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ABSTRACT. Let G=(V; E) be a simple connected graph with the vertices and edges sets V=V(G) and E=E(G), respectively. In
such a simple molecular graph, vertices represent atoms and edges represent bonds. In graph theory, we have many invariant
polynomials and topological indices for a graph. The M-polynomial of G was introduced by S. Klavzar and E. Deutsch as

M(G,x,y)= Z m;; (G )X ! y " where m;;(G) be the be the number of edges e=uv of G such that {d,,d,}={i,j} and d,,d, are

s<i<j<a

the degree of vertices u,veV(G) (Obviously /<6<d,<A<[V(G)|-1, such that 5§=Min{d, |v eV (G)} and A=Max{d, |v eV (G)})-

In this paper, we focus on the structure of some families of Benzenoid molecular graphs as "Circumcoronene series of
Benzenoid Hy, Capra-designed planar Benzenoid series Ca(Ce) (¥4>1)" and compute their M-polynomials.
Keywords: Molecular graph; Benzenoid; M-polynomials.

INTRODUCTION

Let G=(V,E) be a molecular graph with the vertex set
V=V(G) and the edge set E=E(G). |V(G)|=n, |E(G)|=e are
the number of vertices and edges. A molecular graph is a
simple finite graph such that its vertices correspond to the
atoms and the edges to the chemical bonds. A general
reference for the notation in graph theory is [1].

Numerous graph polynomials were introduced in the
literature, several of them turned out to be applicable in
mathematical chemistry. Graph polynomials are invariants of
graphs (i.e. functions of graphs that are invariant with respect
to graph isomorphism); they are usually polynomials in one
or two variables with integer coefficients. Graph polynomials
can be interpreted as ordinary generating functions for the
coefficient sequences which count in most cases certain
subgraphs.

For instance, the Hosoya polynomial [2], see also [3-5], is
the key polynomial in the area of distance-based topological
indices. In particular, the Wiener index can be computed as
the first derivative of the Hosoya polynomial, evaluated at 1.
Important examples of graph polynomials are the domination
Polynomial, chromatic polynomial, independence
polynomial, matching polynomial, Tutte polynomial,
reliability polynomial, characteristic polynomial, subgraph
polynomial, clique polynomial, forest polynomial,
Padmakar-lvan  polynomial, Omega polynomial. For
definition of these polynomials see [6-14].

Recently in 2015 [15], S. Klavzar and E. Deutsch introduce a
degree-based invariants polynomial called the M-polynomial,
and they show that its role for degree-based invariants is
parallel to the role of the Hosoya polynomial for distance-
based invariants.

The distance d(u,v) between the vertices u and v of the graph
G is equal to the length of (number of edges in) the shortest
path that connects u and v. An edge e=uv of graph G is
joined between two vertices u and v (d(u,v)=1).

The Hosoya polynomial was introduced by H. Hosoya in
1989 [16] and define as follow:

HGx)=7 > > x

2 veV (G)ueV (G)
The Wiener index W(G) [17] is the oldest topological indices
(based structure descriptors) that introduced by H. Wiener in

1947, which have very chemical applications, mathematical
properties and defined as follow [18-22]:

1
W(G)=3 3 3 d(u)

veV (G) ueV (G)
where d, and d, are the degrees of the vertices u and v of a
graph G, respectively.
Definition 1. [23] Let G be a simple connected molecular
graph and d, (1<d,<n-1) be the degrees of vertices/atom v in
G. We divide the vertex set V(G) and edge set E(G) of G into
several partitions as follows (V i,j and k: 0<1i,j,k<A):
V{k}:{V EV(G)' dv:k}
Eqj={e=uv <E(G)|d,=j & d,=i}
where J and A are the minimum and maximum of d, for all
veV(G) and s=Min{d, [veV(G)} and A=Max{d, |v eV (G)},
respectively.
Now, let G=(V,E) is a graph and let m;(G) be the number of
edges e=uv of G such that {dv(G),du(G)}={i, j}, then the M-
polynomial of G define as follow:
M(G,x,y)= z m; (G )X 'y!
s<i<j<A

