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1. INTRODUCTION

In geometric group theory the spherical growth function is the
study of combinatorial aspect of the elements in a finitely
generated group G . Spherical growth series provides an
invariant of a group. A. Machi [1] compute the spherical
growth series of Z, * Z3 are given. We generalize this idea
and compute the spherical growth series of the modular
group Z,, * Z,,. We start with few basic definitions.
Definition 1. [1] Le G be a finitely generated group and let S
and S~ be a finite set of generators of G and their inverses,
respectively. The word length of g € G is denoted by I5(g)
and is defined as the least non-negative integer n for which
there exist s;, s,,...,5, € SUS™! suchthat g = s; -+ s,,.
Definition 2. [1] The spherical growth function of the group ¢
with generating set S associates to a non-negative integer k
the number o (k) of the element g € Gsuch that I;(g) =k,
the number of elements of G of word length k. The spherical
growth series (SGS) of G is the formal power series

Ss(t) = iﬁ(k)tk , where o(0) =1.

In this paper, for different groups with the given generating set
S, we consider the words of length exactly k and find their
corresponding spherical growth series.
Definition 3. [1] Let G and H be two groups. The free
product G * H of G and H is a group whose elements are
the words of the form g,h,g,h, - g, h,, where g; € G and
h; € H with the condition that g, and h, are possibly
identities of G and H, respectively.
The free product G = H of two groups is a group that contains
the elements of both G and H. In this product G and H are
subgroups and the elements of these subgroups are generators
of G+xH. If G and H are non-trivial then G = H is always
infinite.
2. Spherical Growth Series of Free Groups and
of Free Abelian Groups
There corresponds a growth function to each given group G
with a finite generating set S. The growth function, an
invariant of the group, generates a series of the group G called
the growth series of the group G.
In this section we present SGS of the free groups and the free
abelian groups. We start with a famous result regarding the
SGS as a proposition.
Proposition 1 [3]. Let G; and G,be two groups generated by
finite sets S; and S, respectively. Then the SGS of the direct
product G; x G, , finitely generated by S =(S; x{1}H U

({1} x S,) isgivenby Sg ¢ (t) =S¢ Sg,-

The SGS of the free group with one generator is given in the
following example.

Example 1. The SGS of F;[X], the free group generated by

X ={x} is Sg(t)=g% ., with one element of each

length.

In the next example the SGS of the free group with n
generators is computed by easy computations.

Example 2. The SGS of E,[X], the free group generated by

X={x;i=12.,n} is Sg ({t)=g such that

1-nt
(k) =n*vk=1.
Example 3. [1] Considering the infinite cyclic group Z with
generating set {2,3}, we have ¢(1) =4, 0(2) =8, and
o(k) = 6 V k = 3. Therefore the spherical growth series is

1+3t+4t2 - 2t3
S, (t) = .

1-t
Example 4 . [1] For the infinite cyclic group Z with natural
generator 1, the corresponding SGS is given by

S; )= 1lt

1-t
Example 3 and Example 4 show that the spherical growth
series of any particular group G is not unique, it depends
greatly on the choice of generating set S.
Example 5 [2]. Consider the free abelian group Z" with
natural set of generators, if we let Z" =Z XZ XX Z (n
times) then by using the Proposition 1 and Example 4 the SGS

L4t

of Z™ is given by sZn t=

3. Spherical Growth Series of Z, * Z,
In this section we find the SGS of the free product Z, * Z,.
The computations of A. Machi for the SGS of Z, * Z5 are
given in [1].
Example 6. [1] The SGS of the free product Z, * Z5 is given

