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ABSTRACT: Rydberg energies can be calculated precisely by the semi-empirical method given by Zhang et al. The
method works well for unperturbed spectral series. A problem arises when one or more perturbers exist. In such cases, the
procedure is not simple until and unless one finds the energy of the perturbers. Neutral Strontium has some perturbed
serles we present theoretical calculations of spectral energy levels for the [Kr]5snlg=s, 5 4 1 (80,381,1P°1,
p,? D¢ 23 F 5 F° 234)) perturbed and unperturbed series and radiative lifetimes for the [Kr]5snly= 5 a 1

(3Slllpolr D2| D

F°zas) series of neutral strontium (Sr-1). Out of eleven spectral series five were perturbed Our

results show good agreement with experimental results. The deviation in spectral energies is less than 0.1 cm™ for most
cases. The spectral energy levels series and radiative lifetimes up to principal quantum numbers n=50 are presented.

Key Words: Spectral energy levels, even/odd parity, weakest bound electron, foreign level perturbation, Rydberg atoms,
Radiative lifetimes.

1. INTRODUCTION:

Spectral energy level data of Rydberg atoms is of great
practical importance in the understanding of the fabrication
of heavy atoms in the galaxy, the opacity of lines emitted in
all ranges, fusion research, stellar nucleosynthesis in stars,
environmental studies for absorption spectroscopy, and in
the exploration of chemical properties of the astrophysical
bodies. Many experimental and theoretical techniques have
been developed for spectral analysis of Rydberg atoms [1-
10]. Theoretical techniques developed in the past that
studied Rydberg atoms had onerous calculations, especially
when considering many valence electron systems. The
difficulty was solved by Zheng et al. [11] by putting
forward a semi-empirical model called the Weakest Bound
Electron Potential Model Theory (WBEPMT). The model
considers the successive ionization of atoms and molecules,
by separating the atom into an ion core and the electron
outside the core as a weakest bound electron (WBE). Many
theoretical types of research were conducted based on this
concept and results show good agreement between
theoretical and experimental work [12-23]. Poirier et al.
used perturbation theory by utilizing Coulomb's Green
function with the zero-order potential model, to calculate
the energy of 4dnl (I=s, d, g) Rydberg states of neutral
strontium. In addition, polarization effects were studied in
the auto-ionization process of alkaline earth metals [24,
25]. In 1978, Cooke et al performed experimental research
on doubly excited state of Sr-1 [26]. Similarly, Bi-ru et al.
performed an experimental investigation on doubly excited
(6snl, I=s, d) auto-ionizing states of Sr-1 by utilizing the
three-step photo ionization excitation process [27]. In 1994
Griesmann et al. experimentally measured the total photo-
absorption cross-section for doubly excited states of Sr-I, in
the limit of 5pns [28]. Aymar et al. [29] and Kompitsas et
al. [30, 31] utilized multichannel quantum defect theory
(MQDT). Kompitsas et al performed experimental and
theoretical calculations below the threshold value of Sr-I
for J= 1, 2 [32]. In 2001, Cohen et.al investigated doubly
excited autoionizing states of Sr-1 for the even parity 5pnp J
=0, 1, 2 [33]. In 2007 Zhang et al. investigated perturbed
Rydberg series of doubly excited Sr-I [34].

2. THEORY:

Martin's expression provides the most precise results of
spectrum for single valence electron atoms. For
multivalence electron systems the results from this formula
are not appreciable in most cases. WBEPMT provides a

better platform to handle such situations. In WBEPMT
there are two kinds of electrons: WBE and NWBEs. The
electron which is most likely to be ionized or is excited
most easily is called the WBE and the remaining electrons
are the NWBEs. The nucleus and NWBEs form the ionic
core; the WBE is under the influence of the ionic core's
potential field. It is based on this assumption that every
atom behaves approximately as a Hydrogenic atom. The
+(Z-1) electrons with the nucleus form the ionic core, while
the WBE moves under the influence of effective potential
of this ionic core. This effective potential is given by [35]:

V) = -2+
(€Y)
where

m(m+1)+2ml
2

Y =
(2)

bound electron (WBE). Many theoretical types of research
were conducted based on this concept and results show
good agreement between theoretical and earth
In equation (1) the two terms on the right-hand side
represent Coulombic potential and polarization potential
respectively. The polarization potential is created by the
dipole formed between ion-core and WBE. In the first term,
r is the separation distance between WBE and the nucleus,
Z is the effective nucleus charge and in Y, | is the angular
quantum number of WBE, and m is a measurable factor
needed to be determined, not necessarily an integer.
The energy formula for WBEs is:

= -3(E)
(3)

Here, n* is the effective principal quantum number, the Z*
and n* are unknown values, and are calculated by the
transformation between Eigen-values of quantum defect
theory (QDT) and WBEPMT which gives:
ZD
; n-8,
4)

Here, Z, is the atomic kernel net charge number and 6, is
the quantum defect in the principal quantum number ‘n’.
According to this theory, the energy (T) of the perturbed or
unperturbed level is the sum of ionization limit (T ;) and
Energy (E) of WBE, and is given by [36]

= Timie +

)

September-October


mailto:rizwanasiddiq@gmail.com
mailto:salmanraza1928@gmail.com
mailto:naveedalirajput@gmail.com
mailto:zaheer103@yahoo.com

700 ISSN 1013-5316;CODEN: SINTE 8

2
1 Z
T = Tymie — ;(n_';n)

(6)
The quantum defect (3,) are computed by Ritz’s formula
for unperturbed series and is given as [37].

6, =a, +a,(n—38,)"%2+

a,(n—68)"* +az(n—58,)°
(7)
In equation (7) dy is the lowest Rydberg state quantum
defect of the series, coefficients (aj,, 1=0,1,2,3) are
obtained by the method of least-square fitting, using the
first few experimental values of the spectrum like energy
levels series [38]. Many spectral level series in Sr-1 are
perturbed by foreign level configuration mixing of same
parity; for treating such spectral series Martin’s expression
is combined with Langer’s [39]. Zheng et al. proposed an
extended Martin’s expression for computing perturbed
spectral energy levels series [40]. The proposed equation is
given below:

6n = Z?=1 a;m 20-1 4 2?’:1 -

(®)
In which, m = n — §, and N is the number of the foreign
perturbing levels.

3 2
J Znet

9)

Here, T is the energy of perturbing levels.

By utilizing regularity of change in quantum defects, the
radiative lifetimes of the levels can be found by Rykova’s
expression [41].

T =75(n )"

(10)
where 7, and a are the parameters of Rykova's expression.
A least square method can be used to calculate values of
the parameters with the help of known lifetimes of the first
few levels [42-46].

3. RESULT AND DISCUSSION:
3.1. Spectral Energy Series.

In this work eleven spectral energy series: [Kr]5sns'Sy,
[Kr]5sns’S;, [Kr]5snp'P%, [Kr]5snd'D,, [Kr]5snd®D ;3
[Kr]5snf 'F%, [Kr]5snf *F° ;34 of Sr-I are studied. Among
them following five: [Kr]5sns'Sy, [Kr]5snp 'P°;,
[Kr]5snd'D,, [Kr]5snd®D,, [Kr]5snf 'F°, are perturbed
spectral energy series and the remaining six [Kr]5sns®S,,
[Kr]5snd® D), [KrI5snf’F° (345 are unperturbed. The
regularity of quantum defects is evaluated by Martin’s
formula for unperturbed series but for the perturbed series,
Martin's expression was combined with Langer’s
expression (see equation 8) to evaluate the spectral
energies. The effectiveness of evaluation of spectral

energies of perturbed series depends upon the correct
identification of perturbing levels. The perturbing levels lie
within the vicinity of perturbed series having the same total
angular quantum number (I £ s) and parity. The perturbing
levels of the perturbed series of Sr-1 are listed in Table |
with their spectral energies in cm™.

Table I. The perturbed series and perturbing levels of Sr I.
Spectral Foreign

[49]
Perturbed perturbing J En(i';g%)
series levels
(LK;]ST; [Kr]5s5p2%P 0 35193.442
= 0
[Kr]5s5p2's 0O 37160.234
(LK;];SI';E’) [Kr]5s4d5p®D° 1 36264.151
= 1
Kr]5s4dsp 3P° 1 37302.731
p
[Kr]5s4d5p 'P° 1 41172.054
([nKﬂgj{‘g [Kr]5s5p2'D 2 36960.842
= 2
[Kr15s9d°D 2 43804.89
[Kr]5s10d°D 2 44286.91
[Kr]5s4d23P 2 44729.627
[Kr]5s14d*D 2 45171.49
[Kr]5s15d°D 2 45276.65
[Kr]5s16d°D 2 45350.35
[Kr]5s17d*D 2 45420.84
[Kr]5s18d°D 2 45479.88
([nKngyg [Kr]5s5p2°P 2 35674.637
= 2
[Kr]5s4d2%P 2 44729.627
[Kr]5snf
(n> [Kr]5s4d5p °F° 3 33589.709
5)'F’
[Kr]5s4dsp °D° 3 36559.492

