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ABSTRACT:

In this paper, we establish new weighted fractional inequalities of Chebyshev type, involving the

(k, s, h)-Riemann-Liouville and(k, h)-Hadamard fractional integrals, with respect to another, increasing, positive and monotone
function, withh’ € C*(a, b). In particular, some recent results are deduced.
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1 INTRODUCTION

The integral inequalities are very important in many areas of
science, especially in mathematics, physics, chemistry,
biology. Many researchers have given a lot of attention to the
generalization of fractional integral inequalities related to
weighted Chebyshev functional. In fact, they established many
results to Griss and Chebyshev inequalities. For more details,
we refer the reader to [1,5,6,7,8,9,11,13,14,15] and the
references therein.

437, (10)= S [ () - v he)n

KL, (O‘)

wherel'(a) = [ t* e "k dt, a >0,k > 0,s € R—{~1}.

(z) f(z)dz,

Let us now cite some recent works that have motivated the
present paper. We begin by the paper [3], where the authors
introduced two new fractional integral operators: the first one
is the (k,s,h)- Riemann-Liouville fractional integral (for a
function f € L*([a, b])) with respect to another monotone,
increasing and positive functionh withh' € C*(a,b). It is
given by

(1.1)

The second operator is the (k, h)-Hadamard fractional integral (of f e Ll([a, b]) with respectto h). It is defined for kK >0

by

kI:,h(f(t)):

Lo MOV
b)) b e

Based on these two operators, we can state that:
Proposition 1.1[3] We have

lim 232, (F(0) =, 12,(F 1)
Now, by considering the weighted Chebyshev functional [6,7]:

(1.3)

(1.2)

T(f,9,p.0):= ] p(dx [ () f ()g(x)ax+ [ q(x)alx

x[7 PO F () g(xax - [ p(x) f (x| a(x) g (x)dx
(a0 f x| p(x)g(x)dx,

(1.4)

where f and g are two real-valued integrable functions and p, q are two positive integrable functions on a finite [a, b].
Very recently [5] Z. Dahmani and M. Doubbi Bounoua proved the result:
Theoreml.1Let¢ :[a,b] — R be an absolutely continuous function, P :[a,b] = R an integrable function and

(¢")? € L'[a,b]. Then, forallz >0 and x €]a,b], we have:

1 X
(J&p(x))* '@

JE(peH) ) 1
JGp(x) J%p(x)
with

Ig(pcl))(X)) <

B.(0)(¢' ()" dt

(1.5)
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P(®) = 75 |12 (0) [ (x = NP3 dy — JE(p() [, (x =0 yp () dy] - (1.6)

The main purpose of this paper is to establish some new inequalities for (1.4) by using the (K, S, h) — Riemann-Liouville and

(k, h)-Hadamard fractional operators with respect to another monotone, increasing and positive function h . We generalize
some very recent results related to weighted Chebyshev inequalities [5].

2 MAIN RESULTS
We begin by proving the following identity:

Lemma2.1Let f,Q : [a, b]—) R be two integrable functionsan f'e Ll[a, b], assume that h isaincreasing and
positive function on (a, b] he Cl(a,b) and p,q :[a,b] — R™are positive integrable functions. Then for all
a>0,k>0seR- { 1} and a<X<b ,wehave

[s32,p0]lz 92, (afg)0]+ [2 32 ,a00]s 32 (pfg)(x)]
oz, (pf )(X)][k “ @) ]-[r3g, @)ool 3. (pe)0)]

= f (t)((iilm “(h=*(x)— = (y))} he(y)h(y) p(y)FX(y)dy)dt 21)
o (t)((s&f(a) “(h(x)- hs”(y)):_lhs(y)h'(y)Q(y)Gx(y)dyjdt.

where,

F(y)=:32,(af ) - f(y) 3,000, (22)
and

G, (y)=332,(pF)x) - F(y) 332, p(X). (2.3)

Proof. Using integrating by parts and replacing the quantities (2.2) and (2.3) in (2.1), we get,

O 525 L2 00-h=2 () e ()N(Y) py) F (v) ey

a

o[t '(t)(i;j{af (h= () -h2 (y)) " hE (y)h(y)a(y)G, (y)dyj dt

= 1O 52 [ (0= ) *he (') p(y)
(332, @@ )~ f(y) $32,a(x)dy)
+iaz,a00][5 a2, (pra)oo]-[; 32, (@t )ool[; 320 (pa)x)]
HHO(S [ 0 00-n 2 ) e ()h () a(y)
(332, (pF)O) — f(y) 32, p(x))dy)
+Hiaz polli oz, (afg)oo ][5 32, (pf)0][; 324 (ag)x)

