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ABSTRACT. This paper deals with two types of graph labeling namely, super (a, d)-edge antimagic total
labeling and super (a, d)-vertex antimagic total labeling. In this paper, we will prove that m isomorphic
copies of non-isomorphic cycles are super (a,d)-edge antimagic total (EAT) and super (a,d)-vertex

antimagic total (VAT) ford = 1.
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1. INTRODUCTION

For undefined terms, see next section. In this section, we
present the back ground and the motivation of the present
study

A labeling of a graph is a mapping that takes the elements of
the graph to the positive integers. If the domain is the vertex
set or the edge set, the labeling is called vertex labeling or
edge labeling respectively. Moreover, if the domain of the
labeling is union of vertex set and edge set then it is called
total labeling.

In 1960, on the motivation of the concept of magic square in
number theory, Sedlacek [18,19] raised the problem to apply
the magic ideas on graphs and introduced the notion of a
magic labeling. Stewart [17] extended this study and proved
that an n by n magic square in number theory corresponds to
a super magic labeling of the complete bipartite graph K, ,,.
In 1970’s Kotzig and Rosa [9] defined the term of magic
valuation for graphs. Later on, Ringel and Llado [16]
introduced the same concept and called edge magic total
labeling. Recently, Enomoto et al. [14], defined super edge
magic total labeling. Later on, Simanjantuk et al. deffinition
of (a; d)-edge antimagic total labeling [20,21]

Moreover, MacDougall et al. [22] defined the concept of
vertex magic total labeling. As a natural extension of the
vertex magic total labeling, Baca et al. in [1] defined the
concept of (a,d)-vertex antimagic total labeling.

1.2. Motivation

Hartsfield and Ringel [8] proved that the path graphs B, for
n = 3, cycles, wheels and complete graphs K,, forn > 3 are
antimagic. Further Bodendiek and Walther [4] proved that
even cycles, paths of even order and stars all are not (a, d)-
antimagic while ¢, 44 is (kK + 2,1) antimagic.

Simanjuntak, Bertault and Miller [12] proved that C, has
(2n+2,1) and (3n + 2,1)-EAT labeling, C,, has (4n +
2,2) and (4n + 3,2)-EAT labeling, C,,,, has (3n + 4,3)
and (3n + 5,3)-EAT labeling.

Dafik, Miller, Ryan and Baca [5] investigated the Super edge
antimagic labeling of isomorphic copies of cycles and path
graphs. Some of their results are presented below:

e The graph mC, has a super (C22E2 2)-EAT labeling if

2

and only if
m; nare odd and m; n > 3.
e The graph mC,, has a super (2mn + 2,1)-EAT labeling
foreverym >2andn > 3.
Rahim, Ali and Javaid [10] investigated super (a, d)-EAT
labeling and super (a, d)-VAT labeling of non-isomorphic
copies of Harary graphs and cycles. Some of their results
are presented as follows:
e For m>2, n;>3,i =12..m, G = Cp UCy,
U..U Gy, admits super (2 YL, ny + 2,1)-EAT labeling.
e Form =2, n;=5¢22i=12.,m,G6=C'U

Ci2 U-U C/™ admits super (2 Yj, n +2,1) -EAT
labeling provided n; # 2t;.

eForm=2, n=23,i=12,...m, G = Cp, UGy,
U..U C,,,, admits super (3 XL, n, + 2,1)-VAT labeling.

e Form =2 n25¢t22i=12.,mG=C U
Ci2 U-U /™ admits super (8 Y7L, ny + 3,1)-VAT
labeling provided n; # 2t;.

In this paper we prove that m isomorphic copies of non-
isomorphic cycles are super (a, 1)-EAT and super (a, 1)-
VAT.
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2. Preliminaries

In this section, we define basic definition and terminologies

which are used frequently in the main results.

All the graphs in this paper are finite, simple and undirected.

The graph G has the vertex set V (G) and edge set E(G). A

(v,e) -graph G is a graph such that |V (G)] = v and

|E(G)| = e. For general graph theoretic notions see [6, 13].

