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ABSTRACT: In this paper, we establish some new forward and reverse Poincaré like and Dirichlet-Poincaré like inequalities
for general kernels with related extreme cases as generalization of results given in [1] and [2]. We give applications of our
main results for linear differential operators, Widder ’s derivatives and other fractional derivatives. At the end, we provide the
corresponding discrete analogue of our main results.
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1.0 INTRODUCTION

Given a bounded domain Q <= R", the Poincaré inequality
appear in [3] states that:
Pu PLp(Q)S CPVuU PLp(Q)

for the function with vanishing mean value over Q is a well-
known result which holds for 1< p <oco under very general

assumptions on Q, where PVUR_ ) is defined as the L,
p

norm of Euclidean norm of VU.
This work is motivated by [1,2]. Anastassiou [1] proved some

forward and reverse Lp form of Poincaré like inequalities for

linear differential operators involving its initial value
problem, Green’s function and initial condition. Later on
Anastassiou [2] established Poincaré and Sobolev like
inequalities for Widder derivatives. Our purpose is to give the
Poincaré like and Dirichlet-Poincaré like inequalities for
general kernels. As applications of our general results we
extract the results of [1,2] by taking different kernels. We
also provide new Poincaré like inequalities for Riemann-
Liouvill’s fractional integral, generalized Riemann-Liouvill’s
fractional derivative, Caputo fractional derivative and
Canavati fractional derivative. It is also observed that the
Poincaré like inequalities can be obtained from the Hardy-
type inequalities given in [4] (see also [5]).

Let (Q,Z,, 44) and (Q,,%,, 1,) be measure spaces with

o -finite measures and we say that a function y:Q, - R
belongs to the class U (T, k) if it admits the representation

YOOI [ TkOGD] [ F®1dm®),  ©

where f is a continuous function on €2, and k is an

arbitrary continuous kernel defined on €, xQ, . Inequality
(1) can be written with equality as:

y() = [k f(t)d s, (1),

For this we have

YO =] koGt (©)d 4, (1)

< 1kt ] | F(©)1ds ().

2
Before talking about the Hardy-type inequalities, it is
necessary to give the following details:

Let (€,%,44) and (€2,,Z,, 14,) be measure spaces with
o — finite measures and A4K be an integral operator defined
by

&fwr=R%5iux0famﬂxm @

where K:€) xQ, - R is measurable and non-negative

kernel, f is measurable function on QZ, and
K (X) = j k(x,t)d s, (t), xe,. @3)

Q
We consider that K (x) >0 a.e. on €2,.
The following theorem is give in [4] (see also [5]).
Theorem 1.1 Let (€,%,24) and (Q,,Z,,4,) be
measure spaces with o -finite measures, U be a weight
function on Ql, K be a non-negative measurable function
on €, x€Q,, and K be defined on €2, by (3). Suppose that
k(x,t)

the function X u(Xx) is integrable on €, for

each fixed t € €,, and that V is defined on (2, by

— [ UG)k(x, 1)
V(t) = é[ W

If @ isconvex onthe interval | — R, then the inequality

d g4 (X) < oo
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[ueo@ (A f(x))d ()

(4)
< [vyo(f(1)du (),

Q,
holds for all measurable functions f :Qz — R, such that

Imf < I, where A, is defined by (2). First we survey
some facts about fractional derivatives needed in this paper.
Let x e[a,b], @ >0, n=[a]+1 ([-] is the integer part)

and " is the gamma function I'(a)= Ie“t“‘ldt. For
0

f el[a,b] the left sided and right sided Riemann-

Liouville fractional integral 1) f and 1 f of order & is
N 3

defined by

a — 1 T _ a-1
19 £ (%)= m!(x t)“ L f (t)dt,
and

12 f(x) = ﬁ j (t—x)“ f (t)dt.

We denote some properties of the operators | f and I’ f
. _

of order o >0, see also [6]. The first result yields that the
fractional integral operators 1. f and I f are bounded in

L, _
L,(a,b), 1< p<oo,thatis
(o4 (o4
PI; fP,<KPfP, PIJfR<KPfP, ()
where
a
K= M
I'a+1)
Inequality (5), that is the result involving the left-sided
fractional integral, was proved by G. H. Hardy in one of his
first papers, (see [7]). He did not write down the constant, but
the calculation of the constant was hidden inside his proof.
For more details we refer [8] and the references cited therein.
It is interesting to note that Igbal et.al. in their paper [8]
proved some new inequalities of G. H. Hardy and here we get
the similar results as applications of our results for fractional
integral and fractional derivatives.
The rest of the paper is organized in the following way: In
Section 2, we prove the forward and reverse Poincaré like
inequalities for general kernel with related extreme cases.
Section 3 covers the applications of our main results for
linear differential operators to produce the Poincaré like
inequalities given in [1]. In Section 4, we give the results for
Widder derivatives and prove some new Dirichlet-Poincaré
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like inequalities discussed in [2]. Section 5 is dedicated to the
applications for generalized Riemann-Liouvlle’s fractional
derivative, Caputo fractional derivative and Canavati
fractional derivative. We conclude this paper by adding the
discrete analogue of our main results given in Section 2.

