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ABSTRACT: The main focus of this study is to investigate the effects of heterogeneity of liquid on the sloshing of a partially
filled 3-D rectangular tank under horizontal excitation. A theoretical model in the heterogeneous liquid state is developed using
the separation of variables method to solve the equations generated by this model. A three-dimensional numerical method is
implemented using Comsol-Multiphysics software to study the effect of the heterogeneity of a liquid whose density changes as
a function of liquid depth on the free surface of the liquid. The influence of varying liquid densities on sloshing is examined and
discussed. The numerical method is validated by comparing simulation results with existing numerical data, and the comparison
reveals reasonable accuracy. Dynamic pressure is presented and analyzed. As shown in the results, the free surface profiles
increase as the heterogeneity parameter increases. The heterogeneity of the inviscid liquid has a significant influence on the

sloshing.
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1. INTRODUCTION

Heterogeneous liquid sloshing refers to the movement of
fluids whose density changes as a function of height in a
partially filled container, which is a well-known phenomenon
in many industrial and environmental fields [1,2]. Such as
waste storage tanks and transport of crude oil tanks. After
prolonged storage, waste materials and crude oil are gradually
deposited at the bottom of the tank. Sludge may be deposited
at the base of the tank [3]. So, the difference in density can be
significant from top to bottom of the tank. The liquid can be
classified as a heterogeneous liquid. The sloshing of the
continuously heterogeneous liquid has its characteristics.
There are relatively few studies about the sloshing of
heterogeneous liquids compared to studies on homogeneous
uniform densities. Understanding the behavior of non-
uniform density on the dynamic response of the contained
liquids is necessary. Formerly studied by Rayleigh [4] and
Love [5], then was the topic of a limited number of searches
by Capodanno [6], Essaouini et al. [7, 8], and El Bahaoui et
al. [9].

In this work, we propose to study the sloshing problem of an
incompressible and inviscid homogeneous-heterogeneous
liquid in a partially filled 3-D rectangular tank, taking into
consideration the effects of the heterogeneous density, which
has usually been neglected in practice. A theoretical model in
the form of a heterogeneous liquid is developed using the
separation of variables method for solving the equations
related to this model. A three-dimensional numerical method
is carried out for different densities that change as a function
of the liquid depth, and the numerical method is validated by
comparing simulation results with existing numerical data.
This paper investigates the extent to which heterogeneity
affects the sloshing behavior in a 3-D rectangular tank
subjected to horizontal excitation. In section 2, we set the
theoretical model (Static study). Section 3 conducts a
numerical simulation (Dynamic study) of the sloshing to
ensure the method's validity and discuss heterogeneity's effect
on the sloshing response. Meantime, section 4 examines in
detail the effects of heterogeneity on free surface elevation.
Lastly, the conclusions are presented in section 5.

2. STATIC STUDY
Assume that a heterogeneous liquid partially fills an

immovable tank, and in equilibrium, it occupies a domain 2
that is surrounded by the solid boundary S and the free surface
I. T is orthogonal to the acceleration g of the gravitation field.
We choose the system of coordinates (Ox;x,x3) such that
g=-gX; and its center O is located on the equilibrium surface
I. (See Fig. 1).
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Figure 1. The geometry of the system

2.1. Notions

At equilibrium, the surface of the liquid is carried by the
horizontal plane (O, x,, x,) of the equation x, =0.

The container is parallelepiped in shape.

The parallelepiped has sides a, b, and h.

We denote by © the volume occupied by the fluid (liquid).
S is the area of each face.

2.2. Equations of the motion

The governing equations of the liquid in the tank are given:
With:

pa = _ﬁp _pﬂgus)?s (1)
divi=0 in Q )
Uy [, =0 3)
[u,|rdT=0 (4)
r

p|r :pgun|r (5)

By projection on the axes(0x;), (0x,), (Ox3), we get the
following system of equations:
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We seek the solutions of the Egs. (6), (7), and (8) that depend
on the law e“* (o is real):

U =U(X,%,X)e 9)
p=P(x,%,%)e" (10)
With @ isareal and t is time.
We have:
oP
pa)zul = & (11)
oP

U, =— 12

pw Y, ox, (12)
oP
p(@* - pg)U, “ox (13)
We have divii =0, therefore:
1(o*P O°P 1 0P
S\ matar |t =0
o\ OX, OX, )] @ —[fg 0OX;
(14)
With the kinematic boundary conditions:
u, =0 for x, =0, x =a, therefore E:o for x, =0,
0%,
X =a.
oP
u, =0 for x,=0, x, =b, therefore — =0 pour x, =0,
OX,
X, =b.
oP
u, =0 for x, =—h, therefore — =0 ,for x, =—h.
OX4

This problem was solved by the method of separating
variables.