2.1. Definition

A bijection A: V(G)VE (G) - {1,2,3,..,v + e} is

called (a,d) -EAT labeling of G if {A(x) + A (y) +

A(xy): € E(G)} is equal to {a,a + d,a + 2d,..,a+

(e —1)d } for two integersa > 0andd = 0. An (a,d)-

EAT labeling is called super (a,d) -EAT labeling if

A(EWG) = v+1Lv+2,v+3,...,v + e}. A graph that

admits super (a, d)-EAT labeling is called super (a, d)-edge-

antimagic graph.
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2.2. Definition

Abijection1: V(G)UE (G) - {1,2,3..v + e}is
called (a, d)-VAT labeling of G if { A (x) + Xy ¢ r(6) A(xY)}
isequalto {a,a + d,a + 2d,..,a + (v —1)d} fortwo
integersa > O0andd = 0. An (a,d)-VAT labeling is called
super (a, d)-VAT labeling if A (E(G)) = {v+1,v+2,v+
3,...,; v+ e}. A graph that admits super (a, d)-VAT

labeling is called super (a, d)-veretx-antimagic graph.

2.3. Definition

Let G be a regular graph. Let A: V(G)VE (G) -
{1,2,3... v + e} bean (a,d)-VAT labeling for G. Define a
new labeling:

X V(G)VE (G)
on G as follows:
Ax) =v+e+1-A(x); xeV(G)

Alxy) =v+e+1-2A(xy); xyeE(G)

It is proved that A’ is also an (a’, d)-VAT labeling for some
a’. This new labeling A’ is called the dual of the labeling A.
Remark: The same is true for (a, d)-EAT labeling [1].

- {1,2,3,..,v + ¢}

3 MAIN RESULTS

This section covers the main results into two subsections
which are given as follow:

3.1 Super (a, d)-EAT labeling of m isomorphic Copies of
Non-Isomorphic Cycles

In this section we provide a labeling scheme for super (a, 1)-
edge antimagic total labeling for disjoint union of m
isomorphic copies of non- isomorphic cycles C,,.

Theorem 1. For every m = 2, ng=>3, and § =

1,2,3,...,k, where k is any positive integer, G = mC,, U
mCy, U,...,UmC,, admits super (2 m Zﬁ:l ng + 2,1)-EAT
labeling.

Proof. Let us denote the vertices and edges of G as follows:
V() = {x/|1<i<ng B-1)m+1<j<pm)
E(G) = {xijxi’;1 [1<i<m-1,B-Dm+1<j
< fm}
U {xijx1j|i=nﬁ; B-1m+1<j<pm}
Further, we have v =m Yj_;ng = e.
= {w(xy): xy € E(G)} = {aa+1a+
2,...,a+(m Yj_yng — D}is the set of edge weights of G
provided a = 2m ¥j_, ng +2.
Now let a be a positive integer where 1 < a < k such that

when 8 = kthena = k.

Now, we define the Ilabeling A:V (G) U E(G) —
{1,2,....2m ¥f_ ng}as

follows:

for1 <i<ngand((f —Dm + 1) < j < pm.

A ) =i+ my¥g_ng1+(G —(B -Dm-1)n
forl <i<(mp—1,and((f —Dm + 1) < j < pm.

A(x{xijﬂ) =2v—i—m Znﬁ_l + 1 +@B-Dm
B=1
- ng
fori = ngand (B —Dm + 1) < j < fm.
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A(xijx{) =2v—m Znﬁ_l + @A +@B-1m—j)ng
=1

The edge weights of C? constitute the sets:

for 1 <L<(nﬁ—1) and((B —1)ym+ 1) <j < Bm.

Wi =w(x! xl, )= 2v+i+mYg_ng+ (-

B-Dm-Dng+1

fori = ngand (B —Dm + 1) < j < pm.

Wi =wx/x)=2v+m 3§ _ng_+ (G- (B -

Dm)ng + 1

Hence the sets U2, W' ={2v +2,2v + 3, 3v +1}
consist of

consecutive integers. Thus, G is super (2m Yg_,ng +

2,1) EAT

labeling. Note that the weight 2v + 2 is attained by the edge
xtx3.
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Theorem 2. For every mg = 2, ng=3, and § =

1,2,3,...,k, where k is any positive integer, G = m; C,, U
my Cp, U,...,Umy C,, admits super (2 ¥§_, mgng + 2,1)-
EAT labeling.

