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1 INTRODUCTION 

The integral inequalities are very important in many areas of 

science, especially in mathematics, physics, chemistry, 

biology. Many researchers have given a lot of attention to the 

generalization of fractional integral inequalities related to 

weighted Chebyshev functional. In fact, they established many 

results to Grüss and Chebyshev inequalities. For more details, 

we refer the reader to [1,5,6,7,8,9,11,13,14,15] and the 

references therein. 

Let us now cite some recent works that have motivated the 

present paper. We begin by the paper [3], where the authors 

introduced two new fractional integral operators: the first one 

is the (     )- Riemann-Liouville fractional integral (for a 

function    (,   -) ) with respect to another monotone, 

increasing and positive function  with     (   ) . It is 

given by 
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where ( )  ∫       
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The second operator is the (   )-Hadamard fractional integral (of   baLf ,1  with respect to h ). It is defined for 0k
by 
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Based on these two operators, we can state that: 

Proposition 1.1[3] We have 
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Now, by considering the weighted Chebyshev functional [6,7]:  
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where f and g are two real-valued integrable functions and qp, are two positive integrable functions on a finite ].,[ ba  

Very recently [5] Z. Dahmani and M. Doubbi Bounoua proved the result: 

Theorem1.1Let R],[: ba be an absolutely continuous function, R],[: bap an integrable function and 

],[)( 12 baL . Then, for all 0 , and ],] bax , we have: 
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The main purpose of this paper is to establish some new inequalities for (1.4) by using the  ),,( hsk Riemann-Liouville and 

(   )-Hadamard fractional operators with respect to another monotone, increasing and positive function h . We generalize 

some very recent results related to weighted Chebyshev inequalities [5]. 

 
2 MAIN RESULTS 

We begin by proving the following identity: 

Lemma2.1 Let   R,:, bagf be two integrable functions an  baLf ,1 , assume that  h   is a increasing and 

positive function on  ba,  ,  baCh ,1   and
R],[:, baqp are positive integrable functions. Then for all

 1R,0,0  sk   and  bxa   , we have  
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where, 
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Proof. Using integrating by parts and replacing the quantities (2.2) and (2.3) in (2.1), we get,  
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Hence, the identity (2.1) is proved. 

Fast of all, we give the following quantity, for all  bxa   
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where 0k   and   .1R s  

Based on the above lemma, we prove the following theorem. 

Theorem2.1 Let  R],[: ba   be an absolutely continuous function on   ba,   and assume that  h   is a monotone, 

increasing and positive function on   ba,  ,   baCh ,1   and  
 R],[:, baqp   are positive integrable functions. 

If    ],[12
baL  , then for all  bxa  ,0  , we have  
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Where
 

 1R,0  sk   and   xA   is given by (2.10). 

Proof. We have  
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Thanks to the above lemma, we have the following identity: 
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Replacing (2.14) and (2.15) in (2.13), we get  
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Finally, by (2.12) and (2.16), we get (2.11). 

Corollary2.1 Let R],[: ba  be an absolutely continuous function and assume that   is a monotone, increasing and 

positive function on   ba,  ,   baCh ,1   and    is a positive integrable function on  ],[ ba  . If  ],[)( 12 baL  . 

Then for all  bxa  ,0  , we have 
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Proof. Applying Theorem 2.1 with  0,1,  skbx   and  1)( xp  , we get (2.17). 
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Proof. Taking  0,1  sk   and        xxhxqxp  ,1   in Theorem 6, we obtain (2.18). 
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Proof. Applying the  
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Thanks to (1.3), we get  
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Now, we have  
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Replacing (2.22) in (2.21), we obtain (2.19). 

Remark 2.1 

 i    Taking  0,1  sk   and        xxhxqxp  ,   in Theorem 2.1, we obtain 

Theorem 3.2 of [5]. 

 ii   Taking  1k  ,     xqxp    and    xexh    in Corollary 2.3, we obtain 

Theorem 3.2 of [5]. 

Another main result that needs to be proved is the following theorem: 
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where  xA   is given by (2.10) and  ,0k  .1R s  
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Using Cauchy Schowarz inequality, we can prove that 
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According (2.24) with the Theorem 2.1, we obtain (2.23). 
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Corollary2.4 Let   R,:, bagf be two integrable and absolutely continuous functions on  ],[ ba  , assume that h  is a 

monotone, increasing and positive function on  ,,ba  baCh ,1   and  :, qp
 R],[ ba are integrable. If  

    ].,[, 122
baLgf  Then for all bxa  ,0   and  0k , we have 
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where  xB   is given by (2.25). 

Proof. By using (1.3) and (2.22) in (2.23), we get (2.26). 

Remark 2.2 

 1   Taking  ,0,1  sk    xqxp    and    xxh    in Theorem 2.2, 

we obtain Theorem 3.6 of [5]. 

 2   Taking  ,0,1  sk    xqxp    and    xexh    in Corollary 2.4, 

we obtain Theorem 3.6 of [5]. 
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In the case of one nondecreasing function, we prove the following result: 

Theorem2.3 Let   R,: baf be an increasing absolutely continuous function on  ],[ ba   and assume that h  is a 

monotone, increasing and positive function on  ba,  ,  baCh ,1   and  qp,   are positive integrable functions on ],[ ba  

. If  ],[ baLg   . 

Then for all

bxa  ,0 and

0k , we have 

 

 

where  xA  is defined 

by (2.10). 
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now, we have  ],,[ baLg    so we can write  
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As   is an increasing function, then we have 
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Applying (2.16), we get (2.27). 

Corollary2.5 Let   R,: baf be an increasing absolutely continuous function on  ],[ ba   and assume that h  is a 

monotone, increasing and positive function on  ba,  ,  
1Ch  ba,   and suppose tha qp, are positive integrable functions 

on ],[ ba  . If  ],[ baLg   . Then for all bxa  ,0   and  0k , we have  
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where  xB   is defined by (2.25). 

Proof. Replacing (1.3) and (2.22) in (2.277), we get (44). 

Remark 2.3 

 1   Taking  ,0,1  sk    xqxp    and    xxh    in Theorem 2.3, 

we obtain Theorem 3.9 of [5]. 

 2   Taking  ,0,1  sk    xqxp    and    xexh    in Corollary 2.5, 

we obtain Theorem 3.9 of [5]. 

Theorem2.4 Let   R,:, bagf be two increasing absolutely continuous functions on  ],[ ba   and assume that h  is a 

monotone, increasing and positive function on  ba,  ,   baCh ,1   and  qp,   are positive integrable functions on

],[ ba  . If  ],[, baLgf   . Then for all bxa  ,0   and  0k , we have  
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where  xA   is defined by (2.10). 

Proof. We have, 
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we have  ],,[, baLgf    then can write  
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Hence by (2.16), we get (2.30). 

Corollary2.6 Let   R,:, bagf be two increasing absolutely continuous function on  ],[ ba   and assume that h  is a 
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monotone, increasing and positive function on   ba,  ,  
1Ch  ba,   and suppose that qp, are positive integrable 

functions on ],[ ba  . If  ],[, baLgf   . Then for all bxa  ,0   and 0k , we have  
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where  xB   is defined by (2.25). 

Proof. Replacing (1.3) and (2.22) in (2.30), we get (2.32). 
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