Sci.Int.(Lahore),32(5), 581-592,2020 ISSN 1013-5316;CODEN: SINTE 8 581

DYNAMICAL BEHAVIOR OF HIGHER ORDER RATIONAL DIFFERENCE

EQUATION

Stephen Sadiq®, Abdul Khalig? Muhammad Kalim®
1Minhaj University , Lahore, Pakistan
2Riphah International University , Lahore, Pakistan
®National College of Business Administration and Economics, Lahore, Pakistan

Corresponding author:stephensadiq1982@gmail.com, drstephen.mth@mul.edu.pk

ABSTRACT: In this paper we discuss the global stability of the nature of positive solutions and the
periodicity of the difference equation

bOzn—t + b1Zn—l + bZzn—m + bSzn—p

b4Zn—t + b5 Zn—I + b6 Zn—m + b7 Zn—p

o Z.,,2, where i = max{k,s,t,l,m, p} and coefficients
a,, a4, a,,b,,0,,b,,b,,b,, bbb, e R* (A)

Numerical examples are also given to confirm the obtained results.

Zog =, + 42, + L, +

n-s

n+l

with non-negative initial conditions z_, , Z

—pAlr
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1. INTRODUCTION:
In this paper we obtain solutions of rational difference equation

bz, +bz,,+bz,  +bz
0 &n— -l 2 50— 36n-
2, =l Y042, T,  F——— " il sl (1.1)
bz, +bz,  +bz, , +bz
4%n-t 55n—1 6 “n-m n-p

where the initial values are arbitrary real numbers.
Difference equation is a vast field which impact almost found in every branch of pure as well as applied mathematics.Recently
great interest is developed in studying difference equation systems.The reason is that there is need of some techniques whose can
be used in investigating problems in different fields.Recently a great effort has been made in studying the qualitative analysis of
rational difference equations.Difference equations are very simple in form, but it is very difficult to understand thoroughly the
behaviors of their solutions.See [1-3].
In 2006 Ramazan karatas et.al [4] studied the positive solutions and attractivity of the difference equation by considering non zero
real numbers initial values.

Xn—5

X =— n=01..
T4t x, %

In 2008 Elsayed [5] worked on the difference equation
Xn—s5
,n=20,1..

Xpn+1 =
" 1+ Xn—2Xn-5

He found the solution of this equation and obtained graphs of numerical examples for some values of initial conditions .In 2009
Elsayed [6] investigated the difference equation by considering real numbers initial values
n->5
==, = 0,1
T T sy ats

He checked the qualitative behavior of the difference equation.
In 2010 Elsayed [7] studied the solutions of the following class of difference equation

Xn-g
= ,n=20,1..
1+ Xn—2Xn-5Xn-g

Xn+1

In 2011 Elsayed [8] investigated the rational difference equation

In 2011 Elsayed [9] investigated the rational difference equation

Xn—3
Xpy1 = T n=01..

_—_—
1+ Xn-1%Xn-3
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In 2012 Touafek and Elsayed [10] got the form of solutions of the rational difference systems

yﬂ. xn
T @ L) T YL x)

In 2011 Vu Van Khuong and Mai Nam Phong [11] investigated the difference equation
Xp—z = X, (1 + xp_1x,_5),n=0,1,...

In 2016 Elsayedet. al [12] studied the solutions of some difference equations of the form
Xpsq1 = Tn1¥n-s n=0,1
e xn—S(il i xn—lxn—s) ' o

Suppose that | is some interval of real numbers and F a continuous function defined on 1** (k+1 copies of 1),where k is some
natural number. Throughout this thesis, we consider the following difference equation

Zowr = f(ZnZn-1) s Zn_g)mn=0,1,...(1.2)
For given initial values Z_y, Z_(x_1), ... Zo € I

1.1 Definition: (Equilibrium Point)
Apoint Z € I is called an equilibrium point of difference equation (1.2) if
Z=F(Z,...,2)
Thatis,Z, = Z for n > 0 is a solution of difference equation (1.2).
1.2 Definition: (Periodicity)
A solution{Z,} nikof Equation (1.2) is called periodic with period p if there exists an integer p = 1 isa s such that Z,,,, =
Zyforalln = —k .If Z,,,,, = Z,, holds for smallest positive integer p then solution {Z,,} _ “ of Equation (1.2) is called periodic
period of prime.
1.3 Theorem: Consider the difference equation
Zps1t apzy + a9z, =0,n=0,1, ..
Where k € {1,2, ... Jand areal numbers for alli.Then ¥¥_ |a;| < 1is a sufficient condition for the asymptotic stability of eq. (1.2).
2. Local stability
Here we discuss the local stability of Eq.(1.1).The equilibrium point of Eq.(1.1) is given by
z:%z+%z+%z+QE+gi+mé+Q{
b,z+b,z+b;z+b,z

