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1. INTRODUCTION
An AG-groupoid is also called LA-semigroup. An AG-
groupoid is the speculation of commutative semigroup
which was initially presented by Kazim and Naseeruddin in
1972. An AG-groupoid G is said to be regular if for each y
in G there exists some z in G such that y = (yz)y. If G is
regular AG-groupoid, then it is easy to see that G =G? [10,
11, 19, 20]. The theory of a fuzzy set of a set was first time
introduced by Zadeh [31]. The concept of fuzzy sets in the
form of groups was first introduced by Rosenfelt in 1971.
The fuzzy semigroups were first studied by Kuroki in 1979.
Different approaches have been presented later. The
fuzzification of LA-semigroups were considered by Zanib in
[33] and then by many others, for detail see [3, 4, 5, 13, 15
17, 25, 27, 30] and [1, 2, 6, 8, 14, 22, 23, 24, 26, 28, 29]. A
hesitant fuzzy set abbreviated by (HFSs) can be defined in
the term of a function that at the point when connected to a
set X again put back a subset of [0, 1]. Hesitant fuzzy set is
a useful generalization of the fuzzy set. The hesitant fuzzy
set pernicious the membrane unit of a component to a set to
be spoken to by an arrangement of conceivable qualities
space 0 and 1. Similar to the situations of the hesitant fuzzy
set where a decision maker may hesitate between several
possible values as the membership degree when evaluating
an alternative, in a qualitative circumstance, a decision
maker may hesitate between several terms to assess a
linguistic variable. This hesitant fuzzy set hypothesis has
been used in many functional issues. Hesitant fuzzy set
hypothesis has been connected to numerous down to earth
issues, basically in the range of choice making. For more
detail on hesitant fuzzy sets see [9, 21]. Gulistan et al.
studied hesitant fuzzy AG-groupoids [7].
In this present paper, we have studied the concept of
hesitant fuzzy ideals (right, left), hesitant fuzzy bi-ideals,
hesitant fuzzy interior ideals and hesitant fuzzy quasi ideals
in term of regular AG-groupoids.
2. Preliminaries
In this section, we give some basic definitions and results,
which will be used in our main section. Throughout the
paper G stands for an AG-groupoid.
Definition 2.1: [10, 11] A groupoid G is said to be an Abel
Grassmann’s groupoid , abbreviated an AG-groupoid if all
the elements of G satisfy left invertive law.
Definition 2.2: [10, 11] In G the average (medial) law

holds, such that

(mn)(op) = (po)(nm), ¥V m, n, o, peG.

Definition 2.3: [10,11] If ¢ # B < G, then B is said to
be a sub AG-groupoid of G, if BoBc B.

Definition 2.4: [10,11] Let G be an AG-groupoid and
¢ #=Br c G (¢ =Bl < G)is called

a right and left ideal of G if BroG < Br (GoBl < Bl)
and it is called an ideal if it isboth left and a right ideal of
G.

Definition 2.5: [10,11] ¢ # B, = G a sub AG-groupoid

of G is called a bi-ideal of G if (B, oG)oB, = B,.
Definition 2.6: [10,11] ¢ # B, < G is called a quasi-ideal
of G if(GoB,)N(B,°G) < B,.

Definition 2.7: [10,11] ¢ B < G is called an interior

ideal of G if (GoB)oG < B.

Lemma 2.8: [10, 11] Let G be an regular AG-groupoid.
Then every left ideal is a right ideal in G.

Lemma 2.9: [10, 11] Let G be a regular AG-groupoid and
let Br be a right ideal and Bl be a left ideal of G. Then,
BroBl =BrnBI.

Lemma 2.10: [10,11] Let G be a regular AG-groupoid and

let Br be a right ideal of G. Then Br = Br2.
Theorem 2.11: [32] Let G ba an AG-groupid with left
identity e such that (xe)G=xG for all xeG. Then the
following are equivalent:

(1) Gisregular.

(2) H,nH, =H,H, for every right ideals H, and

left ideals H, of G.

(3) A=(AG)A for every quasi ideal A of G.
Theorem 2.12: [32] Let G ba an AG-groupid with left
identity e such that (xe)G=xG for all xeG. Then the
following are equivalent:

(1) Gisregular.

(2) A=(AG)A for every quasi ideal A of G .