1+ 3t + 2t*
by Sz,.7, () =——5—
1-2t
In order to compute the SGS of the free product Z,, * Z,, we
are using the following notations: let
Zn={1,a,a?..,a™ 1} and Z, ={1,b,b%..,b"" 1} be
two finitely generated abelian groups. To avoid the ambiguity
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in the products, we set a'=x;; i=1,2,..,m—1 and
b=y, ; j=12,..,n—1. So we have Z,=({1,
xl, xz,..., xm_l} and Zn = {1, yl' yz,..., yn—l}' In Zm,
we have X, = Xr#_i; iI=12,...,m-1 and in Z,,we have
Y, =Yl i=12,...,n-1. Let
m' =[%2], m"=[%1], n"=[5] and N" =[22]. Also let
S={X,- s Xy, Y11+ Yo } be the set of generators for the

free product Zy, * Zy. Let Xy ={X,..., Xy X yen Xor b

o Xy
and Y, ={Y,,....Y,Yi-.n Y }. Let us denote by
o,(k) and by o, (K) the number of words in the free
product Z,, * Z, of length k in X, LY, ending at any word
of X, (respectively at any word of Y, ). Let |, (W) and
I, (W) denote the word length of w € Zy, * Z,, where W

ends at any word of X, (respectively at any word of Y,).
Also for k=1 we define the following sets:

P={w, I,(w)=k+1},

Q={w; l,(w) =k}, U={w; | (w)=Kk}

and V ={w; I,(W)=k+1}. Suppose S, (1)

represents the SGS of a group whose words ends at d and is

that

defined as S, (t) = > o, (k)t*.
k=L

Lemma 1. The SGS of the free product Z, * Z,, is given by
1+nt+(n-t?
Sz,2, (t) = 2
1-(n-1t

Proof. Since Z, = {1,a} and Z, = {1,b,b?,...,b" 1} are
finitely generated abelian groups generated by a and b,

respectively and S ={X,¥,,Y,,..., Yy} be the generating
set for the free product Z,*Z, . For p€eN , let

X2p ={yW:y€Y1’ Wepr—l} '
X2p+l :{XlW:WeXZp}’ sz ={X1y:yEY2p—1} and
Yopu ={YW I yeY, weY, }. The sets of words of

length k ending at any word of X, are given in the table
given below.

ISSN 1013-5316; CODEN: SINTE 8

Sci.Int.(Lahore),27(4),3241-3244,2015

Table 1.

k | Set of words | o, (k) =n(X;)
1 X, 1

2 X, n-1

3 X, n-—-1

4 X, (n—1)7?

5 X, (n—1)°2

6 X (n-1)°

Also the sets of words of length k ending at any word of Y;
are given in the following table:

Table 2.
k | Set of words | o, (k) =n(Y,;)
1 Y, n—1
2 Y, n—1
3 Y, (n—-1)?
4 Y, (n—1)?
5 Y, (n—1)°

Now to find recurrence relations between the words of Table
1 and Table 2, we define a function f : Q—>P by

f (W) =wx,. Itis clear that f is bijective. It follows that
o,(k+1) =0, (k) for all k>1. By defining another
bijective h:U->V by
h(w)=wy,; VY, €Y, ={Y,,Y,.--, Y1}, it is clear
that o, (K+1) =(n—-Do,(K)forall k > 1.

function,

In terms of the series S, (t) and S, (t) the recurrence
relations above are used to find the following linear system.

5,()= Y0, (K"

=0, Wt+0, (A" +o, O+
=t+t(o,Qt + o, At + o, (4)t° +--)

:t(1+iaa(k +1)tk)
=t(1+§ab(k)tk).

Hence Sa(t):t(1+Sb(t)). Also
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S, (1) =D o, (K)t*
k=1

= 0, (Ot +0,(A° +0, B +---
= (n-Dt+t(o, (2t + 0, @)t +--°)

_ (n—l)t+t(io-b(k +1)tk)

— (n-Dt+tY (-, (KT,

Therefore S, (t) = (n—-1t (1+ S, (t)) By using Equation
2 in Equation 1 we get
s, (t) = t(1+ (n-Dt(1+ sa(t)))
=t+(n-Dt* + (n-t*s,(t)
t+(n-1t°
1-(n-t?’
Also putting Equation 1 in Equation 2 we have
s, (t) = (n —1)t(1+t(1+ s, (t)))
= (N=Dt+(n-Dt* + (n-t>s, (t)
(n=Dt@+1)
1-(n-Dt*
Hence the corresponding SGS of the free product Z, * Z,, is
S;,.2, () =1+s,(t) +5S,(t)
t+(n-t
T En —1§t2
1+nt+ (n-1t°
T 1-(n-nt?