= b, +b +b, +b
21~y —0oy —a,) =~ b+, +by

b, +b, +b, +b,
Ifa, + o +a, <1, then the unique equilibrium point is
E_ (bo+b1+b2+b3)

(b, +b, +by +b,)1-, —, —,)
Let f :(0,00)" — (0, 0) be a continuous function given by

byds + b, +b,0s +b,0s
f (0,005, 05,04,05,0) = 0y + 4,0y + .0, +b4q3 b, + 5,0, + b,
Of (0o, %192, %% G5 O6) _
oq, ’
Of (901 %19 G 9 G5+ G6) _
o0, '
Of (%921 95 %4+ 95, %) _
oq, i
OF (Go» G G G5, G G5 G ) _ (06, —bib, )q, + (gl —,b, )qs + (byby —bib, ) g
00, (b, +b5q, +b,q; +b,q,)*
of (qo’qliqz’q3’q4’q5’qs) _ (b1b4 _bobs)qs + (b6b1 _bzbs)qs +(b7b1 _bsbs)qa
aq, (b, +hb5q, +b,0; +b,g,)°
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OF (Go» G Gz s, G O G ) _ (0,0, — BB )05 + (B, —By0g)q, + (b, —bybs)q

00 (b, g, +b,q, +byqs +b,0,)°
of (qO’ql’ qz’qs’qqu’qe) _ (b3b4 _bob7)q3 + (bsbs _b1b7)q4 + (bebs _b2b7)qs
_____ 005 (b, +b;q, +b,0; +b,9,)°
of(z,2,2,2,2,2,2)
Thus =a, =U,
aq,
o(2,2,2,2,2,2,2)
=o = u2
og,
of(z,2,2,2,2,2,2)
=a; = Uy
oq,
ﬁallllgl)_®AQ+Q+QMMAQ+@+Q»G—%—%gaQ_u
aa, (b, +b +b, +b,)(b, +b, +b, +b,) *
ﬁuJLLLLU_0“@+Q+@}4MQ+@+Q»G—%—%gaQ_u
aq, (b, +bs +b; +b,)(b, +b, +b, +b;) ’
af (21 Z’ Zl Z! Z! Z! Z) _ (bz(bA +b5 +b7)_b6(b1 +b2 +b3))(1_a0 _al _a2) =u
80, (b, +b +b, +b,)(b, +b, +b, +b,) °
af (E1E’E|Ea21212) _ (bS(b4 +b5 +b6) _b7(b0 + bl + bZ))(l_aO _al _aZ) =u
a0, (b, +b, +b, +b,)(b, +b, +b, +b,) !
The linearized equation of equation (1.1) about Z is
Zn+1 = ulzn + uZzn—k + |"ISZn—s + u4 Zn—t + uS Zn—I + uGzn—m + u7Zn—p (1-3)
2.1Global Stability:
Theo_rem
The Z is a global attractor of Eq.(1.1) if one of following conditions holds
i) a,+a, +a, =1, by +b +b, #b, andb, +b, +b, >0
ii) a,+a,+a, #1, by +b +b, #b, andb, +b;, +b, > 0.

Proof: We consider two cases.
Case L:If function f(v,,V,,V,,V,,V,,V;,V,) is increasing in Vy,V;,V,,V,,V,,V,and decreasing inV,.Suppose (M, M)is a
solution of the system.