2.0 MAIN RESULTS
First let us recall the well known Minkowski’s inequality. For
details see [9].

Let (Q,Z,,24) and (€2,,%,, &1,) be measure spaces and
let K be a non-negative function on €2 x€2, which is

integrable with respect to measure (4 X 44,). If v >1,
then

< |+~

v

J| Tk dp@® | de(x)

< J| K oDdm00 | a0

If 0<v<1and

\4

M J| Jkeddu®) | de),

Y\ %
j k(x,t)d 11, (t) >0,
Q)
then the reverse inequality holds.
If v<0, the above mentioned assumption (i) and the
additional one

(i) [k (xt)dem() >0 p, —ae,
o

then the reverse inequality holds.
Our first main result is given in the following theorem.

Theorem 2.1 Let yeU(f, k), p,q>1:1+1:1,
P q

and vz Then

1

[j Ly I dﬂl(x>J

v

< j{jlk(x,t)wdyz(t)J d 24 ()

N\ 2

xPfP

Ly (@)
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<| ( J kDT dul(x)J d 4, (1)

2\ Y

xP f PLq(QZ) : (6)

When v =, we obtain

{ [1yeor d;a(x)J

o

< J(ﬂk(x,mp dﬂz(t)] d z(x)

9\

xPfP

Ly (@)
P

<| [ [ [ Ik d,%(x)] d s (t)

Q\

o |~

xPfR

Ly(@p) °

When v = p =(q = 2, we obtain

[ [1yeor d%(x)]

Q

s[ j [ RS dﬂz(t)JdM(X)J

xPfR

Ly ()

s{ j[ [Tkt P dM(X)Jdﬂz(t)}

Q

xP f P'-z(Qz) .
Proof. Since yeU(f,k),

inequality, we have

and by wusing Holder’s

| Y(%) |<[ [ 1ot duz(t)}

Q)

x[j | f@)[° duz(oJ
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P
= f k(D" da(t) | PER - )
2
Since v = P, therefore we can write
1
[ [1yoor dM(X)J
&
< j[f kP duza)J d24 (9
Y\ 2
xPfPR (8)

Ly(Qy) -

qy 2
Applying the integral Minkowski’s inequality on right hand
side of inequality (8), we obtain (6).
This proves the claim.

Remark 2.2 If we replace y by | f and taking

l a-1
(=1
0, x<t<b.

in first inequality given in (6) we obtain Theorem 2.6 of [8]

and use of Minkowski’s inequality give its generalization.
In upcoming remark we obtain Poincaré-Like inequality from
Hardy-type inequality given in (4).

Remark 2.3 Take Q, =Q, =(a,b), dg(x)=dx,

d,(t)=dt and O(x) =X", v =1 in inequality (4),
we obtain

b 1 b v
!u(x)[mlk(x,t)f(t)dt] dx

< j{v(t) £ (t)dt.

ast<x;

Particularly choose the weight function u(x) = K(x), we
have
b

j Kl‘v(x)[jk(x,t) f (t)dtJv dx

a

< j.v(t) £ (t)dt. 9)

Inequality (9) gives
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(K (b)— K (@)™ [y" (x)dx

<(v(a) —v(b))j.f Y (t)dt.

This implies that

1

PyP (a,b) S[ V(@) -v(b) “j
(K(b)-K(a))

xP fP (a,b),

which is Poincaré-like inequality.

Remark 2.4 By taking p =1,q =oco in Theorem 2.1, we

have

[ [1yeor dul(x)}

< |k

< j(j |k(x,t)|duz(t)} d 44,(X)

xPfP

L, (2,)

< j{ [Ikeatr dﬂl(x)] d 4, (1)
D\ Y

xP f PLoo(QZ) .

When v =1, we obtain

[Ty 1d (%)

©

< j{ | |k(x,t>|du2(t)]d;a(x)

9\ Q2

xPfP

L, (9y)

< j{jlk(X,t)ldM(X)]d#z(t)
xP f PR

L ()

The upcoming theorem is direct application of Minkowski’s
inequality.
Theorem 25 Let yeU(f,k), and v=1. Then the
following inequality holds:

1

( [1yeor dul(x)J
O
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< f(t)|[j|k(x,t> | dM(X)] d 1, (t).