The quantum defects were found by the method described
above for wunperturbed and perturbed series. The
coefficients a;’s, b;’s and d, were evaluated for perturbed
series and are given in Table II-A to 1I-D. The energy
calculations for perturbed series were carried out by taking
energies of perturbing levels into account. The number of
perturbing levels is two or three, except for the [Kr]5snd (n
> 6)'D, series, for which the number of perturbed levels is
nine. The spectral energies of all eleven series are
computed up to n=50 principal quantum number. For
perturbed series, energies are also calculated by Martin’s
formula, the results are shown in third columns of tables
I11-VII. The fourth columns show the calculated values of
energies by Martin + Langer method. It is clear that for
perturbed series the latter method gives better results.
These results are in good agreement with reference values.
Only results of a few levels of perturbed series are shown
in tables I11-VIIl. The detailed results of energies for five
perturbed and six unperturbed series are given in the
supplementary file. In most of the cases, deviation is less
than 0.1 cm™ except for a few levels.
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Table 11-B. The Calculated coefficients given in equations
7 and 8 for both perturbed and unperturbed series

Table 11-D. The Calculated coefficients are given in
Spectral

[Kr]5snd'D, [Kr]5snd®D, [Kr]5snd®D, equations 7 and 8 for both perturbed and unperturbed
energy (6=n<50) (4<n<50) (5<n<50) series
series -0 = == =n=
a 0657 1814 1862 Ssﬁgg [KrI5snfF%  [Kr]5snfF°,
ay -83.958 -0.406 -3.905 series (4<n<50) (4<n<50)
as 2103.955 5.131 84.410
a -36519.092 -1.720 -540.596 & 0.112 0.113
by -0.145 3.02E-04 a -0.408 -0.466
b, -1.82E-06 6.52E-04 az 2.074 3.195
b 2.49E-06 a -14.504 -22.176
3 -2 49E-

b, 1.28E-05 by
bs 5.05E-07 b,
be 3.50E-06 bs
by 2.27E-05 ba

bs
bs 4.87E-06 b

6

bo 1.21E-06 bs
do 1.793 2.012 1.829 bs

Table 11-C. The Calculated coefficients are given in
equations 7 and 8 for both perturbed and by
unperturbed series S 0.091 0.090

Sfﬁgﬁ;?' [Kr]ssnd®D;  [Kr]ssnf'F®  [Kr]5snfF° Table I11. Spectral Energies for [Kr] 5sns’S, in cm™ Calculate from
series (5sn<50) (4<n<50) (4<n<50) Martin and Extended Martin formula

(Tiim= 45932.2036 cm™)

a, 1.834 2.417 0.112 . Spectral Energles e

a -1.943 -22.546 -0.370 o _ T -

as 31.983 -111.833 1.090

a 134319 -2569.361 6,384 267 30591825 30591825  30591.825  0.00

by -0.358 383 38444013 38444013 38444013 000

b, 0.058 4.74 41052.324 41052.324 41052.324 0.00

bs 5.74 42596.572 42596.572 42596.572 0.00

b, 6.73 43512.1658 43527.5198 43512.1658  0.00

bs 7.73 44097.1224 44118.8382 44097.1224 0.00

be 8.73 44492.8348 44515.4340 44493.1477 -0.31

bs 9.73 44773.6707 44794.0452 44773.5882 0.08

bg 10.73 44979.4540 44997.3146 44979.3948 0.06
11.73 45134.9242 45150.2583 45134.8740 0.05

by 12.73 45255.2295 45268.2957 45255.1887 0.04

Jo 1.825 -0.143 0.091 13.73 45350.2296 45361.3462 45350.1942  0.04

14.73  45426.5505 45436.0283 45426.5211  0.03
1573 45488.7860 45496.8977 45488.7628  0.02
16.73  45540.2024 45547.1755 45540.1830  0.02
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Table IV. Spectral Energies for [Kr] 5snp'P° in cm™ Calculate

from Martin and Extended Martin formula
(Tiim= 45932.2036 cm™)

Spectral Energies ar=
n* TexpTper

ey Tunper Ter cm?