M=gM,M,M,M,M,M,m)andm =g(m,m,m,m,m,m,,M)

Fromeq.(1.1)
M:aﬂﬂ+%M+aﬂﬂ+%M+qM+@M+Qm

b,M +b.M +b,M +b,m

and
b,m+bm+b,m+b,M
m=aq,m+a,m+a,M+
b,m-+b.m+b;m+b,M
Then
M?(l-a, -, —a,)(b, +b, +b) +b, MM -, —a, —,) = M (b, +b, +b,) +b,m
and

m*(1-a, — o, —a,)(b, +b, +b,) +b,MmMQ-a, —a, —a,) =m(b, +b, +b,) +b,M

Subtracting above two equations

(M _m){(M +m)(1—a0 -0 _az)(b4 +b5 +b6) _(bo +b1 +b2 _bs)} =0
By conditions &, +c +a, #1,b, +b, +b, > 0andb, +b, +b, # b, We see that M =m Hence zis a global attractor
of eq.(1.1).
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Case 2:If function f (v,,V,;,V,,V,,V,,Vs,V;) is decreasing in V,,V,;,V,,V,,V,, Vs and increasing Vs .Suppose (m, M)
is a solution of the system.
From eq.(1.1)

M=g(M,M,M,M,M,m M)andm = g(m,m,m,m,m,M,m)
Then
b,M +b,M +b,m+b,M

M=ao,M+aM +a,M +
b,M +b,M +b,m+b,M

and
b,m+bm+b,M +b,m
b,m+b.m+b;M +b,m

m = a,m+a,m+a,m+

Then

M2(l-a, —a, —a,)(b, +b, +0,) +b,Mm(l-a, —a, —,) = M (b, +b, +b,) + b,m
and

m*(l-a, —a, —a,)(b, +b, +b,) +b,MmQ -, —, —a,) = m(b, +b, +b,) +b,M
Subtracting above two equations

(M _m){(M +m)(1_0‘0 _al_aZ)(b4 +b5 +b7)_(bo +b1+b3 _bz)} =0

By using conditions &ty +a, + o, #1,b, +b, +b, b, andb, +b, +b, >0 .We see that M =m Hence zis a global
attractor of eq.(1.1).
2.2 Boundedness of solutions of (1.1):

Here we study the bounded nature of the solutions of Equation (1.1).
Theorem 2

Every solution of equation (1.1) is bounded if &, + & + o, <1.
Proof: Let {Zn }::_# be a solution of eq.(1.1).1t follows from eq.(1.1)
bOZn—t + b1Zn—l + bZzn—m + b3z

— n-p
Zog =0y, +toZ,  +C,Z,  +

n-s
b4 Zn—t + b5 Zn—l + bﬁzn—m + b7Zn—p

b0 Zn—t b1Zn—l

_|_
b4 Zn—t + b'Szn—l + b6 Zn—m + b7 Zn—p b4 Zn—t + bSZn—I + b6 Zn—m + b7 Zn—p

=o,, tal,  +o,Z,  +

n-s

bzzn—m + bszn—p
b4Zn—t + b5 Zn—l + b6 Zn—m + b7Zn—p b4Zn—t + b5 Zn—I + b6 Zn—m + b7Zn—p
b,z z b,z b,z
<@z, +oy7,  + 0,7, 2ty B2t B2 B2
b4zn—t bSzn—l b6 Zn—m bYZn—p

s +b—°+ﬂ+b—2+% vnx>1
b4 b5 b6 b7

<oy, toyz,  +a,l

b b,

We have Z.,, <VY,,,, wherey,, =o,Z, +oyZ, , +a,Z,  + b_o +%+b—2 + = is non-homogenous linear equation It is
4 6

easy to check that solution of this equation is locally asymptotically stable and converges to

(by +b, +b, +b;)
(b, +bs +b; +b))1-y —, — )

By comparison, we see

bybsbgb; + B0, bcb, +b,b,byb; +1D;, 0.,
b,bbsb, 1— ey — et — )

there also exist M > Osuch that Z, = m Vn>1.

=

ifo, +o, +a, <1.

lim,,_ supz, <

= M .Hence solution is bounded. Now we will prove that

1
For this use the transformation Z, = — .So eq.(1.1) becomes
X

n
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1 o « . a, By /X, +0 X+, I X b /X

—=—
Xn+1 Xn Xn—k Xn—s b4 / Xn—t + b5 / Xn—l + b6 / Xn—m + b7 / Xn—p

1 _ ﬂ + O(l + az + bO Xn—I Xn—m Xn—p + blxn—t Xn—m Xn—p + b2 Xn—t Xn—l Xn—p + b3 Xn—t Xn—I Xn—m
Xn+1 Xn Xn—k Xn—s b4 Xn—I Xn—m Xn—p + b5 Xn—t Xn—m Xn—p + b6 Xn—t Xn—l Xn—p + b7 Xn—t Xn—l Xn—m