Proof. Since yeU(f,k) and applying the general
Minkownski’s integral inequality for v >1, we can have

{ [1yeor dﬂl(x)}

<| | [j kO] F (1) Idﬂz(t)J d z4(x)
Y\ @

1

< [| [IkexDI] f(t)IVdﬂl(X)J d s, (1)
0\ 9

= I I|k(X,t) |Vdul(X)J | £(t)]d s, (t).

D\ Y

This complete the proof.

We continue by defining Hadamard type fractional integrals.
For details see [10, page 114] and [6, page 330].

Let (a,b),0<a<b<oo be a finite or infinite interval of

the half-axis R, and a >0. The left- and right-sided
Hadamard fractional integrals of order & are given by

(3% £)(x) = ﬁi{log%) 7 Ly)dy X >a and

0¢ 00= 1 [[1og¥ | LY.

respectively.
Let >01<p<oo and 0<a<b<oo. Then the

X<Db,

operators J; f and J f are bounded in Lp(a,b) as
follows:

PJZfP<KPfP,andPJZ fP<K,PfP,

log(b/a) t
10) where K, = —— t“'ePdt
(10) T !
1 log(b/a) _t
and K, =—— | t""e Pdt.
[(a) 4

Love proved the following theorem in [11] by using
Minkowski’s and Holder’s inequality.
Theorem 2.6 If s>r>1, 0<a<b<o, are real,

w(X) is decreasing and positive in (a,b), f(x) and
k(X,y) are measurable and non-negative on (a,b),
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K(X,y) is homogenous of degree —1,

AF(x) = [k(x, y) f (¥)dy,

and
1

PfP= U.f r(x)x‘“w(x)dx]r ,

then
P Af PrgCPfPS,

where

(11)

= jk(l,t)tf ﬁx"“lw(x)de dt.

o

a
Here E istomean 0 if a=0 or b =00 orboth; and bt is

to mean oo if b = oo,

The upcoming theorem is the application of Love’s result for
Hadamard-type fractional integral.

Theorem 2.7 If s>r>1, 0<a<b <o, are real, w(x)

is decreasing and positive in (a,b), J., f denotes the left-
sided Hadamard type fractional integral and P f Pr is defined
by (11) then

PJ*fP<CPfP, (12)

j. log” (1} r Ux" lW(x)dx]r_S dt.

Proof. Applying Theorem 2.6 and replace general kernel

K(X,t) by particular kernel defined by

(log x—logt)*™
tl' ()

0, x<t<b.

and Af by J7 T, we get the inequality (12).

Next we give the generalization of Love’s result for general
kernel.

Theorem 2.8 Let r >1, 0<a<b<oo, arereal, wW(X) is
decreasing and positive in (a,b), f(x) and k(x,y) are
measurable and non-negative on (a,b)

y(x) = [k(x, y) f (y)dy,

ast<x

k(x,t) = (13)
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PyP<

1

then1 ;/ b ’
jx K" (x, xt) f " (xt)(xt)” *w(xt)tdx | dt.

a
b t

Proof. Since we have

y(x) = [k(x, y) f (y)dy,

Taking y=1tX, as a<y<X, then Estﬂ. Using
X

Minkowski’s inequality and decreasing property of W(X) we

have

1
r T

bl 1
PyP= j ka(x,xt)f(xt)dt X" w(x)dx

X

1

( [Dxk o X1 £ (xt)x“w(x)dx]

x‘g)'-—'p

1 4 b
= ft o] JIxk (x0T £ o)ty w(xtdx | dt. This
a
b t
complete the proof.
Corollary 2.9 If we replace Xt by y and general kernel
k(x,t) by particular homogenous kernel H (x,t) of degree

—1, we get the inequality (7) of [11].

In upcoming remark we give application of our general result
for Hadamard fractional integral.

Remark 2.10 If we take

Q,=Q, =(a,b),d 4 (x) = dx, d 1, (t) = dt,
and particular kernel k(X, y) defined by (13) in

Theorem 2.5, we have
PJa f PL (a.b)

+

|09( ) v

j 7 Wve?dz | dt,

F()

or
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PJ. TP (ab)

< 2 e’dz | PTP. (a,b).
I(a) j B

Particularly for v =1, we get
log(2)
a

*la’dz

1
PJ fP (ab)<| — Z
a+ Ll( ) F(C{) _!. It

xPfP_ (a,b). (14)

is interesting to note that if we take p =1 in (10) we get
(14).

Theorem 2.11 Let S>r >0 and k(x,y) be defined by
(13). Then the following inequality holds:

S

T[wk(x, ) '(y)dy}r o

(15)

< (Tk(l,t)tgdtjr [Tf S(u)dqu.

