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ABSTRACT: In this paper we study a sub-class of the class of non-quasidiagonal operators T on a Hilbert Space H for 

which ( ) / ( ) 1/ 2qd T Qd T  , whereqd(T) denotes the modulus of quasi-diagonality of the operator T and  

 

 
____

( )
( ) lim

p p H
Qd T TP PT


  . 

 

Where P(H) denotes the set of all finite rank projections on the Hilbert Space H. 
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1. INTRODUCTION 

An operator T on a Hilbert Space H is said to be 

quasidiagonal (resp. quasitriangular) if there exists an 

increasing sequence 1{ }n nP 
  of finite rank orthogonal 

projections such that nP I , the identity operator, strongly 

and 0n nTP P T  (resp. ( ) 0n nI P TP  ) as n  . T 

is said to be thin if it is of the form ,I K  for a scalar   

and for a compact operator K on H. The notion of 

quasidiagonality was intoroduced by P.R. Halmos [6] in the 

year 1970. He also initiated the study of quasitriangular 

operators [5]. C. Apostal [1] introduced the notion of 

modulus of quasitrinagluarity q(T) of any operators T on the 

space H as  

 

 
( )

( ) lim ( )
P P H

q T I P TP


   

 

Where P(H) denotes the directed set of all finite rank 

(orthogonal) projections on H under the usual ordering. 

From [5, Theorem 2], it follows that, “T is quasitriangular if 

and only if q(T)=0”. D.A. Herrero [7] defined the notion of 

modulus of quasidiagonalityqd(T) as  

 
( )

( ) lim
P P H

qd T TP PT


  . 

From [6, Page 902] it follows that, “T is quasidiagonal if 

and only if qd(T) = 0”. Herrero also established [7, Theorem 

6.13] that “qd(T) is the distance of T from the class of all 

quasidiagonal operators of T from the class of all 

quasidiagonal operators on H”. C. Foias and L. Zsido in [4] 

defined another distance function Q(T) as 

 
____

( )
( ) lim ( )

P P H
Q T I P TP


   

and studied its properties. Motivated by this study we 

defined the notion of modulus of thinalityQd(T) as 

 
____

( )
( ) lim

P P H
Qd T TP PT


   

 

and established that for every operator T on a Hilbert Space 

H, ( ) ( )Qd T Q T , and also “that T is thin if and only if 

Qd(T) = 0”, and ( ) ( ,[ ])Qd T d T T , where 

( ,[ ])d T T denotes the distance of T from the c*-algebra [T] 

of all thin operators on H (see [2], [3]). The purpose of the 

present paper is to study the structure of a sub-class of the 

class of those non-quasidiagonal operators T for which 
1
2

( ) / ( )qd T Qd T  . 

2. NOTATIONS 

Throughout the paper H denotes an infinite-dimensional 

(complex) separable Hilbert space and ( )B H , the set of all 

bounded linear operators on H. K(H) denotes the ideal of 

compact operators on H, and  the natural mapping of B(H) 

onto the quotient algebra B(H)/K(H). The null space, the 

spectrum and the point spectrum of an operator T are 

denoted by N(T), ( )T and ( )p T  respectively.  

By [QD] we mean the class of all quasidiagonal operators in 

( )B H .  

 

For any non-quasidiagonal operator T on the space H, 

denote J(T) as 

 ( ) ( ) / ( )J T qd T Qd T , 

then J(T) is a continuous function of T satisfying 

0 ( ) 1J T  . 

 

We note that there are operators for which 1
2

( )J T  , e.g. if 

T is a non-unitary isometry then J(T)=1. 

 

In [3, Theorem 2.3] we prove that for any operator T in 

B(H), there exists a thin operator oT  such that  

 ( ) ( ,[ ])oQd T T T d T T   , 

and also [3, Corollary 3] if T is an invertible operator in 

B(H), then 
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 ( ) ( ) / 2qd T T . 

Thus we see that corresponding to every operator T in B(H) 

there exists an operator oT  such that ( ) oQd T T T  . Let 

A(H) denote the class of all those operators T on H for 

which oT T  has finite-dimensional null space. We now 

study the class of non-quasidiagonal operators T belonging 

to A(H). One can see that the unilateral shift of multiplicity 

one belongs to A(H). 

3 RESULTS AND DISCUSSIONS 

We make use of the above mentioned results in the 

following 

 

Theorem 1. Suppose that for an operator T in A(H), 
1
2

( )J T  . Then  

 T qd(T)V+S  

With V a non-unitary isometry and 

( ) ( ) ( )Qd S Qd T qd T  . 

Proof. Let oT  be chosen as in [3, Theorem 2.3]. Then we 

have  

 ( ) ( ,[ ])oQd T T T d T T   . 

Also 

 ( ,[ ]) ( ,[ ]) ( ) ( )o o od T T d T T T T T T T       . 

Since oT is thin, We obtain 

 ( ) ( ) ( ) / 2 ( ) ( ) / 2o oqd T T qd T Qd T T T      , 

 

and therefore by [3, Corollary 3] T is not invertible. Also 

since ( )oN T T is finite-dimensional, without loss of 

generality, we can find a non-unitary isometry V such that 

oT T VA  is the polar decomposition of oT T , where 

1/2(( )*( ))o oA T T T T   . 

If we set ( )S T qd T V  , then 

 ( )T qd T V S  . 