(X X s + Oy X X +a2xnxn7k)[b4xn7|x Xy p 05X Xy Xy 05X X, X, 0% X Xn—m:l

n“*n-s n—-m“*n-p 5*n—t *n—-m “*n—-p 6 n—t “*n-I 7 n—t n-l

1 F% X X5 YO Xy X Xy F 00X XX F0X X X X XX )

27—t n-l n—t *n-I

n—m“*n-p 5 n—t “*'n—-m *n—-p 6 *n—t “*n-I 7 n—t -1

Xn Xn—k Xn—s (b4 Xn—I X

Xou1 X Xk Xos (B4 X0 X X D5 X X0 X0+ B X X X 0 X XX )
+ bSX X X + bGXn—t Xn—I Xn—p + b7 Xn—t Xn—I Xn—m)

n—an—p n—t *n-m n-p

= It
(X, X s + X X +a2xnxn_k)[b4xn_|x Xoop T 05X X0 Xoop F 06X X X + b, X X xn_m]+

n+1
n“*n-s n—-m“*n—p 57—t 'n—-m “n—p n-t *n-I 77—t n-1
(Xn Xn—k Xn—s )(bo Xn—l Xn—m Xn—p + blxn—t Xn—m Xn—p + b2 Xn—t Xn—l Xn—p + bSXn—t Xn—l Xn—m)
follows

X X X (b,x X

n *n—k “*n—s \M4 n—| n—an—p

+ 05X X X B X X X, 0 X XX )

n-t “*n—-m “*n—p n—t “*n—-I| 7 *n—t *n-1

X . <
n+1
(X Xy X )0 X X Xo_p + B, X, X Xo_p + b,x .x o + 0, X, (X, X))

27—t n—l 'n— 37—t *n-I

b,x X X

47— *n—m *n—p

= +
(bO Xn—l Xn—m Xn—p + blxn—t Xn—m Xn—p + b2 Xn—t Xn—l Xn—p + bS Xn—t Xn—I Xn—m )
bx X _ X

52—t “*n—m n-p

(b, X, L +0b, X, (X, X, F X, X Xo_p + by, (X, X )

n—t “*n—-m “n-p 2 -t n-l

b6 Xn—t Xn—I Xn—p +
(bO Xn—I Xn—m Xn—p + blxn—t Xn—m Xn—p + b2 Xn—t Xn—I Xn—p + b3 Xn—t Xn—I Xn—m)

b7 Xn—t Xn—l Xn—m
(bO Xn—I Xn—m Xn—p + blxn—t Xn—m Xn—p + b2 Xn—t Xn—I Xn—p + b3 Xn—t Xn—I Xn—m)
< b4Xn—l Xn—m Xn—p + bSXn—t Xn—m Xn—p + bGXn—t Xn—l Xn—p + b7 Xn—t Xn,| n-m _ b_4 b_5 + b_6 + b_7

bO Xn—I Xn—m Xn—p len—t Xn—m Xn—p b2 Xn—t Xn—I Xn—p b3 Xn—t Xn—l Xn—m bO bl b2 b3
b,b,b, +b,b,b,b, +b,bb.b, +b,bb,b
:b1234 0™~5~2™~3 0b163 °b127=TVnZl
bOblebB
1 b,b,b,b

Thuswe get Z, = — 2> bOLL.D, mvn>1

x, T hbhb, +bhb,b, +bhbbb, +bbbb
Hence every solution of (1.1) is bounded and persistent.
Theorem 3

If &, >1or o, >1ora, >1 every solution of Eq.(1.1) is unbounded.
Proof: Let {Zn }:O?ﬂ be a solution of eq.(1.1).1t follows from eq.(1.1)

bOZn—t + blzn—l + b2 Zn—m + b3zn—p
Zn+l = OKOZn + alzn—k + azzn—s + b b b b
4Zn—t + 52n—l + 6Zn—m + 7Zn—p

> 0,2, VN1
The right side can be written as
n
Xn+1 = C(Oxn = Xn = aO yO
It is unstable as ¢, >1andlim 2z, =oo.Hence {Zn}:}ﬂ is unbounded above by ratio test.The remaining cases can be

prove by same technique.

2.3 Periodic solutions:

Here we discuss that periodic solutions of eq.(1.1) exists.