Proof. Since K(X,y) is defined by (13) and substitute

y=tx we have K(X,y)=x"k(1,t). Consider the left
side of the inequality (15) with above substitution and

applying Minkowski’s inequality we obtained
1

S

Tﬁk(x, % f(y)dyjr o

o\o

S

( k(L,t) f f(tx)dt]r dx

1
O sy 8
o3

=

IA

O =y 8

T( kr (L) f S(tx)dxjs dt}

r

(16)

= ]Ek(l,t)ﬁf ® (tx)dx)S dt
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Now replace U =tx and dx =t 'du in right hand side of
the inequality (16) we obtain inequality (15).

Now we continue with reverse Poincaré like inequalities.
Theorem  2.12 Let yeU(f,k), and let

0< p<l,q<0:l+1=1, 0<wv < p. Suppose that
P q

k(x,t)>0 for a<t<b and f is of fixed sign and
nowhere Zero. Then

[ [1yoor dﬂl(x)J

<

9\ %

2| [ [ J kp(X,t)dﬂz(t)J d 4 (x)

xP f P,_q @)

1
P p
= L | kv(x.t)dﬂl(X)J d s, (1)
QY
xPTPR (o, a7
When v = (, we obtain
s
[ IyOo I da(x)
¢

2 J[ jkp(x,t)duz(t)J d 4 ()

Q\ 2

xPfP

Ly ()
P

2| | [ ] k‘*<x,t)dﬂl(x)J d s, (1)

Q\ Y

©

xPfP

Ly(Qp) °

When v = p = = 2, we obtain

[ [1yeor dulmj
&
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z[ J ( | kZ(x,t)duz(t)]dul(x)J

Q)

xP f P

L, (Q,)

z{ j[ij(x,t)dﬂl(x)}dﬂza)J

Q
xP f P'-z(92> .

Proof. Since yeU(f,k), f is of fixed sign and using
reverse Holder’s inequality, we get

YOO = [KOG0] (1) Jdt

> Ik”(x,t)dt p{j|f(t)|“ dt]q

2
1
p
=| [k xtdt| PER_p .
)

(18)
Since v < P, we have

[ [1yoor dul(x)J

v

2| [ [ J kp<x,t)dy2(t>J d 4 (x)

9\ %

xP f PLq(QZ) .

Applying reverse Minkowski’s
inequality (17).

3.0 POINCARE LIKE INEQUALITIES FOR LINEAR
DIFFERENTIAL OPERATOR

Let [a,b]<R, &(x),i=1,..,n=1(neN), and h(x)
be continuous functions on [a,b], and let

L=D"+a,_,(X)D"" +...+a,(X),

inequality we obtain

be a fixed linear differential operator on C"[a,b]. Let
Y,(X), ..., ¥, (X) be a set of linearly independent solution to

Ly = 0 and the associated Green’s function for L is

ISSN 1013-5316; CODEN: SINTE 8
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y, (1) Y (1)
y,'(t) Y,'(t)

yi" 2 (t) A (9)
REACS) Yo (X)
HOO =% RO
YAQ) ya'(t)

v 2 (t) A (9)
y, (1) Yo (1)

which is continuous function on [a,b]*. Consider fixed a,
then

y(x) = TH (x,t)h(t)dt,

is the unique solution to the initial value problem
Ly=h, y?@)=0, i=0,1,..,n—1.Now we
present the Poincaré like inequality for linear differential

operators and we will show that the results in this section
generalizes the results of [1].
1 1
Theorem 3.1 Let yeU(h,H), p,q>1:—+—=1,
P q

1

[h Yool dx]y

v 2. Then , 1
b/ b |
< j[ﬂH(x,t)Pdtj dx | PhP_ )
b N\
b/ b v
< IU'H(X’WV dxj dt PhPLq(a’b). (19)

When v =, we obtain
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ﬁ| YO dqu

a q

b/ b p
< I[IlH(x,t)V’dtJ dx | PhP .,

< Tﬁ| Hx )" dx]q dt

When v = p = = 2, we obtain

( [1y00r dx}z

PhP

Ly (ab) *

1

b/ b 2
<| [ JIHEDF dtjdx PhP_ sy
1
b/ b
< j j|H(x,t)|2 dxjdt PhP_ sy -
Proof. Applying Theorem 2.1 with Q, =Q, =(a,b),

dgg(X) =dx,dg,(t)=dt and replace general kernel
k(X,t) with particular the Green’s function H(X,t), and

f by h we get the inequality (19). In the upcoming remark

we give the related extreme cases of Theorem 3.1.
Remark 3.2 In Remark 2.4 if we replace

Q =Q, =(a,b), dg(x)=dx, dg,(t)=dt, general
kernel k(x,t) = H(x,t) and f =h we get the following
inequalities:

( [1yoor dxjv

b/ b v v
< jU|H(x,t)|dt] dx | PhP_ .,

a

1

b/ b ”
< j(jm(x,t)r de dt [PhP_ (s -

When v =1, we obtain
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[ 100 [ dx

g[i[h H(x,1)] dt]dePh P oy

a a

s[i[h H(x,t)|dx]dtjPhPLw(a’b) .

a\xa

The upcoming theorem is direct application of Minkowski’s
inequality for linear differential operator.