Proof. Now let « be a positive integer where 1 < a < k
such that when 8 = kthena = k.

Let us denote the vertices and edges of G as foIIows

V(G) = {x |1<L<nﬁ,2m31+1<]<zmﬁ}

E@G) ={x/x), |[1<iz nﬁ—1;z mg_y+1<]

p=1
a
=1

a a
U{x{x{|i=nB;ZmB_1+1SjS Zmﬁ}.
B=1 B=1

Further, we have v = ¥_ mpng = e.
= {w(xy): xy € E(G)} = {a,a+1,a+
2,...,a (X mgng — D} is the set of edge weights of G
provided a = 2 ¥§_, mgng +2.
Now, we define the labeling 1: V (G) U E(G) —
{1,2,...,2 Z’!§=1 mg ng} as follows:
for 1 <i<mng,and (X5, mg_s+1)<j< ¥g_, mg.

A (le ) =i+ Zg=1 mﬁ—l nﬁ—l + (] - Zg:l mﬁ—l - 1) nﬂ
forl1 <i<(ng—1),and (Zg=1 mg_, +1)<j<
Zgzl mﬁ
a a
M xl) = 2w —i= ) mp gy (L4 ) g
B=1 B=1

- ng
fori = ngand (Zg;l mp_ +1)<j < Zézl mg.

A(xij x{) =2v— Z mg_1ng_y + (1 + Z mg_q — )N
=1 B=1

The edge weights of G constitute the sets:
forl <i< (Tlﬁ — 1), and (Z%=1 mg_q + 1) <j<
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Zg=1 mﬁ .

Wi =wx/x/ )=2v+i+35_  mp_ng_y + (G-
Yp=1mg_qg — 1) ng+l

fori = ngand (g, mp_1 +1) <j< X5, mg.

Wi =w(x] x)) =2v+ X5 mp_ng_, + (G-
Yp=1mg_1) ng+l

Hence the sets UZ_, W' ={2v +2,2v + 3, 3v +1}
consist of

consecutive integers. Thus, G is super (2 Z%zlmﬁnﬁ +
2,1) EAT

labeling. Note that the weight 2v + 2 is attained by the edge
xtx3.

3.2 Super (a, d)-VAT labeling of m isomorphic Copies of
Non-Isomorphic Cycles

In this section we provide a labeling scheme for super (a, 1)-
vertex antimagic total labeling for disjoint union of m copies
of non-isomorphic cycles C,,.

;
4
a7 44
14 8
2
5
40
46 43
34 15
3
18 1
31

28

19,

16 21

3 27
32

3
22
7

26
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Corollary 1. For every m = 2, ng = 3, and f =
1,2,3,...,k, where k is any positive integer, G = mC,, U
mCy, U,...,U mC,, admits super (3m Xj_;ng +2,1)-
VAT labeling.

Proof. Using the dual of the labeling defined in theorem 1,
the result follows.

Corollary 2. For every mg= 2, ng =3, and f =
1,2,3,...,k, where k is any positive integer, G = m;C,, U
myCn, U,...,U mCy,  admits super (3 Yf_,mz ng+
2,1)-VAT labeling.

Proof. Using the dual of the labeling defined in theorem 1,
the result follows.

In reference to theorem 1 figure 1 given below shows a
labeling scheme for 2C; U 2C, U 2C5 wherem = 2,n; =
3,n, = 4,n; = 5andp = 1,2,3

11

37
12

36

13

Figure 1. Super (50,1)-EAT Labelingof 2€3 U 2C4 U 2C5

4 CONCLUSION

In this paper, we have proved that for every m = 2,
ng = 3, and p = 1,2,3,...,k, where k is any positive
integer, G = mC,, U mCy, U,...,uU mCy, and for mg = 2,
ng =3, and f = 1,2,3,...,k, where k is any positive
integer, G = mCp, U myCy, U,...,U myCy,, admits super
(a,d)-edge antimagic total labeling and super (a, d)-vertex
antimagic total labeling ford = 1.
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