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ABSTRACT: The purpose of this paper is to study the motion properties of the third body which is moving inside the outer
layer of the oblate heterogeneous body filled with the viscous fluid, under the influence of the oblate heterogeneous body and
the radiating point mass which is producing the modified Newtonian potential. Wealso assume that the system is perturbed
by the small perturbations in Coriolis and centrifugal forces. By using the evaluated system of equations of motion, we
determine the locations of the collinear, non-collinear and out-of-plane equilibrium points. Finally, the stability

examinations are done for these equilibrium points.
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1. INTRODUCTION

New kind of restricted 3-body problem was introduced by
[14], where primary is taken as spherical shell which is
filled with incompressible fluid and secondary is taken as
point mass. These two bodies are moving in circular orbits
around their common center of mass. And the third smallest
body is moving inside the spherical shell in the fluid under
the gravitational forces of the both massive bodies but not
influencing them.

Afterward the Robe’s problem was extended with various
perturbations by many researchers. [15] studied the effect of
the perturbations in Coriolis and centrifugal forces on the
location of equilibrium point in the Robe’s restricted
problem of 3 bodies and they also supposed that the density
of the infinitesimal body is equal to the density of the fluid
filled in the primary. [13] investigated the Robe’s problem
by considering the first primary as Roche’s ellipsoid and
examined the linear stability of the equilibrium points. They
also pointed out the connection between the buoyancy force
and the Coriolis force. [8, 9, 10] studied the existence and
stability of equilibrium points in the Robe’s restricted 3-
body problem in two cases for the movement of the
primaries as elliptical and as circular. In the case of elliptical
motion, they found only one equilibrium point while in the
case of circular motion they found infinite number of
equilibrium points. They also pointed out that the collinear
equilibrium points are stable while in the classical case it is
unstable and triangular equilibrium points are stable.

[16, 17, 18, 19, 20] investigated the locations and stability
of the smallest body around equilibrium points in circular
Robe’s restricted 3-body problem under the supposition that
both the primaries are oblate body. They found two
equilibrium points in In-plane motion, one near the center of
the first primary which is conditionally stable and second
near the line joining the center of both the primaries, is
unstable. They also found two equilibrium points in out-of-

plane which are unstable. [3, 2, 4] studied the Robe’s
restricted problem by assuming that the fluid taken inside
the first primary has viscous force and other primary is
oblate in shape. They found two collinear equilibrium
points, infinitely many circular equilibrium points and two
out-of plane equilibrium points which all are unstable. [12]
analyzed the equilibrium solutions and their linear stability
of Robe’s restricted problem when one primary is taken as
spherical shell and another primary is considered as finite-
straight segment. They observed that the collinear
equilibrium points are conditionally stable while non-
collinear and out-of-plane equilibrium points are unstable.
[7] studied this problem by supposing the drag forces. [6]
examined the stability of the triangular equilibrium points in
the Robes restricted 3-body problem by supposing the effect
of solar radiation pressure. Some more related studies are as
follows: [21,22, 23, 24, 25].

We arranged the paper in five sections. The review of
literature is given in section 1. In section 2, we
determinedthe equations of motion. In section 3, we
evaluated the existence of equilibrium points in three
subsections 3.1, 3.2 as well as 3.3 and the stability
examination is done in section 4. Finally, the conclusion is
made in section 5.

2. EQUATIONS OF MOTION

Assuming that there are two masses, m; as primary is an
oblate heterogeneous body with N—layers having different
densities py, and m, as secondary is a radiating point mass
which is producing the modified Newtonian potential. These
two bodies are moving in circular orbits around their
common center of mass which is taken as origin O. The
second primary m, is moving around the first primary m in
circular orbit also. There is a third infinitesimal body of
mass m which is moving inside the outer layer (i.e. N" —
layer) of the primary mj, this layer is filled with
incompressible homogeneous viscous fluid. Therefore at the
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time of motion, body m has the following forces:
a. The gravitational force exerted by the fluid and buoyancy
force in the N™ —layer i.e.