Theorem 33 Let yeU(h,H), and v>1. Then the
following inequality holds:

[ [1y0or dxjv

ST[T' HOGt) [ dxjv Ih(t) | dt.

Proof. Applying Theorem 2.5 with Q, =€, =(a,b),

(20)

dgg(X) =dx,du,(y) =dy and replace general kernel
K(x,t) with particular Green’s function H (x,t), and f by

h we get the inequality (20). Now we continue with reverse
Poincaré like inequalities.

11
Theorem 3.4 Let 0<p<l9g<0:—+-—=1,
P q
0<v < p. Suppose that H(x,t)>0 for a<t<b and
h is of fixed sign and nowhere zero.
1

[ [1y00r dx}v

Then y =
b/ b . P '
> I !H (x,t)dx | dt PhPLq(ayb)
S
b/ b v
> j[ J'Hv(x,t)dt) dx| PhP - (21)

When v =(, we obtain
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[h YOO I dqu

b/ b ; % ‘
> I !H (x,t)dx | dt PhPLq(a,b)
1
P
b/ b . q P
> ;[ ;[H (x,t)dx | dt PhPLq(a,b)'

When v = p = = 2, we obtain
1

( [1y0or dsz

1

b/ b 2
> jUHZ(x,t)dx]dt PhP_ o)
1
b/ b
> jUHz(x,t)dx]dt PhP_ (s,

Proof. By applying Theorem 212 and replace
Q =Q, =(a,b),dg(x) =dx,dg,(t) =dt, general
kernel k(x,t) =H(x,t) and f =h we get the inequality
(21).

Remark 3.5 If we replace k(x,t) by H(X,t) in inequality
(7) and (18), we get Theorem [12, Theorem 17.1] and [12,
Theorem 17.5] respectively. Moreover use of Minkowski’s
inequality give us the generalizations of the results given in
[12, Chapter 17].

4.0 WEIGHTED DIRICHLET-POINCARE LIKE
INEQUALITIES

Now we give the application for Widder derivatives to
produce forward and reverse Dirichlet-Poincaré like
inequalities. First it is necessary to give some important
details about Widder derivatives  (see[13]). Let

f.u,,u,,...,u, € C""[a,b],n >0, and the Wronskians
W, (X) := WU, (X), Uy (X),..., U (X)]

Uy (X) u; (X)
Uy'(X) u;'(x)
W) U (x)

i=0,1,...,n. Here W,(X) = U,(X). Assume W,(x) >0

ISSN 1013-5316; CODEN: SINTE 8
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over [a,b],i=0,1,...,n. For >0, the differential
operator of order i (Widder derivative):
L1 0 i I 00 (9,2, (9, F 00T

Wi (X)
i1=1,...,n+1; L, f(x) = f(X)

forall x e[a,b]. Consider also

U (t) 4o
Uy (t) 40
~ Ll '
9, (X,t) = Wi (t) . . B
Uo(x) Ui(X)
. . = UO(X)
i=1,2,...m go(x1):= Uy (1)

forall x,t e[a,b].

Example 4.1 [13]. Sets of the form {U,,U,,U,,...,U } are
{1,x,%x%,...,x"},

{1,sin x,cos x,—sin 2x, cos 2X,...,

(-1)"*sinnx, (-1)"" cos nx},

etc.

We also mention the generalized Widder-Talylor’s formula,

see [13] (see also [12]).
Theorem4.2 Let the

f,uy,u,...,u, eC"[a,b], and the
W, (X),W,(x),...,W,(x) >0on [a,b],xe[a,b]. Then
for t €[a,b] we have

_ £y Yo (X)
f(x) = f(t) 0. +L f(t)g,(x,t)+...
+L, T (1) g, (x,1) + R, (x),

functions
Wronkians

f(s)ds.

n+1

where R (X) = Ign (x,8)L,
t

For example (see [13]) one could take Uy(X)=C>0. If

u,(x) = x'i=0,1,...,n, defined on [ab], then

L f(t)= fO(t) and gi(x,t)=(xi_—|t)i, t e[a,b].