Theorem 4

If k,s,t,I,mare evenand p is odd then eq.(1.1) has a prime period two solutions iff
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[bs - (bo +b1 +b2)]{[b3 _(bo + bl + bz)][(b4 +b5 +b6) _b7 ]}

{1+ (atg + 0, + a1, )} — 4D, (b, +b, +b;) (e, +a, +,) +b, (b, +b, +b,)}>0
Proof: Suppose first there exists a prime period two solutions

MW, P, ..

If k,s,t,] and mare even then

Zn = Zn—k = Zn—s = Zn—t = Zn—l = Zn—m = ¢and Zn+1 = Zn—p =y

From Eq.(1.1)

1//:050¢+051¢+052¢+ b0¢+b1¢+b2¢+b3l//
b,#+b,p+Dbsé+ by

¢Z%W+%W+%W+%w+ﬁw+%w+%¢
b,y + by + gy +b,¢9

On simplifying

Sci.Int.(Lahore),32(5), 581-592,2020

(1.4)

(b, +bs +15)py + b7l//2 = (ay¢ + a9 + 2, $)(b,¢ + b6 + s+ b,y ) + (0,8 + Bip + b, 0 + Do)
(b, +b5 +b)py +b,¢” = (aoy + auy + oy )by +byy + by +10,6) + (by + by + b,y +1.9)

Then

(b, +by +b6)¢V/+b7W2 = (o + o +a,)(b, + 1, +b6)¢2 + (o + o + )0, ¢y + (byp + b g+ b,g + byy)
(b, +b, +b.)pw +b,¢° = (e, + &, + @, ) (b, +b, +b,) )y’ + (o, +a, + )b,y + (b + by + b,y +b,g)on

subtracting

b?(‘//2 _¢2) = (o + oy +a,)(b, +D, +b6)(¢2 _‘//2)+(bo +b +0)(@—yw)+ 0, (v —9)

prpm— Borhib)
L+ (o + oy +a,) (b, + b, +Db;)
Adding

(1.5)

20y[((b, +bs +b5) — (e + o + a,)0 ] =[(a + 4 + @, ) (b, + 15 +b6)_b7](¢2 +y’)+

(by +b, +b, +b;)(¢+y)

20y [(b, +bs +05) — (o + & + )b ] = [, + &, + ;) (b, + 15 +b6)_b7][(¢+V/)2 —2¢y ]+

(by +b, +b, +b) (¢ +y)

20y (b, +bs +15) — (@, + & + )b, + (o +a; + ) (b, + b5 +b;) b, ]1=[(e + o, + ,)(b, +b;5 +b;) —b,]

bs_(bo+b1+b2)

{ bs_(bo+b1+b2)
b,

+(ay+ o, +a,)(b, +b +by)

} +(b, +b, +Db, +b3)[

b, +(a, + & +,)(b, + by +b6):|

[( + 4 +a,)(b, + by +a,) —b, 1[b, — (b, +b, +b2)]2 +
[b, + (o, + o + @,)(b, + b, +b,)](b, +b, +b, +b;)

_(bo +bl +b2)]

2¢W[{(b4 +b, +b6)_b7}{1+(a0 o +a2)}] - L

[b3 _(bo +bl +bz)]{

[b, + (e + &, +a,)(b, + by +by)]’
((0(0 +tao +0‘2)(b4 +bs +b6)_b7)(b3 _bo _bl _bz)+
(b, +(ay + o, + a,)(b, + b5 +1b,))(b, +b, +b, +Db;) }

[b, +(ay +a +a,)(b, +by +b;)]

[bs _(bo +b1 +b2)]{

(ap + o +a,)(b, + by +D;)(by; —by, —b, —b,) —b, (b, —b, b, —b,) +
b, (b, +b, +b, +b,) + (e, + o, + @, )(b, + by +b;)(b, +b, +b, +b,) }

[b, +( + 0, +a,)(b, +by +1,)]
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_ 2[b3 — (b, +b, +b2)]{b3(0(0 +ay +a,)(b, +b; +b;) +b, (b, +by +b2)}
[b, +(a, + & +a,)(b, +b, +b,)]°

Sy = [bs_(bo+b1+b2)]{b3(ao+0‘1+0‘2)(b4+b5+b6)+b7(b0+b1+b2)} (16)
W_Bmﬁg+mymgm+%+%+%ﬂ@ﬁﬂ%+%+%xm+g+mﬁ '