= S,(t)=

=8, (1) =

(n—tL+1)
1-(n-Nt?

4, Spherical Growth Series of Z,, * Z,
Theorem. The SGS of the free product Z,, * Z,, is given by

S (t)_1+(m+n—2)t+(m—1)(n—1)t2
Zn*Zn 1—(m—1)(n-1t?
Since Z,, ={1,a,a? ..,a™ '} and Z, = {1,b,b?,...,b"" 1}
are finitely generated abelian groups generated by a and b,
respectively and S ={X;,X,,..., Xy, Y1, Yos--s Yy } be
the set of generators for the free product Z,, * Z,,. First of all
for p €N, let us define
X2p :{yW . y eYl! We X2p—1}
Xopa =W 1 xe Xy, we X, }

. Proof.

2p+l

Y2p :{Xy : XEXl’ yEYZp—l}
Y2p+1:{yvv : y€Y11 WEYZp}'
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Now the sets of words of length k ending at any word of X
are written in the table given below.

Table 3.
k | Set of words | o, (k) =n(X;)
1 X, m-1
2 X, (n-1)(m-1)
3 X, (n-1)(m-1)°
4 X, (n-1)*(m-1)*
5 X (n-1)*(m-1)°

And the words of length k ending at any word of Y, are
shown in the following table:

Table 4.
k | Set of words | o, (k) =n(Y;)
1 Y, n-1
2 Y, (n—D)(m-1)
3 Y, (m-1D(n-1?
4 Y, (m-1)?(n-17
5 Y. (m-1)?*(n-1)3

To find recurrence relations between the words of Table 3 and
Table 4, we define a bijective function f : Q — P by

fw)=wx;; VX €X={X,X,,..., X, 4} It follows
that o, (K+1) =(m-1)o, (K) for all k>1. We define
another h:U—->V by
h(wW)=wy;; YV, €Y ={y,,Y,,.., ¥, 1 }- Now it is
o,(k+)=(-Do,(k) for all k=1. In

terms of the series S,(t) and S, (t) the recurrence
relations above are used to find the following linear system.

Sa(t) = io_a(k)tk
=0,(t+0,(At* +0, Bt +--
= (m-Dt+t(o, @t +o, @) +-)

:t((m—1)+io-a(k +1)tk)

bijective  function

clear that

:t((m—1)+i(m—l)o-b(k)tk).

Therefore S, (t) = (m -1t (1+ S, (t)) Also we have
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o ) IUnexpected End of Formula
S, (1) =D 0, (Kt
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~ (n-1t+t> (1-Do, ()t

Hence S, (t)=(n —l)t(1+ S, (t)) Putting Equation 3 in
Equation 4 we have
s,(t) = (m—l)t(1+ (n-Dt(1+ Sa(t)))
= (M-Dt+(Mm-1)(n-t> +(m-1)(n-Dt>s,(t)
(m-1t(1+(n-1t)
1-(m-D(n-t?
Also putting Equation 4 in Equation 3 we get
s,(H) = (n —1)t(1+ (m-Dt(1+s, (t)))
= (n-Dt+(Mm-D(n-Dt* + (m-1)(n-Dt>s, ().

Therefore we have
s, (t) = (n=Dt@+(m —1)'2[) .
1-(m-=-D(n-1t
Finally the SGS of the free product Z,, * Z, is given as
Szm*zn =1+ sa(t) +85, ®)
_ 1, (M=DtA+ (-0t  (n-Dt@+(m-1t)
ST 1—m-)(h-Dt2  1—(m-D(n-1t?
1+ (Mm+n-2)t+(m-L)(n-1t°
N 1—(m-1)(n-t> '

Hence we have S, (t) =
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