P (X %0 %) = Xy (%) X5 (%)-X5 (%) (15)
Setting:
o= ﬁ—?—l (16)

Where [ is the heterogeneity parameter, and g is the
gravitational constant.
With:

a isreal if o*(fg (stable zone)
a isimaginary if ©*)#g (unstable zone)

Then the expression of the pressure P(x;, x5, x3) is provided
by the following formula:

(17

0

P(xl,xz,xs):ZiAnn cosn—ﬁxlcos%xzx

n=1 m=1 a

iar ﬁ+m—z(x3+h) —iar ﬁ+m—z(xa+h) (18)
e a? b? +e a? b?

3. NUMERICAL STUDY
The computational fluid dynamics (CFD) technique can better
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describe complex sloshing behaviors. In this work, the
Comsol-Multiphysics CFD platform was adopted to
investigate sloshing. This software is based on the Finite
Element Method (FEM). The numerical method and model
problems are introduced in this section. This 3D model aims to
simulate the dynamics of free surface flow using the moving
mesh module (moving mesh) . The model handles fluid motion
with the incompressible Navier-Stokes equations. The fluid is
initially at rest in a rectangular tank.

A three-dimensional partially filled rectangular tank is
considered, with length L, width W, and still liquid depth h.
The tank is a Cartesian coordinate system O, x,y,z with the
origin located as illustrated in figure 2. lIrrotational and
incompressible  homogeneous-heterogeneous  fluid s
considered and excited by horizontal excitation:

X = X,sin(at).

Figure 2. The geometry of the numerical model

A mesh of 23374 triangular elements considered in COMSOL
Multiphysics as a coarse mesh is sufficient to discretize the
geometry considered. Refinement to a normal mesh of 33116
triangular elements shows the same results.

1}

Figure 3. Mesh of the model

2.3. Investigation and Verification Schemes

The numerical model's efficiency is validated by comparing
simulation results with 3-D numerical existing data.

The tank is determined with a length of L = 0.92 m, a width
of W = 0.46m, a height of H = 0.62 m, and the liquid's depth
is h = 0.465 m. While in the second case, the tank's geometry
isL=1m, W =1m, and H = 1 m, and liquid depth is h =
0.5m. The tank was horizontally excited in the sinusoidal
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form: x = 0.002 sin(5.29t).
It was supposed to be water with a density of

P, =1000kg / m® of the liquid in the tank.
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Figure 4. Comparisons of free surface elevation at the left wall
of the container for X, = 0.0004 m and w = 5.0502 rad/s,
between the present numerical model (black line) and the
numerical results by Lu et al. (red line).

Figure 4 represents a comparative analysis of the free surface
elevation of the liquid between the findings of the numerical
data by Li et al. [10] and the present numerical model. The
results show the same tendency, with almost no errors being
observed, which confirms the accuracy of this study.

4. RESULTS AND DISCUSSIONS
In this section, the sloshing wave profiles are simulated for a
3-D rectangular tank excited horizontally in the following
form X, sin(wt), in which X, =0.05m and w are the
amplitude and the pulsation amplitude of the excitation,
respectively. The tank’s dimensions are supposed to be the
length is L = 1m, and the width is W = 0.5m. In this
section, we suggest studying the behavior of a heterogeneous
fluid in a partially filled 3-D rectangular tank. A numerical
study using COMSOL-MULTIPHYSICS software analyzes
the influence of varying liquid density on sloshing. The
numerical analysis was conducted using homogeneous liquid
for the first time and heterogeneous liquid for the second time.
An almost homogeneous liquid density form is considered. In
all these cases, the container has the same length and width.
The varying parameters are the pulsation amplitude of
excitation and the heterogeneity parameter. We present the
results obtained for a homogeneous liquid compared to a
heterogeneous liquid.
General parameters and properties used for the model are
given in table 1:

Table 1. Parameters of the numerical model

Parameters Values
Gravity constant 9.81 N/kg
Water density 1000kg / m?
Heterogeneous liquid Variable
density