2.13 21698.452 21698.452 21698.452  0.00
3.05 34098.404 34098.404 34098.404  0.00
3.95 38906.858 38906.858 38906.858  0.00
5.62 42462.136  42462.136  42462.136  0.00
6.49 43328.04 43858.20 43328.04 0.00
7.42 43938.201  44509.675  43938.201  0.00
8.37 44366.42 44870.34 44366.42 0.00
9.34 44675.737 45095.730 44674.465  1.27
10.32 44903.5 45249.0 44901.7 1.76
11.30 45075.29 45359.56 45073.48 181
12.29 45207.83 45442.97 45206.08 1.75
13.28 45311.99 45507.98 45310.43 1.56
14.28 45395.34 45559.96 4539395  1.39
15.27 45463.02 45602.39 45461.79  1.23
16.27 45518.64 45637.58 45517.62 1.02
17.27 45565 45667 45564 0.90

Table V. Spectral Energies for [Kr] 5snd 'D, in cm™ Calculate from

Martin and Extended Martin formula
(Tiim= 45932.2036 cm™)

Spectral Energies #T:_T
- Exp~ T per

Tep ™ Tunper Tper cm?
421 39733.067 39733.067 39733.067  0.00
5.17 41831.448 41831.448 41831.448 0.00
6.14 43021.058 43021.058 43021.058  0.00
7.10 43755.755 43755.755 43755.755  0.00
8.05 44239.4549 442447446 44239.4549  0.00
9.00 44578.689 44587.249 44578.689  0.00
9.98 44829.6648  44836.3202  44829.6648  0.00
10.92 45012.0249 45022.8759 45012.0249  0.00
11.87 45153.2785 45166.0442 45153.2785  0.00
12.81  45263.6196  45278.1933  45263.6196  0.00
13.87  45362.1272  45367.6056  45362.1272  0.00
14.83 45433.2717 45439.9908 45433.2717  0.00
15.80  45492.6101  45499.3841  45492.6101  0.00
16.77  45542.2955  45548.6996  45542.0925  0.20
17.75 45584.1831 45590.0826 45583.9436  0.24
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Table VI. Spectral Energies for [Kr] 5snd °D, in cm® Calculate
from Martin and Extended Martin formula
(Tiim= 45932.2036 cm™)

Spectral Energies at=
- Texp~Tper
Tep Tunper Tper em?
3.17 35021.989 35021.989  35021.989  0.00
4.19 39690.802 39690.802 39690.802  0.00
5.20 41869.27 41869.27 41869.27  0.00
6.19 43070.268 43070.268 43070.268  0.00
7.18 43804.89 43807.02 43804.89  0.00
8.17 44286.91 44292.21 44286.91 0.00
Table VII Spectral Energies for [Kr] 5snf *F°% in cm™ Calculate
Martin and Extended Martin formula
(Thim= 45932.2036 cm™)
Spectral Energies at=
- Tew Toer
Texp Tunper Toer cm?
4.14 39539.013 39539.013  39539.013  0.00
4.99 41519.04 41519.04 41519.04 0.00
5.96 42839.589 42839.589  42839.589  0.00
6.94 43656.219 43656.219  43656.219  0.00
7.94 44189.889 44188.765  44189.889  0.00
8.93 44556.48 44554.55 44556.48  0.00
9.93 44818.77 44816.50 44818.77 0.00
10.92 45012.82 45010.45 45012.77 0.05
11.92 45160.29 45158.02 45160.23  0.06
12.92 45274.97 45272.89 45274.91 0.06
13.92 45365.9 45364.0 45365.8 0.07
14.92 45439.16 45437.52 45439.14 0.02
15.92 45499.11 45497.66 45499.09  0.02
16.92 45548.76 45547.48 45548.74 0.02
17.92 45590.32 45589.21 45590.32  0.00
18.92 45625.48 45624.51 45625.50 -0.02
19.91 45655.49 45654.64 45655.51 -0.02
3.2 Radiative lifetimes:

To calculate lifetimes of energy levels in each series,
equation (10) is used [42-48]. The necessary experimental
data of first few energy levels was obtained from NIST.
The coefficients of Rykova’s formula (10) were determined
by least-square fitting and are given in Table VIII.
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Table VIII. The coefficients for the 11 250 30867 10 305.9
calculation of Radiative lifetimes of
Rydberg series. 12 510 45353 15 1406.9
Spectral Energy . a 13 690 64635 20 3947.04