Ry = 22 p mG(2 -1y,
3 p

The gravitational force due to (N — 1) layers of an oblate
heterogeneous primary m i.e. (see [5])
Gm m h3 2

=SS -

1
The modified gravrtatronal force due to the second primary
m, i.e. (see [1])

2

_ Gm,m(r, —¢)
2 2 2 r2

(r; +&)°r,
The force due to radiation pressure from the second primary
i.e. (see [11])

F
F, - Fp = Fz(l_Fp) = Fz(l_ p) =qF,,
2
The viscous force i.e.
F =m(v,,v,,Vv,) =m(=a,X,—a,Y,~,2), with

viscous constant ¢, .
Hence the total force on m will be

Gm m 5h,z

F- -
l
+ szinq(rzz—g) r, + Kmr, + F,,
(r, +&)°r,
where
- A

m, = ml_?(aNbNCN —ay le lCN—l)pN

=m, —Vypy =m —my,
m,, = the mass of the N"-layer,
p = Radiating force/Gravitational force,

K =22 p,G(2L 1),
e,

N-1
= %Zg(pr — PL)abe (Zai2 _bi2 _Ciz)’
i-1

Ar 1
B ? z E (pi - pi+1)aibici (ai2 - Ciz)'
i-1

For the non-dimensional units, we have m; + m, =1, G =1
and the separation distance between the primary and
secondary is unity, and also 4 = my/(m; + m,) . Hence m; =
I-p and m;" = 1- p — py with gy = my/(my + my)
.Therefore the equations of motion of the small body in the
cartesian coordinate will be as follows:
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X—2nay=N,+Vv,,
y+2nax=0,+v,, 1)
/4 =M, +V,,
With, n is the mean motion of the system and given by Eq.

(18). J,and Kk are the dimensionless quantities of hi and K
respectively.

1)
_ K Oy — &) (X +p1
=n°BxX+k(X+ ) - (r o) r
CQ—p—p )X+ ) 3(x+p) . 51,7
3 5 (‘]1 2 )r
I 2r; I
)
— (N2 _;UQ(rzz_g)_(l_/J_:uN)
N, =(p+k (r2 +¢)r, i}
3)
3 5J).z2°
_F(‘]l_ r32 NY,
1 1
N, = (k _uQ(r —&) (A-p-m)
(r7 +¢&)r, r’
3 5J).z° @
_2_r15(‘]1+2‘]3_r1+))21
2 2 2 2
7 = () 4y 7 o

r=X+u-1%+y*+7°

3 Determination of Equilibrium points
For the equilibrium points we have to put zero to all the
derivative with respect to time in the system (1), hence

: pa(r} = &)(x+ u=1)
n°Ax+k(x+ u)— (Z 1),
_(1_/1—/12‘)(X+,u)_3(X+5,u)(\]l_5\]3222):0’
I 2rl I
(6)
lLlCI(I’ 5) (- p- /uN)
(n°B+k— (2120, i
3 5J,2° v
_Z_rf’( )Y =
(k- uq(r? -&) (1 M= Hy)
(r +&)° r, rf
_9J, 7° ?
——5(Jl+2 —))z=0.
2r,

1
After solving equations (6), (7) and (8), we can find the
locations of equilibrium points in three cases.
3.1 Locations of collinear equilibrium points
Collinear equilibrium points can be obtained from equation
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(6) by taking X =0,y =0,z =0.
)_uQ((X+/1—1)2 —&)(x+pu-1)
(x+p=0%+&)*|x+ u-1
Q- )X p) (X p)d;
|x+,u|3 2|x+,u|5
When the first primary is a spherical shell and also m, is
moving around m; as well as m is moving inside m; and

also there are no perturbations, i.e.r, =—(x+ u — 1), then
Eq. (9) reduces to

n°Bx+k(x+ u

0, ©)

_H
(x+u—-1)°
and hence

(X+ 2)[(L+K)X? + (2k o — 2K + 11— 2)x

+(1+k -2k + 1°k)] = 0.
The real solutions of Eq. (11) inside the spherical shell are
X =—U, and

2— u+2Kk —2Ku+ —4k -4
y, = 22H p+Ju(u ) 12
2(1+k)
Now when the first primary is heterogeneous body with N-
layers then there are two cases for r;.
First case: r; = (X + ).