Hence, the identity (2.1) is proved.
Fast of all, we give the following quantity, forall a<Xx<Db
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A(x)
e ([ 32, [xa00] [ (1)~ h=*(y)J "he(y)h'(y) p(y)dy

@
k

£ 3490 [ (b (0)-h=(y)f 1hs(y)h’(y)yp(y)oly} (2.10)
+[i 32 Ixp0o] [ (0= ()= h=(y))*h*(y)n'(y)a(y)dy

-+ 32,000 [ (07 0)-h* () ey y)yaly)ey )
wherek>0 and seR-{-1}

Based on the above lemma, we prove the following theorem.
Theorem2.1Let ¢ :[a,b] > R be an absolutely continuous function on [a, b] and assume that h is a monotone,

increasing and positive function on (a, b] , he Cl(a, b) and p,q :[a,b] > R" are positive integrable functions.

it (¢'f el'[a,b] ,thenforall a>0,a<x<b ,wehave
[aznp0olli 320 (e Jool+ [ azhacolli 32, (pe? ko]
—2[; 32, (pe)0][; 324 (ap)(0]

= [ Al @ at.

Where k>0,5eR —{—l} and A(X) is given by (2.10).
Proof. We have

[t azvpeolli 3z, (@@ Jool+ [ 32000l 32, (e k0]
_Z[E J;h(pqo)(x)][i NI (e (P)(X)]
= 25 [ (6o —he @) T he @'@) p(t)alz)
x(h* ()= > (7)) h* ()W) [(t) - ()] dtd.
Applying Cauchy-Schwarz to:  [¢(t) - o(z ) = (j: go'(r)dl’)Z , it yields that
I P0OOL I (@07 )00+ 32,0005 32, (e Kx)
—2; 350 (pe)(0); 35 (Ae)(x)

< G T 60-n O OO - )
<p@©)a(e)| [l (1) dr - [ [o(r)F ar |dtd (212)
<[ 9z0a00] 192, (xp00 [[ [ ()T ar )|
+[i3z,p00] 132, (xa00 [l )
Lazxpeo] 132, (a0 [ () ar ) |
iazixaco] 135, (P [l ()P ar ) |

Thanks to the above lemma, we have the following identity:

(2.11)
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(£ 32,p00 ][ 32, (x(a@)o0)]+ [; 32000 ][; 32, (x(pg )x)]
“p 3z, (x(p)ooz 32, (ag)0o0]-[; 32, (x(@)e0)][; 32, (pg)x)]

= [ OS5 L e0-n ) Th (DN p(M, (ydy Jat @
# [0 5[ (00 -n= () he (N (y)aly)N, (e Jet,

VK/Ihe?y) 2 [xa(0]-y 1 3:,a(0), (2.14)

alzdx(y)= 232000 L=y 332, p(0). (2.15)

Replacing (2.14) and (2.15) in (2.13), we get
[&np ] [R&nxag )] + [ana][Fanxpg ()]
~[&nxp ()] [k]ahqg(x)] [V&nxa (] [Fenpg ()]

- | f()(“,; ()) f (160 = k1)) IR (P O) X (axa(e) - yk/ahq(x))dy)dt

' f IS ( Skrk - f (h1G) = k1)) IR 0IPO) X () = yiJiar(®) dy) at
#inxq(x) f (h**1() = B (3))F R (A () dy

—9%a () f (R100) = k1 () RS )R () yp () dy

2

[+ DVE ,
= (W> gt

Q\R

Y% () f (1) — B (5))F R )R () g () dy

— I () f (51 — B (3))F R IR ) ya(y)dy

(2.16)

Finally, by (2.12) and (2.16), we get (2.11).

Corollary2.1 Lete :[a,b] — R be an absolutely continuous function and assume that h is a monotone, increasing and
positive function on (a, b] , he Cl(a,b) and q is a positive integrable functionon [a,b] . 1f (¢")* € L'[a,b] .
Thenforall a >0,a<X<b ,wehave
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oL@ g2 (g2 Kb) + [32,am)][92, (02 Xb)]
—2[3 a,h((p)(b>][3§ih(q(p)(b)]

< J! ][ 3201, (h(b) - ()Y (y) p(y)ey
—J:hqu(h(b)—h(y))*lh’(y)yp(y)dy}
+ 32, 0] (h(b)—h(y)y " (y)a(y)dy — e

«[L ()~ ()Y (y)ya(y)dy |} [ F e,

Proof. Applying Theorem 2.1 with X=b,k=1,s=0 and p(X) =1, we get (2.17).