where d,d, (/<0<d,,d,<A<|V(G)|-1) are the degree of
vertices u,veV(G). By Definition 1, one can see that
m;i(G)=Eyjy-
In this paper, we focus on the structure of some famiies of
Benzenoid molecular graphs as "Circumcoronene Series of
Benzenoid H,, Capra-designed planar Benzenoid series
Cay(Ce) (V&>1)" and compute the M-polynomials of these
molecular graphs in following sections.
THE M-POLYNOMIAL OF CIRCUMCORONENE
SERIES OF BENZENOID Hy
In this section, we compute the M-polynomial of a family of
Benzenoid molecules, which called Circumcoronene Series
of Benzenoid H, The Circumcoronene series of Benzenoid is
family of molecular graph, which consist several copy of
benzene Cg¢ on circumference. The first terms of this series
are H;=benzene, H,=coronene, H;=Circumcoronene, see
Figure 1, where they are shown. The general representation
of Circumcoronene series of Benzenoid is shown in Figure 2.
For more study of these molecular graphs see the paper series
[24-43].
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black color and the size of Eg 2, Eqp3 and Eg 3 are equle to
6, 12(k-1) and 9k*-15k+6, respectively. Thus, the M-
polynomial of the Circumcoronene series of Benzenoid Hy is

equal to:
S MHx)= Y myHKY = > maHy Y
i<) 222 2<3
Hi=Cg MaaHOY*+ Y mas(HIKy?
(=benzene) Ho=Ca(Cg) 3<3
(=coronene ) Hjy=circumcoronene = ZUV €Eyy 0 mZZ(Hk)X y + ZUVEE mZS(Hk)X2y3+
Figure 1. The first three graphs H; H, and H; of Circumcoronene 2
Series of Benzenoid H,. Zuv £ m33(Hk)X y

Theorem 1. Let H, be the Circumcoronene series of S
Benzenoid. Then, the M-polynomial of Hy is equal to: :|Eg 2 Xy +|E{2 gl X y2+|E{33}| X y
M(HiX,y)= 6x2y2+12(k-1)x%y*+(9K2-15k+6)Xy". =6Xy"+12(k-1)x°y "+ (9 15k+6)X’y’

Proof of Theorem 1. Let Hy (k>1) be the Circumcoronene ~ 'HE ~ M-POLYNOMIAL  OF CAPRA ESIGNED

series of Benzenoid. Such that from Figure 2 and [39-43], we ~ PLANAR BENZENOIDS

see that this Benzenoid graph has 6k® vertices and In this section we compute a closed formula of the M-

3x6k(k-1)+2x 6k =k,-3k edges. From the structure of H, one polynomial of Capra-designed planar Benzenoids. In
2 ' chemistry, physics and nanoscience, there are especially

can see that there are two partitions Vi={veV(H,)| d,=3} symmetric structures. Su_ch molecular graphs are Capra-

and Vg ={veV(Hy)| d,=2} for the vertexs set V(H,), with size designed planar Benzenoids. Capra Ca map operation is a

6k(k-1) and 6K, respectively. By Definetion 1 and [39-43], we =~ Method ‘of drawing and modifying the covering of a

see that the edge set of Hy can be dividing to three partitions ~ POlyhedral structure, introduced by M.V.Diudea [44, 45] (see
as: Figure 3) and used in many papers. In Refs [46-58] some

Epa={e=uv eE(HY| d,=d,=2} — |Epp)|=6 connectivity topological indices of Capra-designed planar

E{zyg}:{e:UV EE(Hk)I du:3 &d\,:Z} — |E{2v3}|:12(k'1)
Eay={e=uveE(HJ)| dy=0,=3} — |E(33|=9K*-15k+6

Benzenoids are computed. The some first members Cay(Cs),
Ca(Cq), Cay(Cs) and Cas(Ce) of the Capra of planar
Benzenoid series are shown in Figure 4 and 5.

S5

Figure 3. An example of Capra map operation on the hexagon
(benzene) face.

Theorem 2. Let Cac(Cg) be the Capra-designed planar
Benzenoids. Then, the M-polynomial of Ca,(Ce) is equal to:
M(Cay(Ce).xy)=(3"+3)x’y*+4(3 )Xy +3(7"-2(3"")-1)x’y’.
Proof of Theorem 2. Consider the molecular graph “Capra-
designed planar Benzenoids Cay(Csg) 7, Where k>1 is steps of
growth in this type of drawing (Figures 4 and 5). From the
structure Cay(Csg), we see that the number of vertices/atoms
in this Benzenoid molecular graphs is equal to
[V(Cay(Cq))|=2x74+3“1+1.
By according to Figures 2 and [46-58], we see that the size of
two vertex/atom partltlons Vi and Vi are equal to
V= =3“"1+3 and Vegl= =2(7%-1) and alternatively the number

) ) — ) of edges/bonds in this Benzenoid system is equal to
Figure 2. The Circumcoronene series of Benzenoid Hy (k>1) ol ‘
with edges marking. 2(3 +3) +3(2(7 —1))
In Figure 2, we mark the members of E,, by red color, the |E(Caw(Ce))| =
members of Eg, 3y green color and the members of Eg 3 by

=3(7*+3").
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Ca(Cg) Cg

| Capra of planar benzenoid | ( benzene )

® The vertices with degree two
Cay(Cg)

(Capra of Capra of planar benzenoid) —The dge of Genter Sower

Figure 4. The some first members Cay(Cs), Ca(Cg) and Cay(Cs)
from the Capra-designed operation of planar Benzenoid series.