We need the following corollary.
Corollary 4.3 By additionally assuming for fixed a €[a,b]

that Lf(@)=0,i=01,..,n, we  get that
f(0):=[g,(x D)L, f ()t forall x e[a,b]. Now

we prove some Dirichlet-Poincaré like inequalities as
consequence of our main results for the Widder derivative in
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upcoming theorem and we extract the results of [2]. we get
Theorem 4.4 Let f,u,,U,,..,u €C"[a,b], neZ,,

¢ v
W,,W,,..,W, >0 on [a,b]. Let p,q >1;£+£=1, (J.l F()] dx]
P q :

1

b/ b 4 v
| [ (1,061 dt] de PLusf P ey

and vz Then
1

(ﬂ F0 | dxjv

IA

b/ b y
| ( [IERCIE de dt [PLyfP (s

<

IA

b(b °
< j[] |gn(x,t)|pdtJ dx | PL..FP oy

a
When v =1, we obtain

p = ¢
b (b P | f(x)]dx
<\ [ RS dxj dt | PLiTR (- (22) I
a a b b
When v = (, we obtain = U.( 19, (x1)] dt]dX]Pme P @b
1 a a

f(x)]*d ’ b( b
ul (x)| X] g“(ﬂgn(x,t)|dedtJPmePLw(a,b,.
< i(hgn(x,t)lpdtjpdx

1 a
d The upcoming theorem is direct application of Minkowski’s

PL., f P @) inequality for Widder derivatives.
4 Theorem 4.6 Let f,uy,u,,..., U, eC"[a,b], n el

Wy, W,,...W, >0 on [a,b] and v>1. Then the
following inequality holds:

(j| FO0) | deV

U| fF dez <[ L [lg,0r dxjv LT

Proof. By applying Theorem 2.5 with ©, =Q, =(a,b),

ol N

IN

b/ b Ep
I(I|k(x,t)|“ dx] dt| PP (-

When v = p =(q = 2, we obtain 23)

N

b (b
< j(“ g, (Xt ° dtjdx PL.,f P_ e d g4 (X) = dx,d g, (t) = dt and replacing general kernel
a\a k(x,t) with particular kernel g,(X,t), y= f and
1
b(b 2 f =1L, T, we getthe inequality (23). Now we continue
< j[“ g,(x1) |2 dXJ dt| PL,,f PLz(a,b) . with reverse Dirichlet-Poincaré like inequalities.
a\a Theorem 4.7 Let  f,u,u,...,u, eC"[a,b],

Wy, W, ...,W, >0 on [a,b]. Let

Proof. By applying Theorem 2.1 with Q, =, =(a,b),
dgg(X) =dx, dg,(t) =dt and replacing general kernel

11
k(x,t) with particular kernel ¢,(X,t), y=f and O<p<l’q<0'6+a_1’ and 0 <v<p. Further

f =L, f, we get the inequality (22). In the upcoming suppose L., f is of fixed sign and nowhere zero on [a,b].

remark we give the related extreme cases. Then
Remark 45 Bytaking p =1 and ¢ = oo in inequality (22)
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U| FO I deV

a

v v

b p
2 [I|9n(xat)|p dxj dt PLn+1fPLq(a,b)

D C—y T

o |-

b

b v
> j[ |9, dt] 0 | PLLLTR oy - (24)

a

When v =, we obtain

(ﬂ F)f dx]q

b (b : >
> j j 9. (x )P dx | dt | PLL TR
1
p
b/ b q T |
>| ] [lg, (D[ dt | dx PLoaf P

When v = p =(q = 2, we obtain

U| 0 dx]z

b/ b 2
>| [ [1g.0x)F dxjdt PLoaf Py

b/ b 2
>| | [ [lg.0xtP dtde PLy.f P -

Proof. Applying Theorem 2.12 with Q, =Q, =(a,b),
dgg(X) =dx,dg,(t)=dt and replace general kernel

k(x,t)=9,(x,t), y=f and f=L_,f we get the

inequality (24).
Here we provide the example by taking particular kernel in
Theorem 4.4.

Example 4.8 If we U,(x)=c>0 and
u,(x)=x",n=0,1,2,...,n defined on [a,b],

take
then

Lf(x)=f™(x) and g, (x1t)= (x;lt)” tela,b],

and the inequality (22) becomes

ISSN 1013-5316; CODEN: SINTE 8
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1
b v
[ﬂ f) ) dx]
nelil
_ pv
< (bl a) - P f(n+1) pL

ni(np+1)° ((np +1);+1)v

q(@b)

11
n+=—+=

(b—a) °"

ni(nv+1)" (v +1) P +1)°
14

<

(n+1)
TPEOUR -

Remark 4.9 Similar examples can be given for all other
results given in Section 4 by taking

g, 0= &=
n!

omit the details.