(3) A=(AG)A for every generalized bi- ideal A of G.
For more detail see [32].
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Definition 2.13: [32] A fuzzy subset £ of an AG-groupoid
G is a function of G into the closed unit interval [0, 1] that
is, 1£:G —[0,1].

Lemma 2.14: [32] Let G be a regular AG-groupoid. Then

every fuzzy left ideal is a fuzzy right ideal in G.
Lemma 2.15: [32] Let G be a regular AG-groupoid and let

f be a fuzzy right ideal and  be a fuzzy left ideal of G.
Then, fog=1nNg.
Lemma 2.16: [32] Let f be a fuzzy right ideal of G.
Then f = 2,
Theorem 2.17: [32] Let G ba an AG-groupid with left
identity e such that (xe)G=xG for all xeG. Then the
following are equivalent:

(1) Gisregular,

) f =(f G) f for every fuzzy quasi ideal f of

G.
3) f =(f G) f for every fuzzy generalized bi-
ideal f of G.

Definition 2.18: [7]: Let H be a hesitant fuzzy set of AG-
groupoid G. Then we have

H=H(a),H; =H(@)nH (),
H2[c]=(H @ NH(b))NH(c).
H,=H,oH,cH,, H cH,, forall a,beG.
Definition 2.19: [7]: Let H,and H.,be two hesitant fuzzy
sets of G . Then hesitant union H; WH, and hesitant
intersection H; MH, of H, and H, are define to be

hesitant fuzzy sets of G as follow:
H, UH,:G — P([0,1]),

a—H,UH,, =max{H,_, H,,}

H,nH,:G - P([0,1]),
a—>H,NH,, =min{H_, H,.}.

Definition 2.20: [7]: A hesitant fuzzy set H of an AG-
groupoid G is called a hesitant fuzzy sub AG-groupoid of G

if it satisfies: H,, DH? =H_"H,, Va,beG.

Definition 2.21: [7]: A hesitant fuzzy set H of G is called
a hesitant fuzzy left (right) ideal of G if it satisfies:

H,oH,(H,2oH,) VabeG.
Definition 2.22:[7]: Let H,and H,be two hesitant fuzzy

sets of G . Then their product defined as follows:
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U {Hlb M ch}
(Hl °© Hz)a: a=he
¢  otherwise.
Definition 2.23: [7]: A hesitant fuzzy subset H of an AG-
groupoid G is called a hesitant fuzzy bi-ideal of G
ifHy,, 2H,nH,, forall xy,zeG.

Definition 2.24: [7]: A hesitant fuzzy subset H of an AG-
groupoid G is called a hesitant fuzzy interior ideal of G if
H.., 2H,, forall a,b,ceG.

Definition 2.25: [7]: A hesitant fuzzy set H of G is
called a hesitant fuzzy quasi ideal of G if the following
condition is valid:

(HoG)N(GoH) cH.

3.Hesitant Regular Abel-Grassmann’s Groupoids

In this section, we characterize regular AG-groupoids by
hesitant fuzzy left ideal, hesitant fuzzy right ideal, hesitant
fuzzy bi-ideal, hesitant fuzzy interior ideal, hesitant fuzzy
quasi-ideal and hesitant fuzzy generalized bi-ideal.

Lemma 3.1: In an AG-groupoid G, with left identity e, for

every hesitant fuzzy left ideal H of G we have

(GoH) =H.
Proof: Since H < GOH. Now forany X € G,

(GoH), =J{G.H,}

x=ab
= J{[0.1]~H,} = JH, =H,.
x=ab x=ab
Thus(GeH)=H.
Theorem 3.2: For any ¢ # Ac G, the following are
equivalent:

(a) A isaleft ideal of G.
(b) The characteristic hesitant fuzzy set [HC] of G isa

hesitant fuzzy left ideal on G.

Proof: Straightforward.

Corollary 3.3: Let ¢ # Ac G. Then the following are
equivalent:

(a) Ais a two-sided ideal of G.

(b) The set [HA] on G is a hesitant fuzzy two-sided

ideal of G.
Proof. Straightforward.