By according to Figure 4 and 5 and [46-58], one can see that
the edge set of Cay(Cs) have three edge partitions as:
Ea={uv eE(Cay(Ce))| dy=0,=2} — |Ep|=3"+3,
Eps={uveE(Ca(Ce))| dy=3 &d,=2} — |Ep3l=2|Viyl-
2|Epa]=4(39),

Es3={uv €E(Cay(Ce))| d,=0,=3} — |E(35|=3(7%-2(3“})-1).
Therefore, we have following computations for the M-
polynomial of Capra-designed planar Benzenoids Ca,(Cg) as
follows:

M(Ca(Ce)xy)= D mi(CalCe)xy

i<]

= Z May(Cay(Ce) Xy + Z Ma3(Cay(Ce) XY+ z

2<2 2<3 3<3
Ma3(Cay(Ce))X’y
= Z Mp2(Cax(Ce)) XY+ Z M3(Cax(Ce))XY
EJ‘Z_Z}::E(Cak (Ce)) weEpg
+ z Ma3(Cax(Ce))Xy’

uveE{ss}

=[Epl X2y2+|E{2,3}| X2y3+|E{3,3}| xy*
=33y +4(3 A +3(75-2(3H)-1)%y m

Figure 5.The third member Caz(Cs) Capra-designed operation
of planar Benzenoid series.

wem The common edge between two adjacent flowers

ISSN 1013-5316;CODEN: SINTE 8 3253

ACKNOWLEDGEMENTS

The author is thankful to Professor Emeric Deutsch from
Department of Mathematics of Polytechnic University
(Brooklyn, NY 11201, USA) for his precious support and
suggestions.

REFERENCES

[1] D.B. West. An Introduction to Graph Theory. Prentice-
Hall. (1996).

[2] E. Deutsch, S. Klavzar, Computing Hosoya

polynomials of graphs from primary subgraphs,
MATCH Commun. Math. Comput. Chem. 70: 627-644
(2013).

[3] M. Eliasi, A. lIranmanesh, Hosoya polynomial of
hierarchical product of graphs, MATCH Commun.
Math. Comput. Chem. 69: 111-119 (2013).

[4] H. Hosoya, On some counting polynomials in
chemistry, Discrete Appl. Math. 19: 239-257 (1988).

[5] X. Lin, SJ. Xu, Y.N. Yeh, Hosoya polynomials of
Circumcoronene series, MATCH Commun. Math.
Comput. Chem. 69: 755-763 (2013).

[6] M. Alaeiyan, A. Bahrami and M.R. Farahani.
Cyclically Domination Polynomial of Molecular Graph
of Some Nanotubes. Digest Journal of Nanomaterials
and Biostructures. 6(1): 143-147 (2011).

[7] A.C.Bartlett, C.V.Hollot and Huang Lin, Root locations
of an entire polytope of polynomials: it suffices to
check the edges, Math. Control Signals Systems, 1: 61-
71 (1988).

[8] J.I. Brown, K. Dilcher and R.J. Nowakowski, Roots of
independence polynomials of well-covered graphs, J.
Algebraic Combinatorics, 11: 197-210 (2000).

[9] J.I. Brown, C.A. Hickman and R.J. Nowakowski, On
the location of roots of independence polynomials, J.
Algebr. Comb., 19: 273-282 (2004).

[10] J.I. Brown and R. Nowakowski, Average independence
polynomials, J. Combinatorial Theory, Ser. B, 93: 313-
318 (2005).

[11] J.I. Brown and R. Nowakowski, Bounding the roots of
independence polynomials, Ars Combinatorica, 58,
113-120 (2001).

[12] D.C. Fisher and A.E. Solow, Dependence polynomials,
Discrete Math., 82: 251-258 (1990).

[13] I. Gutman, Some analytic properties of the
independence and matching polynomials, MATCH
Commun. Math.Comput. Chem., 28: 139-150 (1992).