Since Qd is a seminorm, we have 

 

( ) ( ( ) ) ( ) ( ) )

( ) ( ) ( )

( ) ( )

Qd S Qd T qd T V Qd T Qd T V

Qd T qd T QD V

Qd T qd T

   

 

 

 

 

Now, for any compact operator K, we have 

 

( ) ( ) ( ( ( )))

( ( ( ) )) ( ( ( ) ))

( ( ) ) ( ) .

oQd S Qd S T Qd V A qd T

Qd V A qd T K Q V A qd T

V A qd T K A qd T K

   

     

     

 

Thus, 

 ( ) ( ) ( )Qd S A qd T  . 

As 

 
( ) ( ) ( )

( ) ( ) ( ) .

o o

o

qd T qd T VA qd VA VA T T

T T A  

     

  
 

We have 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )oQd S A qd T T T qd T Qd T qd T        

. 

The desired conclusion follows. 

 

Corollary 2. For any operator T in A(H), we have 1
2

( )J T   

if and only if ( )T qd T V S   with V a non-unitary 

isometry and ( ) ( ) / 2Qd S Qd T . 

 

Proof. If 1
2

( )J T  . Then by Theorem 1, ( )T qd T V S   

with V a non-unitary isometry and  

 

( ) ( ) ( )

( )(1 ( ) / ( ))

( ) / 2.

Qd S Qd T qd T

Qd T qd T Qd T

Qd T

 

 



 

 

Conversely, if ( )T qd T V S   with V a non-unitary 

isometry and ( ) ( ) / 2Qd S Qd T  then 

 

( ) ( ( ) )

( ( ) ) ( )

( ) ( )

( ) ( ) / 2.

Qd T Qd qd T V S

Qd qd T V Qd S

qd T Qd S

qd T Qd T

 

 

 

 

 

This gives 

 ( ) / 2 ( ).Qd T qd T  

 

Corollary 3. Let ( )T A H . Then 

 
( )

lim
P P H

TP PT


  exists if and only if T V S   with 

 is a scalar, V a non-unitary isometry and S a thin 

operator. 

 

Proof. If  
( )

lim
P P H

TP PT


  exists, we have 

 ( ) ( )qd T Qd T . 

Since every thin operator is quasidiagonal, the case when 

( ) 0Qd T  is trivial. So assume that ( ) 0Qd T  . 

If 1
2

( )J T  , then we arrive at a contradiction. Hence we 

assume that 1
2

( )J T  . Thus by Theorem 1, 

 ( )T qd T V S   

With V a non-unitary isometry and 

( ) ( ) ( ) 0Qd S Qd T qd T   . 

 

Conversely, let T V S   with  a scalar, V a non-unitary 

isometry and ( ) 0Qd S  . Then 

 ( ) ( ) ( )qd T qd V S qd V      . 
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Also, 

 ( ) ( ) ( )Qd T Qd V S Qd V      . 

Hence 

 ( ) ( )qd T Qd T . 

 

Theorem 4. Suppose an operator T in A(H) satisfies 
1
2

( )J T  . Then there exists an open disk D of radius 

2 ( ) ( )qd T Qd T such that ( *)p T D  . 

 

Proof. As 1
2

( )J T  , by Theorem 1, T has the 

representation ( )T qd T V S   with V a non-unitary 

isometry and ( ) ( ) ( )Qd S Qd T qd T  . BY [3, Theorem 

2.3] there exists a thin operator oT such that 

 ( ) oQd S S T  . 

There exists a scalar o , such that o o oT K   is a 

compact operator.  

 

Let 
__

: 2 ( ) ( )oD qd T Qd T  
  

    
  

. 

Suppose now that there exists D such that ( *)P T  . 

We have 

 

__ __
* *( * ) *

( ) ( ) 2 ( ) ( )

( ).

O o O oV S T S T

Qd T qd T qd T Qd T

qd T

         

   



 

 

Thus, 

 
__

*( ) ( * )o oR qd T V S T        is invertible, and hence 

* * 1* * *( ) {0}O OT K V R V I VK R       . Since 

* 1
OVK R  is compact, we get (see [8, no.85]) * 1

OI VK R  is 

invertible. 

 

Hence 

 ( *) {0}N V  . This is contradiction to the fact that  V is 

a non-unitary. Thus ( *)pD T . 

 

Theorem 5. For any operator T in A(H) 

 ( ) ( *) ( )qd T q T Qd T  . 

 

Proof. The case when ( ) 0Qd T   is trivial and so assume 

that ( ) 0Qd T  . Let, if possible 

 ( ) ( *) ( )qd T q T Qd T  . This gives that 

2 ( ) ( )qd T Qd T  and so 1
2

( ) / ( )qd T Qd T  . By Theorem 1, 

( )T qd T V S   with V a non-unitary isometry and 

( ) ( ) ( )Qd S Qd T qd T  . Now 

 

( *) ( ( ) * *)

( ) ( *) ( *)

( ). ( *)

( )

( ) ( ).

q T q qd T V S

qd T q V Q S

qd T O Qd S

Qd S

Qd T qd T

 

 

 



 

 

Thus ( ) ( *) ( )qd T q T Qd T  , Which is a contradiction. 

The desired conclusion follows. 

5. CONCLUSION 

We have identified a sub-class of non-quasidiagonal 

operators and its relationship with the class of thin operators 

by measuring certain estimates for the modules of the quasi-

diagonality. 
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