Let @, be the roots of quadratic equation which are positive, real and distinct.
t? —(p+y)t+py =0
tz{ b, — (b, +b; +b,) }H

b, +(ay + o +ax,)(b, + b, + D)

[bs _(bo +b1 +b2)]{b3(0!o +a +a2)(b4 +b5 +b6)_|_b7(b0 +b1 +b2)} _0(1.7)

[{(b4 +by +bs) —b, {1+ (o + 1, +042)}][b7 +(ay + o, +a,)(b, +b, +b,)] -

Thus, discriminant is

[ b, — (b, +1, +b,) T_

b, + (e, + o +,)(b, + b +1by)

[0, — (b, +Db, +b,)]{by (g +a, +t,)(b, +D5 +1) +b, (b +b, +D,)}
[{(0, +by +bg) =, {1+ (e + o +2,)} |[by + (c + et + ) (b, + b +10,)]
[b, — (b +b, +b,)1{[b; — (b, +b; +b,)][(b, +b, +b;) ~b, ]}
{l+(a0 +a +0¢2)}—4{b3(b4 +b, +b)(e, +o, +a,) + b, (b, +b, +b,)}>0

Hence inequality (1.3) holds. Now suppose inequality (1.3) is true. Now we will show that Eq. (1.1) has prime period two
solutions.
Let

>0

B b,—A+n = b,-A-7
?= 26 +om) ™Y = 20, 6H)

b, — A)(b,GH +b, A)

(H-b,)1+G)

, A=b,+b +b,, G=0, +, + 0,

o fo 2

and H=b, +b, +b;.

Now set
=Y, 2=y, 2, =Y, 2, =Y, 1,=V,7, =@, l =07, =Y,
Z,=¢9,7,=y.

We will prove Z, =7, =gand Z, = Z, =/ .
From Eqg.(1.1)
by +by +by +byg
b,y + by + by +b,¢
—Guw + (b +b, +b,)y + by

(b, +15 + )y + ;¢

A b,—A-n +h, b,—A+7
2(b, + GH) 2(b, + GH)

Y b,—A-n +b, b,—A+n
2(b, + GH) 2(b, + GH)

Dividing numerator and denominator by 2(b, + GH)

A(b; — A—n)+by (b, — A+1)
H(b, - A—n)+b, (b, — A+n)

L =0y tay oyt

=Gy +
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~ Gy + (A+b3)(b3 —A)—Aﬂ+b377
(H+b,)(b, - A)-Hnp+bn

(b, — A)(A+D; +177)
(H +b,)(b, = A) +7(b, —H)
Multiplying and dividing by (H +b,)(b, — A) —n(b, — H)
(b, - A)A+D +m)  (H+D)(b —A) -5, —H)
(H+b,)(b, = A +n(b, —H) (H+b;)(0b, - A)—n(b, —H)
N (b, — A)Z(H +b,)(A+b; +7)— (b, - A)(A+b, +17)n(b, —H)
(H +b7)2(b3 - A)Z _772(b7 - H)2
(b, — A{(b, — A)(H +b,)(A+b, +7) - (A+b, +7)n(b, —H)}
5 ) _ 2_4(b3—A)(b3GH +b, A) Iy
(H +b,) (0, A {(bg T }(m H)
(b, — A){(b’ — A*)(H +b,) +n7(b, - A)(H +b,) —n(A+b;)(b, —H) —n*(b, —H)}
(b, — A 4Hb, + 4(b3 — A)(H —b,)(b,GH +Db, A)

=Gy +

=Gy +

=Gy +

=Gy +

@+G)
2 2 2 4(b3_A)(b3GH+b7A)
b, — A)< (b," - A")(H 2Hb, —2Ab;) —| (b, - A)" - >
B +( ){( Y(H +Db,)+7( ) {( ) (H-b)1+G) }( )}
=Gy {4Hb7(b3—A)(1+G)+4(H—b7)(bgGH+b7A)}
(bs_A)
@+G)

®, —A){(b; _ A%)(H +b,) + n(2Hb, —2Ab7){(b3 _ay - 40— A)BCH +b7A)}(b7 - H)}

(H-b,)1+G)

=Gy +

b, - A){4(b7 + HG)(Hb, —b, A)}

1+06)