(2.17)

Corollary2.2 Assume that ¢ :[a,b] — R s an absolutely continuous function. If ((/)’)2 e L'[a,b] . Then for all
a>0,a<x<b ,wehave

s o )ool-Pi (e)oo]
<[ r(a)[ X[ (x=y)" 1dy—‘r*(—;L%L:(X—y)“‘lyoly}[co’(t)]zdt-

Proof. Taking k=1,5=0 and p( )= q( )=1, h(X)= X in Theorem 6, we obtain (2.18).

Corollary2.3 Letp :[a,b] — R be an absolutely continuous function on [a, b] and assume that h is a monotone,

(2.18)

increasing and positive function on (a, b] , he Cl(a, b) and p,q :[a,b] > R" are positive integrable functions.
it (¢')? € M[a,b] .Thenforall o >0,a<x<b and k>0 ,wehave

lk In p(X)Jlk 2 h(Q¢2 )(X)J"' K I;hq(X)Jlk Ian (p¢2 )(X)J

~2[ 12, ()00 [l 120 @e)0)]

< [ ke {[ A2 [xa00 ][ (log (23)) 54 p(y)dy
— 12000 [ (log (R4 ) 2 yp(y)dy]
12 xp00] ! (oo () 563 a(y)dy
12000 [ (log (29 & yq(y)dyJ}[co’(t)]2 dt

Proof. Applying the Iimf to the two sides of (2.11), we obtain
S—>—
Tim {7 32,000][; 95, (@e?Joo )+ 2920000 [ 324 (pe? X0
o a2, (peX0]l: 92, @00}

< SEYI}{LX G| 23z lxa00]f, (e ()~ h=*(y)f *he ()h'(y) p(y)dly
—5 32,0 [ (h**(x)- h“l(y))%_lhs(y)h’(y)yp(y)dy} [ (0)F dt
+[ EFf(ai[kJ:h [xpC01. (h=*(x)—h=*(y))f "h*(y)h'(y)a(y)dy

— 32,0 [ (b= ()= h=2(y)) hs(y)h'(y)yq(y)dy}[rp’(t)]zdt},

(2.19)

(2.20)

Thanks to (1.3), we get
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L 12 p00 L 120 [@e? Joo |+ [ 120a 00 [ 124 (pe? X0 |
_z[k a, h(p¢)(x)][k a, h(qw)(x)]

Sfam[k “w[xa@o][ fim (e e (y)n(y) ply)dy
12,000 [ lim (0 e () (y)yp(y)dy}[co (OF dt
[ | 15 BxROON[,im (L0 e () (y)aly )y

~ 3P [ irg(%f1hs(y)h’(y)yq(y)dy} lo'@®)F dt

(2.21)

Now, we have

. stl(y)_pstl Z—l S < %—l 1
S"ﬂ}(—h e (”T h (Y):(bg(%fv%)) h(y) 2.22)
Replacing (2.22) in (2.21), we obtain (2.19).

Remark 2.1

(i) Taking k=1s=0 and p(x)=q(x)h(x)=X in Theorem 2.1, we obtain
Theorem 3.2 of [5].

(i) Taking k=1, p(x)=q(x) and h(x)=€* in Corollary 2.3, we obtain
Theorem 3.2 of [5].
Another main result that needs to be proved is the following theorem:

Theorem2.2 Let f,Q : [a, b] — R be two integrable absolutely continuous functions on  [a,b] and assume thath is a
monotone, increasing and positive function on (a,b], he Cl(a, b) and p,q :[a,b] > R" areintegrable. If
(f')*,(g') € '[a,b]. Thenforalle >0,a< X <b,we have

92, p00ll 920 (afe)o0 ]+ [ 92,000 ][; 32, (pfa)(0)]

_[k a,h(pf )(X)][k Jan (ag )(X)] [ Jan (af )(X)][ h(pg )(X)] 223

< ([ AL @Fat ) ([ Al ®F at )

where A(X) isgivenby (2.10)and k>0, seR - {—1}.