Lemma 3.4: Let p# A, A, G and let I:HAJ and

[H A ] be characteristic hesitant fuzzy sets of G.Then the
following properties hold:
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(a) [Hdm[HAJ :[HmAz}

(0) [H/\:IO[HAJ =|:HA1A2J'

Proof. (@ 1f aeAnA =>acA and
acA, VaeG. Then

([HJ“[H%])a=[HAL“[H%L:[0’1]:[HML'
Ifag ANA, thenag A and agA,.
So we have

([HA]“[H%]L :([HA])a“([HAJ)a :¢:([Hw ])a

Therefore [H,JM[HAQ] :I:HAlmAQ]'
(b) If a€G, assumethat, a e AA,.
Then there exist b€ A and C € A, such that @ =bc.

(R Jo[Ha 1), = UL D), ([ )
o[ H, J®)A[H, |(©)=[01]
:([HA]O[HAZ])a:[o,l].

If azhc, Vb,ceG, then ([HJo[HJ)azqﬁ:([H%])a.

So in any case, we have [H/Jo[HAQ]:[HMJ.
Theorem 3.5: Let H be a hesitant fuzzy set of G and
[HG] be an identity hesitant fuzzy set of G. Then the

following are equivalent:
(a) H is a hesitant fuzzy right ideal of G.

(b)H o[HG]g H.

Proof. Suppose that H is a hesitant fuzzy right ideal of G.
Let U € G, such thatU = VW. Then we have

(He[He]), = U{H n([He]), < U {H,n[od}=H,.

Otherwise, we have,

(He[Hc]), =< H,=(He[Hc]), =H

u u

Conversely, suppose that,
Ho[HG]gHu. Let u,veG, we have

HUV :_)(H O[HG])UV = Hu r\([HG])V
=H,n[01]=H,=>H, oH,.
Which show that H is a hesitant fuzzy right ideal on G.
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Corollary 3.6: Let H be a hesitant fuzzy two-sided ideal
of G and [HG] be an identity hesitant fuzzy set of G,

then the following are equivalent:
(a) H is a hesitant fuzzy two-sided on G.

(b) [Hg]eH = HandH o[Hg ] < H.

Theorem 3.7: Let H, and H, be hesitant fuzzy set of G.
If Hl is a hesitant fuzzy left ideal of G, then so is the
hesitant fuzzy product H, o H,.

Proof. Let a,beG. If b=yz, Vc,deG, then
ab=a(yz) =(ay)z.

(HyoH,), =U{HynH, e U {HanHy

b=yz ab=(ay)z
c U {HynHyf=(H,oH,), .

If b= yz, then

(HieH,), =g<(HioH,),, .

Thus,

(H1°Hz)ab ;(Hlon)b, vV abeG.

Corollary 3.8: Let H, and H, be hesitant fuzzy sets of

G. If H, and H, are two hesitant fuzzy left and right

ideals respectively, then there product, H, o H, is also a

hesitant fuzzy two-sided ideal of G.

Theorem 3.9: Let H, and H, is a hesitant fuzzy right
ideal and left ideal respectively of G. Then
H,ocH,cH nH,.

G. ThenH, oH, c H, " H,.

Proof. If a=bc, V a,b,c €G. Then

(Hlon)a = U{HlbmHZC}g U{HlbcmHZbc}

a=hc a=hc
= Hla mH2a =(H1F\H2)

So in any case, we have H, o H, c H, " H,.

a

Lemma 3.10: If H is a hesitant fuzzy left ideal in an AG-
groupoid G with left identity €, then H being hesitant
fuzzy interior ideal is a hesitant fuzzy bi- ideal of G.

Proof. Since H is a hesitant fuzzy left ideal in G,

ny - Hy, Vv X,y eG.
As e is left identity in G.

SoH, =Hg,, 2H,. Which
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Implies that ny DH, M Hy, Vv Xy eG.

Thus H is a hesitant fuzzy sub AG-groupoid. Consider, for
any X, Yy and Z inG. Then

Higy: = Hixernz = Heepyy: 2 Hyy = Heegy 2 H,
also
H: = Hix = Hien

= Heeypx 2= Heeyy 2 H..
Thus,

H(XV)Z
Lemma 3.11: If H, and H, is a hesitant fuzzy quasi-ideal

>H,nH,, x,yeG.

of G. Then their product H, o H, is a hesitant fuzzy bi-

ideal of G.
Proof. We want to show that

(H,nH,)e(H,nH,)cH,oH,. IfH is a hesitant
fuzzy quasi-ideal, then H; cGoH, < H,.Then
(HyoH,)o(H o H,) =((H,oH,)oH,)oH,
c((HG,)H))H, = H, o H,

= (H,;oH,)o(H,oH,) = H, o H,.