[14] C. Hoede and X. Li, Clique polynomials and
independent set polynomials of graphs, Discrete Mat.
25:219-228 (1994).

[15] S. Klavzar and E. Deutsch. M-Polynomial and Degree-
Based Topological Indices. Iranian Journal of
Mathematical Chemistry, 6(2): 93-102 2015.

[16] H. Hosoya. On some counting polynomials in
chemistry. Discrete Appl. Math. 19: 239-257 (1989).

[17] H. Wiener, Structural Determination of Paraffin Boiling
Points. J. Am. Chem. Soc. 69: 17-19 (1947).

[18] A.A. Dobrynin, R. Entringer and I. Gutman, Wiener
index of trees: Theory and applications, Acta Appl.
Math. 66: 211-249 (2001).

July-August



Special Issue.

3254

[19] D.E. Needham, I.C. Wei and P.G. Seybold. Molecular
modeling of the physical properties of alkanes. J. Am.
Chem. Soc. 110: 4186 (1988).

[20] G. Rucker and C. Rucker. On topological indices,
boiling points, and cycloalkanes. J. Chem. Inf. Comput.
Sci. 39, 788 (1999).

[21] R. Todeschini and V. Consonni. Handbook of
Molecular Descriptors. Wiley, Weinheim, (2000).

[22] B. Zhou and |. Gutman. Relations between Wiener,
Hyper-Wiener and Zagreb Indices. Chemical Physics
Letters. 394: 93-95 (2004).

[23] M.R. Farahani and M.R. Rajesh Kanna. The
Generalized Zagreb Index of V-Phenylenic Nanotubes
and  Nanotorus. Journal of Chemical and
Pharmaceutical Research. 7(11): 241-245 (2015).

[24] 1. Gutman and S. Klavzar, M. Petkovsek and P. Zigert.
On Hosoya polynomials of Benzenoid graphs, MATCH
Commun. Math. Comput. Chem. 43: 49-66 (2001).

[25] I. Gutman and S. Klavzar. A method for calculationg
Wiener numbers of Benzenoid hydrocarbons and
phenylenes. ACH Models Chem. 133: 389-399 (1996).

[26] J. Brunvoll, B. N. Cyvin and S.J. Cyvin. Enumeration
and Classification of Benzenoid Hydrocarbons.
Symmetry and Regular Hexagonal Benzenoids. J.
Chem. Inf. Comput. Sci. 27: 171-177 (1987).

[27] V. Chepoi and S. Klavzar. Distances in Benzenoid
systems: Further developments. Discrete Mathematics.
192: 27-39 (1998).

[28] J.R. Dias. From Benzenoid hydrocarbons to fullerene
carbons. MATCH Commun. Math. Comput. Chem. 4:
57-85 (1996).

[29] M.V. Diudea. Studia Univ. Babes-Bolyai. 4: 3-21
(2003).

[30] A. Dress and G. Brinkmann. Phantasmagorical
fulleroids, MATCH Commun. Math. Comput. Chem. 33:
87-100 (1996).

[31] M. Goldberg. A class of multi-symmetric polyhedra.
Tohoku Math. J. 43: 104-108 (1937).

[32] A. Ilic, S. Klavzar and D. Stevanovic. Calculating the
Degree Distance of Partial Hamming Graphs. MATCH
Commun. Math. Comput. Chem. 63: 411-424 (2010).

[33] S. Klavzar and I. Gutman. Bounds for The Schultz
Molecular Topological Index of Benzenoid Systems in
Terms of Wiener Index. J. Chem. Inf. Comput. Sci. 37,
(4): 741-744 (1997).

[34] S. KlavzZar. A Bird’s Eye View of The Cut Method and
a Survey of Its Applications in Chemical Graph Theory.
MATCH Commun. Math. Comput. Chem. 60: 255-274
(2008).

[35] S. Klavzar, I. Gutman and B. Mohar. Labeling of
Benzenoid Systems which Reflects the Vertex-Distance
Relations. J. Chem. Inf. Comput. Sci. 35: 590-593
(1995).

[36] S.Klavzar and I. Gutman. A Comparison of the Schultz
Molecular Topological Index with the Wiener Index. J.
Chem. Inf. Comput. Sci. 36: 1001-1003 (1996).

[37] K. Salem, S. Klavzar and I. Gutman. On the role of
hypercubes in the resonance graphs of Benzenoid
graphs. Discrete Mathematics. 13(8): 306 (2003).