Proof. Using the fractional Korkine identity, we get
2P0 IS, (afg)0) +; I2,a00); 35, (pfg)(x)
—532,(pF)00: 32 (ag)) — (3 32,af (0)(3 32, pa (%)

= s [ [ 60— )RR () e
x(h=(x)~ hs+1(,))z—1h'(,)hs(,)q(r)f[f (- f (f)]Jdrdf
(60— h= @) e () o

w(h=*(x)— hS*l(r))f‘lh'(r)hS(r)q(r)T [g(r) - g(r)]}drd z

Using Cauchy Schowarz inequality, we can prove that
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232 PO IS (afg)(x) +5 IZaa(x)g IZ, (pfg)(x)
— 32, (pF)00: 32, (ag)00) — (£ 32.af 00) (332, pg (%))

{( E;kl(a)k ) J‘ J‘ [ h* (x)— h”l(r))%fl(h”l(x)— h”l(z'))%ﬂ
<h'(r)h* (r) p(r)h(z)h* (2)a@ (F (r) - £ (2)Pdrd |
{((Iﬁltjzla) J J. J. |:(hs+l(x) hs+1(r)) (hs+1(x) hs+1(z_)) (224)
<h'(r)h*(r) p(Nh'(z)h*(c)a(@) (g (r) — g (=) Pdrd o
<[;32,a00; 32, (pF 2 )00 +5 32, PO 3% (af 2 )00
32aaf 002 32, (pfF )OO
w[2 32,0005 350 (pg? ) +5 32, PCOE I (ag? )0
32,09 (0; 35, (pg)O .

According (2.24) with the Theorem 2.1, we obtain (2.23).

Now, we consider the quantity:
B(x)= lim A(x)

= s | 120 001 bos G ) p(v)ey
12,a09) [ (log (364)) h((y)) yp(y)d y}

+[k 12, IxpCO] [ (log (53)) 1) 6oy ay

(2.25)

h(y)
— 12,000 [ (log (23)) % yq(y)dyD-

Corollary2.4 Let f, g . [a, b]—) R be two integrable and absolutely continuous functions on [a,b] , assume thath isa

monotone, increasing and positive function on (a,b], he Cl(a, b) and p,q :[a,b] > R" areintegrable. If
(f'Y,(g')? e '[a,b]. Thenforaller >0,a < x<b and k>0, we have

12, PO 12, (afg)oO ]+ [k 120a 00 ][ 12, (P )]
_[k I:,h(pf )(X)][k I:,h(qg)(x)]_ [k I:,h(qf )(X)][k I:,h(pg )(X)]

= (['BOIL T @F dtf[ [ B(lg"©F dtf,

(2.26)
where B(X) is given by (2.25).

Proof. By using (1.3) and (2.22) in (2.23), we get (2.26).
Remark 2.2

(1) Taking k=1,5=0, p(X) = q(x) and h(X)= X in Theorem 2.2,
we obtain Theorem 3.6 of [5].

(2) Taking k=1,5=0, p(X) = q(x) and h(X): e* in Corollary 2.4,
we obtain Theorem 3.6 of [5].

January-February



72 ISSN 1013-5316; CODEN,SINTE Sci.Int.(Lahore),33(1),65-74,2021
In the case of one nondecreasing function, we prove the following result:

Theorem2.3 Let f : [a, b]—) R be an increasing absolutely continuous functionon [a,b] and assume that h isa
monotone, increasing and positive function on (a, b] , he Cl(a, b) and p,q are positive integrable functions on[a, b]
f g'el”[a,b] .
Then for all

a>0a<x<band  [k9anPOIznafg(x) + I24a(X) J24 PII (X)
k>0, we have 5 3£ pf ()5 35,09 () =5 I£40f (X); 35, PY (X))

where A(X) is defined <Igll. J.a A(X) f (t)dt (2.27)
by (2.10). '

Proof. We have,

20 POOR I afg(x) +; 35,0005 35, pfa(X)
— 32, pF (05 32,ag () = I<,af (03 3, pY(X)

(55 I L 6p0-ne ) b0
th(r)h'(r)hS( h'(z ) p(r)a(@)[(f (1) - f (2)(g(r) - 9(x))]drd7|
(55 [L060-n0) 00 )
xh® (r)h'(r)h* (2)h'(z) p(r)a(@)|(f (r) - f (2))(9(r) - 9(x)) drdz,