Series °
[KTosms °S 14 925 89721 25 8608.38
1
(19 <n <50) 1630E-08  1.718 15 1190 121726 30 16113.8
1po
[Kr]5snp P% 1585E-11  4.234 16 1550 161873 35 272195
(5 =n=350) 40 42710.6
1 .
[Kr]5snd D, 9 950E-10  2.862 17 1890 2114.98
(13 =n<50) 18 2730 272048 45 63397.1
[Kr]5snd °D, 3614E-10  3.207
(5<n<50) ' : 19 4270 345088 90 901115
[Kr]5snd D; i
(18 =n < 50) 2.065E-12  4.313 20 4322.95
1o
[KSsnf'F° 64 s ae4e 10 2805 21 5650 5354.68
(4=n<30) 22 6565.22

Once the coefficient 7, and o are known the lifetimes up to

n=50 principal quantum number of the following series 23 7500 7974.94

[Kr] 5sns®Sy, [Kr] 5snp*P%, [Kr] 5snd'D,, [Kr] 5snd®D, s, 25 114795

[Kr] 5snf 1F°3,4,5), were determined for Sr-I spectral energy 30 188105

series. The calculated lifetimes are listed in Tables IX-XI.

35 38398.3
Table IX. Radiative lifetimes for: [Kr] 5sns °S; and 40 70717.6
[Kr] 5snd D,in Sr-I 45 120589
[Kr] 5sns ®S; [Kr] 5snd Dy, 50 193702
n* TnS[47] Tcal(nS) n* 1y [42-44] Tcal(nS)
Table XI. Radiative lifetimes for: 5snd *D; and [Kr]
19 1830 1833.63 13 210 214.27 5snf 1Fo(3'4'5) in Sr-I
20 2040 2039.83 14 308 273.8 [Kr] 5snd D, [Kr] 5snf 1F0(3,4,5)
21 2240 225512 15 340 343.39
22 2480 247935 16 35 42379 s ey 0t Ts™ T
23 2650 27124 17 517 515.73 18 63 336.68 4 313 2887
25 32044 19 738 731.09 20 48 556.78 6 78 79.97
30 458043 20 866 867.92 21 770 70157 7 120 12294
40 792092 21 1023 1013.14 29 940 873.7 8 179  178.83
35 615576 22 1190 1173.42 23 1130 107658 9 255  249.09
40 792092 25 1751.52 24 1330 131388 10 350  335.15
45 9868.17 30 3079.64 25 1580 1589.45 11 430 43841
50 11991 35 3753.99 26 1770 1907.44 15 1050.82
40 5843.08 30 3694.35 20 2363.2
45 8572.03 35 747922 25 442921
50 12019.2 40 13711.9 30 7398.13
- 45 233289 35 11413.4
Table X. Radiative lifetimes for: [Kr] 5snp “Po; and
[Kr] 5snd D, in Sr-1 50 37443.05 40 16613.9
[Kr] 5snp *Po, [Kr] 5snd °D, 45 231341
50 31107.3
n*  g,ste Tais) N* 7o) Teal(ns)
5 271 2373 5 16 1465 4. CONCLUSION: _
In this theoretical spectral analysis of quantum defects of
7427 43.6 6 32 35.87 neutral Strontium (Sr-1), WBEPMT was implemented for
8 81 76.74 7 74 714 blothsperlturbtled aand unp%rturged series [Kr] 5snl (=, p, ¢, 7
S0,°S1,"P%,'D,,°D F°,°F° 234). Martin’s expression
8 108 125.25 (7S0,°S1,P"1,' Dy, (1,2,3)) F 34 (2.3.9) A p
9 125 127.78 works well for the unperturbed series [Kr]5sns®S,,
10 170 20276 9 @ 232 201.87 [Kr]5snd®Dyy.5), [Kr]5snf°F°y .4, however for the perturbed
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series  [Kr]5sns'S,,  [Kr]5snp'P%,  [Kr]5snd'D,,
[Kr]5snd®D,, [Kr]5snf *F°; an extended version of Martin's
expression is used. Rydberg spectral energy for the above-
mentioned series were determined; the deviations in
calculated values were less than 0.1 cm™ in most cases.

The radiative lifetimes of eight of the series mentioned
above are also calculated up to n = 50. Due to
perturbations, the radiative lifetimes deviate significantly
from simple scaling law (n*%). Despite this, our results
show good agreement with experimental values under the
limit of uncertainties incurred by foreign level perturbers.
The lifetimes are more sensitive than the spectral energies
to the influence of foreign level perturbations.

To conclude, in spectral energy series of Sr-1 strong
perturbations occur due to foreign levels which have the
same total angular momentum and parity and lie in the
vicinity of the series. This configuration mixing in the
spectral series not only affects the spectral energies and
wave functions but also affects the radiative lifetimes.
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