Then Eq. (9) reduces to
pa((x+p=1)°-¢)
(x+u-1)°+¢)?

_(l_:u_luN)_ 3J,

(x+p)’ 2x+p)t
Assume that X; + Ry, |[Ry|<<land X, +R,,|R,|<<1are
the two real roots of Eq. (13). Putting these values of
solutions in Eq. (13) and rejecting the second and higher
powers of Ry, R, and J; , we get

R1=1+T€ and R2=%, (14)

2D

X+K(X+ 1)+ =0, (10)

(11)

N?Bx+K(X + 1) +

(13)

where,

R,y = (QAA, +J, - 2A" (K +n*X,B)) (A +&)?
—2A'q(A; &),

R, =2(-6AJ, (A + &) +4Ak(L+ A (-3+2A)
+&) (A +6)—2AA (A + &)L+ X, (-4
+3X,) +&—du+6X,0u+31°)+ An’ S x
(A} +)(AAAX, + (A +£)(5X, + 11))
+2Aq(2+ A(-5+3A) —2¢) ),

A=X+u A =1-p—p, A=A-1

According to the values of R; and R, we get (— p
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+&

+ , 0,0) and (X, + Ry, 0, 0) two equilibrium points.

Second case: r; =— (X + W).
Then Eq. (9) reduces to

pa((x+p-1)°-¢)
(x+u-1)*+¢)’
+(1_/1_ﬂN)+ 3J,

(x+u)*  2(x+p)
Assume that x; + Rs, |Rz|<<land X, + Ry, |Rs| << 1are
the two real roots of Eq. (15). Putting these values of
solutions in Eqg. (15) and rejecting the second and higher
powers of Rs;, R4 and J; , we get

R3=1+_‘9

n?Bx+K(X + 1)+

(15)

R
and R, = —%, (16)
4D
According to the values of Rz and R4, we get (— u +

l+¢ _ .
T, 0, 0) and (X, + Ry, 0, 0) two equilibrium points

. Thus, the collinear equilibrium points are (—p +

l+¢ )
T, 0,0), (X2 + Ry, 0,0) and (x, + Ry, 0, 0), provided

these points lying
heterogeneous body.
3.2 Locations of non-collinear stationary points
Non-collinear stationary points can be obtained from
equations (6) and (7) by taking z =0, we get
(X—14 pu)? +y* =1—g =1 17)
Which is the equation of circle with center at the center of

1— &.Provided

inside the outer layer of oblate

the secondary and radius £ =

_3
2 _a0-3e) )

p

The general coordinate of the stationary point is
A-pu+¢Cosa, £Sina, 0), where a is a parameter.

These points will be the coordinates of the stationary points
when they will be in the outer layer of the oblate
heterogeneous body.

3.3 Locations of out-of-plane stationary points

When the shape of the first primary is spherical then from
equations (6) and (8) by taking y = 0, we get

o ﬂ1/3
__'2_? : (19)

Which confirms the result of [16]. Now when the shape of
the first primary is heterogeneous with N-layers, then let

1/3
x:-k+@,5=@+@y@=(fj(mm
2 =B2+280,+25, 22 =B, +285,-2p,5,,
182 =H— k-1, (Iet), ﬂs = ﬂlﬁs(let)i (20)
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B =4 +1+25, B,=p'-p;, B;=B",(let).
From Eqgs. (6) and (8), we get
3J 3J r? —
2+ Sayxs gﬂ+ﬂq2(2 28):0
1 I (r; +&)°r,
Putting the valuesfrom Eg. (20) in Egs. (21) and (8),
correspondingly we get

n’BB,6, —3kqs, = Ck+C,u,

) (21)