Remark 4.10 If we replace k(x,t) by g,(Xt) in

inequality (7) and (18), we get [12, Theorem 18.8] and [12,
Theorem 18.10] respectively. Moreover use of Minkowski’s
inequality gives us the generalizations of the Dirichlet-Poinca
r’ e like inequalities given in [12, Chapter 18].

5.0 APPLICATIONS FOR FRACTIONAL
DERIVATIVES

In upcoming applications of general results for fractional
derivatives we construct inequalities of G. H. Hardy. Such
type inequalities are widely discussed in [8]

,t €[a,b], but due to lack of space we

Theorem 5.1 Let p,q >1:£+£=1, and v = p. Let
q

1% f denotes the left sided Riemann-Liouvill’s fractional
a

integral. Then
PIZF P )

a—1+l+£
< (b= a)l p (25)
() ple-1) +1]°[v(a 1) +;+1]v
xP f PLq(a’b) )

When v =, we can have
PIZ TR )

) (b-a)"

- 1 1

M(@)[p(a-1)+1]°(ge)*
Proof. Applying Theorem 2.1 with Q, =€Q, =(a,b),

d 4 (X) = dx,d g, (t) = dt and the kernel

PER (o

July-August



3016

@( _ )Dt_

0, Xx<t<h.

ast<y;
K(x,t) =

and replace y by 1% f, we get the inequality
a

(25).
For f:[a,b]—>R
derivative D f of order ¢ is defined by
D*f(x) =

1 d"§ a1
—_ X—=t)" " (t)dt
I'(n—c«)dx" ;[( ) ®

dn

the Riemann-Liouville fractional

I,

In addltlon, we stipulate J°f:=f =D°f and
Jf=Df if «>0.
Next, define N as
n=[a]+1 fora g N,

(26)
n=aqa, fora e N,.

For N given by (26) and f € AC"[a,b] the Caputo

fractional derivative “D* f of order ¢ is defined by

CD“f(x):
X—t)" O t)dt = 3"V (x

r(n_ j( ) (®) (%).
A third fractlonal derivative, the Canavati fractional
derivative “D*f of order «, is defined for
f eC“[a,b]
={f eC"[a,b]: 3" "V C'[a,b]}
by
°D*f (x) =
_1 4 j(x £)" et £ O (1) dt
I'(h—ea) dx

d
=—J"f"(x),

dx )
If aeN then D*f =°D*f =°D*f = @, the
ordinary ¢ -order derivatives. The next theorem is

composition identity for the Riemann-Liouville fractional
derivatives. For details see [14, Theorem 4].
Theorem 5.2 Let > >0, n=[a]+1, m=[F]+1

and let f € AC"[a,b] be such that

ISSN 1013-5316; CODEN: SINTE 8
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D“f,D”f e L[a,b].
i. If a—B &N and f issuch that D“*f(a)=0 for

k=1,...,n and Dﬂfkf(a)ZOfork—l .m, then

D’ f(x) = t)* 77 D* f (t)dt,
™=ra _ﬂ)j(x ) (®)

x [a,b]. (27)

i. If a—B=1eN and f issuchthat D“*f(a)=0
for kK =1,...,1, then (27) holds.

Corollary 53 [14, Corollary 1] Let a> >0,
n=[a]+1, m= [} . Composition identity (27) is
valid if one of the following conditions holds:

i fed“(L[ab])
={f:f=J%,pelab]}.

i, J"7"f e AC"[a,b] and

k=1,...n.

iii. D“*f € AC[a,b], D“*f eC[a,b] and

D“*f(a)=0 for k=1,...n.

iv. feAC"[a,b], D*f,D’f e L [a,b],

a—peN, D“*f(a)=0 for k =1,...,

D/*f(a)=0 for k=1,...,m

v. feAC"[a,b], D“f,D”f e L[a,b],

a—-pB=leN, D *f(@)=0frk=1,..,I.

vi. f eAC"[a,b], D“f,D”f eL[a,b] and

f(k)(a)=0fork=0,...,n—2.

vii. f e AC"[a,b], D*f,D’f e [a,b], @ &N and

D**f isboundedina neighborhood of t = a

Our first application is for Generalized Riemann-Liouville
fractional derivative is given in upcoming theorem.

D“*f(a)=0 for

n and

Theorem 5.4 Let p,q >1:£+£=1, and v = p. Let
P q

the assumptions in the Corollary 5.3 be satisfied. Then
PD” f PL (ab)

<
[(a-p)lpla-p-1)+1]°[v(a

xPD* f PL (@b) -

—,B—l)+£+l]%
p

When v =, we can have
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PD’fP

Ly (ab)

. (b—a)*” 1 1
I'(a-pB)pla-B-1)+11° (q(a - B))°

xPD*f P

Ly (ab) *

Proof. Simllar to proof of Theorem 5.1. The upcoming
theorem is composition identity for the Caputo fractional
derivatives. For details see [15, Theorem 2.1].