(2.28)

now, we have @' € L”[a,b], so we can write
Jan PO I2nafg () +¢ I74a(X)i Iz, PFA(X)
= 32,pF (07 32,090 =5 340 (0332, pg(X)

gl (;;3(a;) [ 600w 0
x<h*(r)h'(r)h*(z)h'(z) p(r)q(r)|( (r)- f(2))(r - ) drdz

As f isan increasing function, then we have

e dan PO I nafg(x) +; I ,a(x) I57 pfa(x)

= 324 pf (03 32,09(X) =5 3¢ df ()3 3%, g (X))

<”g ”oo(lj;:(a;j IJ‘ hs+1 hs+l (hs+1( )_hs+1(z_))%_1
xh*(r)h'(r)h*(z)h'(z) p(r)q ( )r- r)( (r)-f(r))drdz

<a'll {z 32, pe0 ]l 32, (x(af Joo)J+ [ 32,a00 ][ 32, (x(pf )]
23, ()OI 38 (af Joo ][z 320 @)ooz 32, (pF )0 I}

Applying (2.16), we get (2.27).
Corollary2.5 Let f : [a, b]—) R be an increasing absolutely continuous function on [a,b] and assume that h isa

monotone, increasing and positive function on (a, b] , heC’ (a, b) and suppose tha p, q are positive integrable functions
on [a,b] .1f g'eLl”[a,b] .Thenforalla >0,a<Xx<b and k>0, we have
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Ao n PO 12 afg () +, 17 ,a(x), 1S pfg(x)
Vo pf (x)k 15,0900 = 12,0f 00 15, pg(0)|  (229)

<lo'll. [ BO) (b,

where B( ) is defined by (2.25).
Proof. Replacing (1.3) and (2.22) in (2.277), we get (44).
Remark 2.3

(1) Taking k=1s=0, p(X) = q(x) and h(x)=X in Theorem 2.3,
we obtain Theorem 3.9 of [5].

(2) Taking k=1s=0, p(x)=q(x) and h(x)=e* inCorollary 2.5,
we obtain Theorem 3.9 of [5].

73

Theorem2.4 Let f, Qg : [a, b] —> R be two increasing absolutely continuous functions on [a,b] and assume thath isa

monotone, increasing and positive function on (a, b] , he Cl(a, b) and p,q are positive integrable functions on

[a,b] .1 f',g’eL”[a,b] .Thenforalla >0,a<x<b and k>0, wehave
Jan POOR I 2hafg(x) +¢ 32,900k I2, pfg(x)

= 32, pF (05 35409 (0 = I5pof (03 35,PI)]  (230)

| frildre j Alx)dt,

where A(X) s defined by (2.10),
Proof. We have,

f 20 POOR I afg(x) +5 35,0005 35, pfg(x)
— 3£, P (05 35,0900 = I<,af ()5 I <, pg(X)

(S L b0 ) b0
xh*(r)h'(r)h ()h'(r) ()q(r)[(f(r)—f(r))(g(r)—g(r))]drdr\
() [ b v v
xh*(r)h'(r)h*(z)h '(r)p( )a(@)|(f (1)~ f())(g(r) - (=) drd<,

(2.31)

we have f',g"e L”[a,b], then can write

32, P05 3, afg(x) +5 32,0003 32, pfa(x)

= 32, pf (03 32,09(X) =5 3¢ 0f ()3 3%, g (X))

<00 ||m(s;:<a)] [ [ 02 60= b)) 0 () - b ()
xh*(r)h'(r)h*(z)h'(z) p(r)a(z)(r - ) drdr

<N 335 peols 3z, 02ae) + [s 32,00 [ 92, (2 p o)
20, (xp0)][: 32, (xa ()]}

Hence by (2.16), we get (2.30).

Corollary26 Let f,Q : [a, b] —> R be two increasing absolutely continuous function on [a@,b] and assume thath isa
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monotone, increasing and positive function on (a, b] , he (o (a, b) and suppose that p, q are positive integrable

functions on[a,b] . If
‘k Lan PO 1 2hafg(X) +, 124a(X), 154 PFO(X)
= Lo PEX), 12 hag () —, 15 .af (x), 17 pg(x)‘

<UL I [ BO)dt,

where B(X) s defined by (2.25),
Proof. Replacing (1.3) and (2.22) in (2.30), we get (2.32).
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