(22)
C.5,+C,5, =C,,
Where
C = 3B§J3ﬂ1 + nzﬂﬁl -q,
C, =3q¢f, —3B; 1,13,
C,= AZB:?’
C,=3qupps + B?? Ab
Cs=—k+ qﬂ(ﬂlz —3¢)f; + Be?Az +3 Bf?(‘]l
+2J,)-8B/B,J,.
Solving equation (22) for §; and 6, , we get
_ C,C,k+C,C,u+3kqC,

" n’BBC,+3kqC;
5 _ WBBC, ~kCC; — 4C.Cy

T nBAC, + 3K,
Therefore,

X=-K+3,
. (23)
L i\/Bz +20,6,-2[,6,

The Eq. (23) represents the coordinates of out-of-plane
provided these points are lie in the outer layer (N"-layer) of
the heterogeneous body.

4 Stability

We examine the stability of an equilibrium point (&g, 1o, (o)
to observe the behaviour of small body’s motion in its
vicinity (& + aq, Mo + 0, o + o), where (0, 0y, 03) are small
displacements from the equilibrium points. The variational
equations for the system (1) can be written as

.. L 0 0 0 0
al - Znaaz - (ﬂxx +Vxx)al + (ﬂxy + ny)aZ
0 0 0 - 0 - 0 -
+(mxz +sz)a3 +Vx>’<al +nya2 +sz-a3,
- . 0 0 0 0
d, +2naa, = (N, +V, ) + (1, +v, )a,
0 0 0 - 0 - 0 -
+(, +Vy, )0t +Vay +V o, + Vs,
- 0 0 0 0
dy = (5, +V )+ (N, +Vy ), ”
0 0 0 - 0 - 0 -
+(nzz +sz)a3 +Vz>’<a1 +sza2 +sz'a3'
Where the superscript O denotes the value at the
corresponding equilibrium point. Here, V§,7 =0, and
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0 0, ¢=#¢
Y —Q, 4/25

The characteristic polynomial of equation (24) can be
written as

p(A) =A° +d.A° +d, A" +d A% +d,A* +d, A +d,,
(25)

,where (£,17) =(X,Y,2).

with

d; =3¢,

d, =—4n’a® —3a; +M, +M, +MN7,,

d, = a,[-4n°a” —af +2(N°, +ﬂ(;y +M2)1,

d, = ag (MG +NG, +M5,) + (M) +(N5,)* +(N},)?
+4n%ar® (15, =M My + M M 00, M3,),

d; = g [(N5,)7 + (M%) + (N5,)* = (ML M,

HO0 N5, 412, M)

dy =15 (N5.)* + 5, () + M2, (N5,)°]
#2008, B, +200, 6, 1.

Now p(4) >wasA—oo and p(0)=d,. Here the

stability of the equilibrium points will depend on the value
of dy, i.e. if dy < 0 then there will be at least one positive
root, so the equilibrium points will be unstable.

5 Conclusion

New kind of Robe’s problem is investigated where one of
the primaries as heterogeneous body with N-layers
having different densities and second radiating primary is
producing the modified Newtonian potential. Here the
third infinitesimal body is moving inside the N th -layer
of the first primary having viscous incompressible fluid.
We have determined the equations of motion which is
depend on the density parameters of the heterogeneous
body and the modified parameter of the secondary. The
location of equilibrium points are evaluated where we
found three collinear equilibrium points, infinite numbers
of circular equilibrium points and two out-of-plane
equilibrium points provided these points lie inside the N
th -layer of the heterogeneous body. In this case we
found three-collinear equilibrium points which are
depending on the taken parameters while in the classical
case only two collinear equilibrium points are exist.
Finally we have examined the stability of equilibrium
points which all are unstable.
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