3.1. Effect of Liquid Heterogeneity on the Free Surface
Behaviour of the Liquid
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In this part, we present a comparative study to show the effect
of liquid heterogeneity on the free surface behavior of the
liquid. Sloshing behavior is compared in three cases of
different liquid densities. The liquid is assumed to be
irrotational and incompressible. The density of our liquid is
supposed to be variable and depends on the physical properties
of the liquid. We varied the heterogeneity parameter () to see
its effect on the elevation of the liquid's free surface. The
results are presented for the almost homogeneous liquid.
From Eq. (17), we distinguish the following two cases:

i) »°(Bg (stable zone)
i) @®)Bg (unstable zone): This case has been excluded from

the discussion because it corresponds to a resonance
phenomenon.

This paragraph represents the results of a detailed numerical
study aimed at investigating the influence of liquid density on
the characteristics of the free surface profiles in the form of an
almost homogeneous liquid. The fluid density varies according
to the z-axis of the tank.
We assume that the variable density in equilibrium takes the
following form:

p(2)=py (1~ B2) (25)
where p and B is are positive constants, representing the

density of the liquid and the heterogeneity parameter,
respectively.

— Water density
p=0.1
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— pf=0.9
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Figure 5. Time histories of free surface profiles for various beta-
value (Almost-homogeneous liquid), at position (x =L,y =W/2)
with ®=4 rad/s
It can be observed from Fig. 5 that the elevation of the liquid's
free surface changes as a function of the heterogeneity
augmentation. We can easily see that the free surface profiles
increased in the heterogeneous liquid case. Considering Fig. 5,
we can notice that the heterogeneous liquid (8 = 0.9) reaches
a height elevation of 0.14m at t = 3.44 s, while the
maximum wave height is 0.083 m in water sloshing, showing
an apparent difference between the sloshing of low and high

heterogeneity fluids.

3.2. Effect of the Frequency on Sloshing

The effect of the frequency amplitude on the free surface
profiles of the almost homogeneous liquid is studied by
varying the external excitations through the parameter o,
where o is the frequency of the periodic horizontal excitation.
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Figure 6. Wave profiles comparison for various values of the
amplitude of horizontal excitation, with heterogeneity
parameter =0.3.

In Fig. 6, the wave profiles are compared for various
horizontal excitation amplitudes, and it can be seen that the
wavelength profiles increase as the amplitude of excitation
increases. The liquid's behavior is relative to the amplitude of
the excitation, and the fluid tends to move in a lateral periodic
motion.

3.3. Dynamic Pressure

The following figures illustrate simulations of pressure acting
on the container at the point (x=Ly=W/2, z=
—0.25 m) for various beta parameter values. The tank excited
horizontally X, sin( wt), with X, = 0.05 m and w = 3rad/
S.
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Figure 7. Pressure simulations for various § parameters (p=0
for cases a, b and p=0.5 for cases c, d), with ®=3 rad/s.
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Figure 8. Pressure comparison for various p parameters at
position (x=L, y=W/2, Z=-0.25 m).

Figure 7 show the pressure results for the different
heterogeneity parameter value for almost heterogeneous liquid
density. A significant pressure decrease is observed in the state
of liquids with high heterogeneity. The maximum pressure
value for the almost heterogeneous liquid at § = 0.5 is nearly
(Pmax = 6,25 kPa), but in the case of a homogeneous liquid,
this value is decreased to (Pmax = 5,34 kPa).

The time series of the dynamic pressure under horizontal
excitation are plotted together for different heterogeneity cases
of liquid sloshing in Fig. 8.

5. CONCLUSION

The proposed 3-D numerical method is used to investigate the
effect of heterogeneity on the sloshing waves inside a partially
filled 3-D rectangular tank, excited horizontally. The following
conclusions can be drawn from the findings of the study:

We show that the heterogeneity of the liquid represented by the
small parameter S is the case of new physical effects that are

not characteristic of a homogeneous liquid. Notably, the free
surface of the liquid increases remarkably for low
heterogeneity coefficients and tends towards a large limit
(instability) when the excitation frequency becomes closer and

closer to [0, 9] (resonance interval).

The heterogeneity of the liquid significantly affects the free
surface profile elevation. When the beta parameter reaches a
high value, the free surface profiles take the highest level
compared to water's free surface profiles.
Pressure increases significantly in
heterogeneity.
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