ISSN 1013-5316;CODEN: SINTE 8

Sci.Int.(Lahore),28(4),3251-3255, 2016

[38] A. Soncini, E. Steiner, P.W. Fowler, R.W.A. Havenith,
and L.W. Jenneskens. Perimeter Effects on Ring
Currents in  Polycyclic Aromatic Hydrocarbons,
Circumcoronene and Two Hexabenzocoronenes. Chem.
Eur. J. 9: 2974-2981 (2003).

[39] M.R. Farahani, On the Schultz polynomial, Modified
Schultz polynomial, Hosoya polynomial and Wiener
index of circumcoronene series of Benzenoid, J.
Applied Mathe. & Informatics. 31(3): in press (2013).

[40] M.R. Farahani. Computing First-, Second -Connectivity
index and First-, Second-Sum-Connectivity index of
Circumcoronene series of Benzenoid. Pacific Journal
of Applied Mathematics. 6(4): in press (2014).

[41] M.R. Farahani. A New Version of Zagreb Index of
Circumcoronene Series of Benzenoid. Chemical
Physics Research Journal. 6(1): 27-33 (2013).

[42] M.R. Farahani. Third-Connectivity and Third-sum-
Connectivity Indices of Circumcoronene Series of
Benzenoid Hy. Acta Chim. Slov. 60: 198-202 (2013).

[43] M.R. Farahani. Computing Eccentricity Connectivity
Polynomial of Circumcoronene Series of Benzenoid Hy
by Ring-Cut Method. Annals of West University of
Timisoara-Mathematics and Computer Science. 51(2):
29-37 (2013).

[44] M.V. Diudea, Capra- a Leapfrog related map operation.
Studia Univ. Babes-Bolyai. Chemia. 4: 3 (2003).

[45] M.V. Diudea. Nano porous carbon allotropes by
septupling map operations. J. Chem. Inf. Model, 45:
1002-1009 (2005).

[46] M. Goldberg. Tohoku Math. J. 43: 104-108 (1937).

[47] M.V. Diudea, M. Stefu, P. E. John, and A. Graovac.
Generalized operations on maps, Croat. Chem. Acta,
79: 355-362 (2006).

[48] A. Dress and G. Brinkmen. MATCH Commun. Math.
Comput. Chem. 33: 87-100 (1996).

[49] M.R. Farahani and M.P.Vlad. On the Schultz, Modified
Schultz and Hosoya polynomials and Derived Indices
of Capra-designed planar Benzenoids. Studia Univ.
Babes-Bolyai. Chemia. 57(4): 55-63 (2012).

[50] M.R. Farahani. Second-sum-connectivity index of
Capra-designed planar Benzenoid series Ca,(Ce).
Polymers Research Journal. 6(1): In press (2013).

[51] M.R. Farahani and M.P.Vlad. Computing First and
Second Zagreb index, First and Second Zagreb
Polynomial of Capra-designed planar Benzenoid series
Can(Cg). Studia Universitatis Babes-Bolyai Chemia.
58(2): 133-142 (2013).

[52] M.R.Farahani, M.P.Vlad. Some Connectivity Indices of
Capra-Designed Planar Benzenoid Series
Cay(Cg).Studia Universitatis Babes-Bolyai Chemia.
58(3): In press (2013).

[53] M.R. Farahani, K. Kato and M.P.Vlad. Second-sum-
connectivity index of Capra-designed planar Benzenoid
series Ca,(Cg). Studia Universitatis Babes-Bolyai
Chemia. 58(2): 127-132 (2013).

[54] M.R. Farahani, Computing ABC, index of Capra-
designed planar Benzenoid series Cay(Cg). Advances in
Materials and Corrosion. 1: 61-64 (2012).

July-August



Sci.Int.(Lahore),28(4),3251-3255, 2016

[55] M.R. Farahani, A New Geometric-Arithmetic Index of
a New Family of Benzenoid Molecular Graph.
Chemical Physics Research Journal. 6(1):13-19 (2013).

[56] M.R. Farahani, The First and second Zagreb
polynomials and their corresponding indices of Capra-
designed of Cycles. International Journal of Chemical
Modeling. 7(1): 43-52 (2015).

ISSN 1013-5316;CODEN: SINTE 8 3255

[57] M.R. Farahani, On atom bond connectivity and
geometric-arithmetic indices of Capra-designed of
Cycles. Pacific Journal of Applied Mathematics. 6(2):
133-141 (2014).

[58] M.R. Farahani, Randic and sum Connectivity indices of
Ca,(Cy). Pacific Journal of Applied Mathematics. 7(3):
In press (2015).

July-August