Theorem 55 Let o> >0 with N and M are defined

by (26). Let f e AC"[a,b] be such that f@(a)=0

for i=m,m+1,...,n—1. Let “D*f,°D’f e L [a,b].

Then
CDﬂf(x)
j(x 0 1D (D), xe[ab]
1ﬂ(Of B+

we give the applications of general result for Caputo
fractional derivatives.

Theorem 5.6 Let p,( >1:1+£:1, and v =p. Let
P q

the assumptions in the Theorem 5.5 be
satisfied. Then

D’ f P @n

Otfﬂ—lJrEJrl
< (b—a) vop

5 v 2 When
Cla-p)pla-p-1)+1]°[v(a-p-1) +B+1]V
xPPD* f PL ) - (28)
v =(, we can have
D TR (o
(b—a)*”

<

(e - B)[ple - F-1)+11° (9(a - B))°
XPDI R (apy -

Proof. Similar to proof of Theorem 5.1.

The following theorem gives the conditions in the
composition rule for Canavati fractional derivatives. For
details see [16, Theorem 2.1].

Theorem 5.7 Let y>6>0, n=[y]+1, m=[5]+1.

Let feC’[a,b] be such that fP(@)=0 for
i=m-1,m,...,n—2. Then f eC’[a,b] and
5 1
‘D f(x)= t)7°1CD7 f (t)dt,

() = (_5)j<x ) QLI
x €[a,b].

ISSN 1013-5316; CODEN: SINTE 8
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we give the corresponding connection of our results for
Canavati fractional derivatives.

Theorem 5.8 Let p,q >1:1+£=l, and v = p. Let
P q

the assumptions in the Theorem 5.7 be satisfied. Then
FD’fP

L, (ab)

y=0 —1+l+i

(b-a) P

R e R ; When

<

xPPD" f P

Ly(ab) *

Vv =(, we can have

D’ f PL (@h)

< (b—a) : :
C(y-o)lp(y—o-1)+1]1°(a(y —o)*

<D’ f PL (ab) -

Proof. Simllar to proof of Theorem 5.1.

6.0 DISCRETE ANALOGUES TO MAIN RESULTS
This section deals with discrete analogues as a consequence
of our general results given in Section 2.

Theorem 6.1 For any real numbers K. and b, , we can

mn

m-1
write |, [< Z| K., [Ib,|. Then for any constants
n=0
1 1 :
p,q>1, such that —+—=1, v>=p, and integers
P q
m,n=0,1,2---,a—1, then following inequality holds:

\4

n-1 % n-1 [ m- %
(z|am |VJ < [ Ik, ﬂ b, P,
m=0 m=0\_n=0

1
m-1/ n-1 % P
< ( |K., |"J Pb, R, .

n=0 \m=0

g

(29)

Proof. For n=0,1,2,---,m-1,
inequality for {p, q}, we get
1

m-1 E m-1 $
3, |s[z|kmn|pj [zmn wj
n=0 n=0

applying Holder’s

(Z|kmn jl Pb, P, .

This can also be written as:
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\4

m-1 B
|, |Vs[2|kmn |p] Pb, P, .
n=0

This implies that

1
n-1 % n-1/m-1 % Y
(Sar) | S(Sir) | eor.
m=0 m=0 \_n=0

Applying Minkowski’s inequality, we get inequality (29).
The extreme case of Theorem 6.1 is given in the following
remark.

Remark 6.2 For any real numbers K and b, , then for any
constants p =1, = oo, we have

1 N
["zl|am|Vj”s Z( 1|kmn|j PD, P,
m=0

1
< i[niwm |Vjv Pb, P, .

n=0 \\m=0

Theorem 6.3 For any K. >0, b, be real number and is of
fixed sign, such that

m-1
la, |= kan |b,|. Then for any constants
n=0

0< p<1,q<0:£+£:1,0<v< p, we have
q

n-1 v n-1/m-1 % Y
[Z | am |Vj 2 Z[Zkrgnj an Pq
m=0 m=0 \ n=0
m-1/ n-1 2
> Z[Zk;n] Pb, P, (30)
n=0 \m=0
m-1
Proof. For any K, >0, we have |a, [= D k. |b,|.
n=0

Applying reverse Holder’s inequality for {p, q}, we get

1
m-—1 o
otz (S5 ) e,

Since v > 0, we can write

1 v %
n-1 v n—1 /" m-1
[E)lamr] z{})[}‘,knﬁn]pJ Pb, P, .
m=0 m=0 n=0

Applying Minkowski’s inequality, we get inequality (30).
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