Theorem 3.12: Every hesitant fuzzy two-sided ideal of a
regular AG-groupoid G is Idempotent.

Proof. Let H be a hesitant fuzzy two-sided ideal of G and
we want to show that H = H o H.Since G is regular, so
we must have, HoGoH =H. As every hesitant fuzzy
two-sided ideal of G is a hesitant fuzzy generalised bi-
ideal. SOH =(HoGoH) < HoH.And also we know

thatHoHcHoGcH.ThusH =HoH.

Lemma 3.13: Let G be a regular AG-groupoid. Then every
hesitant fuzzy right ideal is a hesitant fuzzy left ideal of G.
Proof. Straightforward.

Theorem 3.14: Let H is a hesitant fuzzy right ideal and
L is a hesitant fuzzy set of a regular AG-

groupoid G.ThenH N B < H o 3.
Proof. Let teG, then3IreH,
since G is regular. Then

(Hep) =UiH.nB}= U {H.nA)

t=no (rt)t=no
ODH N oH NB, asH, o H,
=(Hnp),.

Thus HN S Hop.

Corollary 3.15: Let H, be a hesitant fuzzy right ideal and

such that (tr)t =t,

H, is a hesitant fuzzy left ideal of a regular AG-groupoid
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G.ThenH, "H, =H, oH,.

Lemma 3.16: Let H be a hesitant fuzzy subset of a regular
AG-groupoid G. Then the following are identical:

(@) H is a hesitant fuzzy ideal of G.

(b) H is a hesitant fuzzy interior ideal of G.

Proof. (&) = (b) : Suppose H is a hesitant fuzzy ideal of
G. Then we want to show that H is a hesitant fuzzy
interior ideal of G.

((GoH)G), =J{((G-H),nG),|

:tLt_nJ:O{nqu{Gpqu}meo}
:H{nupq{[o,l]qu}m[o,l]}
= J H,=H,

= GoH oG gt;p.q)o

Hence H is a hesitant fuzzy interior ideal of G.

(b) = (a): Let H be a hesitant fuzzy interior ideal of
G. Then we want to show that H is a hesitant fuzzy ideal
of G . Let a,b € G. Then there exists n, y € G, such that
a=(an)a and b = (by)b.

H.p = Hanyap = Hiwyaysn 2 Ha- Because H is a
hesitant fuzzy interior ideal. Thus H is a hesitant fuzzy
right ideal of G. H,, =H_,, 2H,.Because H is a

hesitant fuzzy interior ideal. Thus H is hesitant fuzzy left
ideal of G.

Theorem 3.17: If G be an AG-groupoid, then the following
are identical:

(a) Gis regular.

(b) H =H0GOH for each hesitant fuzzy generalized bi-
ideal H of G.

(¢) H = HoGoH for each hesitant fuzzy bi-ideal H of
G.

(d) H = HoGoH for each hesitant fuzzy quasi-ideal H

of G.

Proof. Straightforward.
Theorem 3.18: Let G be an AG-groupoid such that (xe)G
= xG for all xeG. Then the following are equivalent:

(a) Gis regular.
(b) H,"H, =(H,0H,)0oH, for each hesitant fuzzy

quasi ideal H1 and every hesitant fuzzy two sided ideal
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H, of G.

(c) H,nH, =(H,0H,)oH, for each hesitant fuzzy

quasi ideal H, and every hesitant fuzzy interior ideal H,

of G.
(d) H,nH, =(H,0H,)0H, for each hesitant fuzzy bi

ideal H, and every hesitant fuzzy two sided ideal H, of

G.
(e) H,"H, =(H,0H,)oH, for each hesitant fuzzy bi

ideal H, and every hesitant fuzzy interior ideal H, of G.
(f) H,nH, =(H,0H,)oH, for each hesitant fuzzy
generalized bi ideal H1 and every hesitant fuzzy two sided

ideal H, of G.
Proof: Straightforward.
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