(b, - A){(b; _A)(H +b,)-+1(2Hb, — 2A,) — (b,  AY: (b, - H) — %~ A()l(%g;l +b7A)}

=Gy +

(, - A){4(b7 + HG)(Hb, —b7A)}
@+G)
{ 4(h, — A)(b,GH +b7A)}
(b, — A)< 2(b, — A)(b,H + Ab,) + 277(Hb, — Ab,) —
@+06)

=Gy +

oA 4(b, + HG)(Hb, —b, A)
3 (1+G)
2(b, — A)(b,H + Ab,)(L+ G) + 257(Hb, — Ab,)(L+G) — 4(b, — A)(b,GH +b, A)
(b, —A)
{4(b, + HG)(Hb, —b, A)}
(b, — A){b,H +b,HG + Ab, + Ab,G — 2b,GH — 2b, Al |+ (Hb, — Ab,)(1+G)
[0, A }
{2(b, + HG)(Hb, —b, A)}
_G bs —-A-n N (bs - A)(l_G)(bsH - Ab7) +77(Hb3 - Ab7)(1+G)
2(b, +GH) {2(b, + HG)(Hb, —b, A)}

=Gy +
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_G( b, ~A-7 } (b, ~ AL-G) +7(L+G)

2(b, +GH) {2(b, + HG)}
G, -A)-nG-G(b,-A)+ (b, -A)+n+1nG b, -A+p _
- 2(b, + HG) ~2(b, +GH)

In the same way ,its quite easy to prove that Z, =/ .By mathematical induction for all n=>=—z , we getZ, =y and
Z,0 = @ .Thus eq.(1.1) has prime period two solution which are distinct roots of eq.(1.7).

"1¢!Wl¢ll//1"'
Theorem 5
Eq.(1.1) has no prime period two solutions if K, s,t,l, m, p are even and

(o +a, +a,) %1,

Proof: Proof is same as previous and therefore omitted.

2.4 GRAPHICAL EXAMPLES:

Here we give some numerical examples to confirm the obtained results. These examples give some different types of solutions of
eq.(1.1)

Example 1:

k=5s=4t=21=3m=0,p=21and values to coefficients stated in expression (A) in order

0.1,0.2,0,2,0.5,0.6,0.1,0.3,1,0.2,0.5. and the initial conditions taken in order
0.2,0.7,0.5,2.1,1.15,0.4,0.1,0.3 .(See fig 1.1)

z(n+1)=a gz *a,z,  toz, +Hbz +b, zn-l+b22n-m+blzn-p)/(b41nv(+bszn»l +szn-m+b12n»p) ;

35 T T T T T T T T T

25 =

z(n+1)

05+ =

0 10 20 30 40 50 60 70 80 20 100

bOZn—t + blzn—l + bZZn—m + b3Zn—p

Fig 1.1:Behaviorof 7 ., = 2, + a2, , +a,Z,  +

n-s
b4 Zn—t + b5 Zn—I + bGzn—m + b7zn—p

Example 2:
k=5s=4,t=4,1=0,m=0, p=1 and values to coefficients stated in expression (A)

0.9,0.2,0.23,2,0.5,0.06,0.15,0.3,1.5,0.2,0.25, and the initial conditions taken in order
1.22,0.7,0,2.1,1.15,1.4,0.1,0.
(Seefig 1. 2)
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2(n+l)=a,z, 0z, o +byz, M(b,z, *bz +bz  +bz ):
T

Z s * (00201042, #0532, 1 *Dy 4Zn1* D520 1*PeZnm* D7
T T T T

2% ne
35 T T

z(n+1)

bOzn—t + blzn—l + bZZn—m + b3Zn—p

bz +bz  +b b
4Zn—t + SZn—I + Gzn—m + 7Zn—p

Fig 1.2:Behaviorof ., = a,Z2, + 2, +a,Z

Example 3:

k=5s=4,t=2,1=3,m=0, p=1, and values to coefficients stated in expression (A)
0.1,0.13,0.15,1.5,0.06,0.2,1.1,0.3,1,0.2,0.5, and the initial conditions taken in order
0.2,0.7,0.5,2.1,1.15,0.4,0.1,0.3.

