxied using 

the 3-month London Interbank Offered Rate-Overnight Index 

Swaps (LIBOR-OIS Rates) for each maturity. The calibration 

and validation of models were performed using option price 

data obtained from CBOE Live Lol Data shop, resulting in 15 

data sets with 100 prices in each set. 

 

5. COMPARISION RESULTS 
The application of BS and the two stochastic model to the 

real market data is now discussed. Three different sets of 

results are used for comparison purpose. For each in-

sample and out-of-sample data set after calibration (30 data 

sets in all with each of 15 data sets split into in-sample and 

out-of-sample subsets), for comparison we consider two 

commonly used error metrics, which is Mean Relative 

Absolute Error (MRAE) and Root Mean Square Error 

(RMSE). 

Table 1: Optimization Techniques results(MRAE & RMSE) 

Further, the computational speed is one of the main selling 

points of any method, we will also compare the stochastic 

models computational speed it takes for calibrating models 

parameters. All of the data sets are represented here in Error! 

Reference source not found., which display the result of In 

and Out sample in two different error matrices. Row 1 & 2 

represents the in sample and row 4 & 5 represents the out 

sample in both RMSE and MRAE error matrices. Further, 

row no 3 represents the computational speed of our stochastic 

volatility model.  

The bold face number in each column indicate the worst value 

of the error matrices. We have total of 180 error value to 

compare and identified that the Black Scholes model is the 

one whose overall performance is bad, overall 43 values  
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perform worst in BS model. Than in Heston model total 13 

values both in and out sample whose performance is worst 

and lastly we have total of 2 values in MSV model which tell 

us that the performance of the MSV model is the best because 

its computational speed is very low as compare to other 

stochastic volatility model. 
 

Table 1: Total number of worst values 

Models In Sample Out Sample 

BS  22 21 

Heston 5 8 

MSV 1 1 

 

Comparison with Black-Scholes equation 
There are number of measures to check the accuracy of option 

pricing models. Another measure we used is the pricing error, 

which is also called the average relative percentage method. 

The results of price comparison is shown from table 5.3 to 

5.5, first four columns in each table represents the real 

options price, BS price, Heston Price and the MSV price. 

Then we calculate the error matrices for each model option 

price. BS price is taken as a benchmark and then we calculate 

the error between them. After that we apply the dummy on it 

in which (0 means that stochastic model is better and 1 means 

that stochastic model is worse). After analyzing all error 

matrices we come to the conclusion that the stochastic models 

pricing error matrices perform better in all index. And the 

stochastic models perform very well as compare to BS model. 

In the last column, 0 means Stochastic Volatility error is less 

than BS error, meaning that stochastic model errors is better 

than BS. And if it shows 1, than it means that BS is superior 

as compare to stochastic volatility models.  There is no doubt 

that BS error is beaten by heston error in all the three index. 

But when we compare BS error with MSV error we find 

different results. In SPX index MSV error is lower than BS 

error indicating that in SPX index MSV performance is very 

well  but in VIX index we can see that on 30th December and 

on 23rd January MSV error is beaten by  BS error. While in 

RUT index we can see that only on 7th march MSV error is 

beaten by BS error but overall we conclude that the Valuation 

of the MSV model is more accurate. But Heston model also 

provide accurate results. So we can conclude that if we use 

stochastic volatility model as a benchmark it may provide us 

more accurate results because of disturbance parameter 

included in it and it get adjusted over the time. 
 

Table 3: Empirical Results of Experiments 
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6. CONCLUSION 
The contribution of this paper are threefold. First and the 

main contribution is that a new random volatility model is 

used, named as high order moments-based stochastic 

volatility model (MSV), in which the volatility is a function 

of time with its level being modulated by a random variable. 

By using a Taylor series expansion of the option price, it’s 

shown that the model yields an easy formula for approximate 

option prices and hence can be calibrated extremely fast. The 

proposed model can even be implemented on a spreadsheet. 

Secondly, we have demonstrated through comprehensive 

numerical experiments that MSV model is very competitive 

in terms of accuracy with Heston model and BS model, while 

being computationally significantly cheaper to calibrate. 

Lastly, we have backed up our claims for the usefulness of 

our model with simulation experiments for comparison of 

European option prices in all three models. MSV model thus 

provides a competitive alternative to the existing option 

pricing models; it is particularly suitable for high frequency 

financial trading due to its speed of calibration. And as a last 

note, we conclude that MSV model is more accurate and is 

the best method for traders to use this model for hedging 

purpose. 
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