(See fig 1. 3)
ez va,z, boz, Hbez, 4,2, 4z, #hz, Wbz, bz, theZ, +D2, )3
35 T T T T T T T T T
3l -
25 -
2 ]
3
&
N
15 =
1k 4
05 —
5 | | L 1 1 1 I 1 1
0 10 20 30 40 50 60 70 80 % 100

Dz, +0,z,, +b,z, . +Db;z
. . - — — _
Fig 1.3:Behaviorof z ., = oy, + a2, + a,Z, + e d 2hm e

n-s
b4 Zn—t + bS Zn—l + bezn—m + b7Zn—p

Example 4:

k=5s=4,t=2,1=3,m=0, p=1, and values to coefficients stated in expression (A)
0.1,0.03,0.05,1.02,0.18,0.02,0.1,0.3,1,0.2,0.05, and the initial conditions taken in
0.2,0.7,0.5,2.1,1.15,0.4,0.1,0.3.

(See figl.4)
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z(nt)=az .z +a,z, +(byz, bz +bz  +bz )bz +bz +bz  +bz );
5 T T T T

T T T T T

z(n+1)

b,z,,+bz, ,+b,z, . +bz

Fig 1.4:Behavior of 7, = a,Z, + a2, , + @, 2nm  STnep

n-s +

b4 Zn—t + b5 Zn—I + bGZn—m + b7zn—p
Example 5:
k=4,s=4,t=4,1 =4,m =4, p =5, and values to coefficients stated in expression (A)
0.03,0.04,0.02,0.01,0.55,0.01,6,0.01,0.1,0.02, 0.5, and the initial conditions taken in order

0.5,1.5,0.5,1.5,0.5,1.5,0.5,1.5.

(See figl.5)
z(n+)=e 2, *a, 2 *oyz +(byz +bz +bz  +bz bz +bz +bz  +bz );
2 T T T T T T T T
18 =4
16~ |
14
12—
Tl
08—
06—
0.4 -~
02— -
1 | 1 1 1 L 1 1 |
0 5 10 15 20 25 30 35 40 45 50
. . bOZn—t + blzn—l + bZzn—m + b3Zn—p
Fig 1.5:Behaviorof 2, ., = 2, + o2, , +a,Z, .+
b4 Zn—t + b5 Zn—I + bGZn—m + b7Zn—p
Example 6:

k=4,s=4,t=4,1 =4,m =4, p =5, and values to coefficients stated in expression (A)
0.03,0.04,0.02,0.01,0.5,0.2,2,0.2,0.1,0.12,0.5, and the initial conditions taken in order
0.5,1.5,0.1,1.2,0.5,2.5,0.2,0.5.

(See fig 1. 6)
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, z(n+N)=a,z, voz, oz, +(byz, +bz +byz bz )bz +bz +bz +bz );
T T T T T T T T

z(n+1)
I

0.8

06~

0.4

0.2

0z, +bz,, +b,z, . +b;z

. . 0 =n- =l 2%n- 37n-

Figl.6:Behaviorof z_, =,z + 2, +a,Z, + - i °r 1P
bz, +bz,, +bsz,_, +Db,z

n-p
3. CONCLUSION
We studied the global stability , bounded behavior and forms of solutions of

bOzn—t + blzn—l + bZZn—m + bSZn—p

o+
" b,z . +bz , +bz

., =02, +ta 7, +a,z with non-negative initial conditions

4-n—t 5 “n—I 6 “n—m +b7zn—p
Z_ 02y 2y, 2y Where f1 = max{k,s,t,l,m, p} and the coefficients @, &, &,,0,,b,,b,,b,,b,,b;,b,,b, € R .Itis
_ _ o = (b, +b, +b, +b,) _
concluded that if oy + o, + &, <1, then the unique equilibrium point is Z = .Using

(b, +bs +bs +b,)1-ct — — 1)
conditions &, + ¢, +a, #1landb, + b, +b, # b, We see that M =m.Hence zis a global attractor of eq.(1.1). Every

solution of equation (1.1) is bounded if ¢, + ¢, + &, <1.Every solution of (1.1) is unbounded if ¢¢, >1or o >1lorax, > 1.If
K,s,t,I,mare evenand p is odd then eqg.(1.1) has a prime period two solutions iff

[b3 _(bo +b.l +bz)]{[b3 _(bo +b1 +b2)][(b4 +b5 +be)_b7]}
{1+(0¢0 +a, +a2)}—4{b3(b4 +b, +b,) (e, + o, + )+, (b, +b, +b,)}>0

In the end we obtained solution of four different types of Eq. (1.1) and gave numerical examples of each case by assigning
different initial values by using Matlab.
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