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ABSTRACT: In this paper, numerical methods have been used to solve non-linear Partial Differential Equations (PDE’s).
Solution of non-linear PDE’s having coupled partial differential equations have been discussed using Laplace Decomposition
Method (LDM), Adomian Decomposition Method (ADM) and Homotopy Perturbation Method (HPM) respectively. Numerical
examples of non-linear coupled PDE’s are solved using above mentioned methods to explain the methods and to check the

similarity of the results.
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1. INTRODUCTION

The Laplace Decomposition method (LDM) is a numerical
algorithm to solve nonlinear ordinary, Partial differential
equations. Khuri [1, 2] used this method for the approximate
solution of a class of nonlinear ordinary differential
equations. Adadjanov [3] applied this method for the solution
of Duffing equation. Elgazery [4] exploit this method to solve
Falkuer-skan equation. Majid khan also used this method for
the solution to the existing ones [5] concerning to the non-
linear coupled Partial differential equations.

The Adomian Decomposition method was developed from
the 1970s to the 1990s George Adomian (1923-1996).
Adomian Decomposition method [7] (Wazwaz 2000; EL-
Sayad etal. 2010) were used for solving non-linear problems.
Adomian Decomposition method was successfully applied to
nonlinear differential delay equations [6],a non-linear
dynamic systems, the heat equation [8,9], the wave equation
[10], coupled non-linear Partial differential equations [11,12],
linear and non-linear integro-differential equations [13].

The HPM, proposed first by Ji-Huan. He [14,15] for solving
differential and integral equations, linear and nonlinear, has
been the subject of extensive analytical and numerical
studies. The HPM is applied to volterra’s integro-differential
equation [16], nonlinear oscillators [17], bifurcation of
nonlinear problems [18], bifurcation of delay-differential
equation [19], non-linear wave equations [20]. Several
techniques including the method of characteristic, Riemann
invariants, combination of wave form relaxation and multi-
grid, periodic multi-grid wave form, variational iteration
homotopy perturbation method have been used for the
solutions of such problems.

2. MATERIAL AND METHODS

Many problems in natural and engineering sciences are
modeled by Partial differential equations (PDE’s). After
studying the Laplace decomposition method that was applied
to solve some examples which were nonlinear coupled partial
differential equations. Now the basic motivation of the
present paper is the implementation of two methods on the
same examples, which are Adomian decomposition method
and Homotopy perturbation method. In these methods we
obtain the same exact or approximate solutions. Results of all
three methods are shown by graphically and analytically.

2.1 Laplace Decomposition Method

We consider the general form of in-homogenous nonlinear
partial differential equations with initial conditions as given
below

Lu+ Ru + Nu = h(x,t) 1)

;’l‘(xl O) = f(x) ’ ut(xt O) = g(x) (2)
wherever L:a% , R is the residual linear operator, Nu
represents a general non-linear differential operator and h(x,t)
is resource term. The method consists of applying Laplace
transform first on both sides of equation (1), we get the result
LuCe ) = 224+ 224 L 1in(x, 0} — S LRux, ) —

1

= LiNu(x, 1)} (3)
The second step in Laplace decomposition method is that we
symbolize solution as an infinite series given below

U = Y=o Un (X, t) (4)
The nonlinear operator is decompose as
Nu(x,t) = Y=o Am ©®)

Where A, are Adomian polynomials [9] of ug, uy, uy, ..., uy
and it can be calculated by formula given below

m =t INE2e )], m=012,..,  (6)
Putting Equations (4), (5) and (6) in Equation (3), we get
TSm0 Lm0} = L2+ 224 2 1 {n(x, 00} -

S L{Ru(x, )} = 5 L{Zin-0 Am} @
On comparing both sides of the Eq. (7) we obtain
Liug(e, )} = L2+ 29 4 L 1{h(x,0)} = K(x,5) (8)
In general, the recursive relation is specified by
Liuna (6,0} = = L{Run (6,0} = 5 L{4,} (9)
Applying inverse Laplace transform to Egs. (8)-(9), our

requisite recursive relation is given as follows:
uy(x,t) = K(x, t) (20)

ta (6 8) = —L7 (LR G 0} + S 1040} (1)

where K(x, t) represents the expression arising from resource
term and prescribes initial conditions. Now initially we
applying Laplace transform of the expressions on the right
hand side of Eq. (11).then applying inverse Laplace transform
we get the values of uy, u,, ..., u,correspondingly.

2.2 Adomian Decomposition Method
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Suppose the following coupled PDE’s
%u
ax?
Trrlry )
o2 T oz T AW = g2(%,

Given (uncoupled) boundary conditions are

u(xy, t) = &), ulx, 0) = 1 (ulxy, t) = & (), up(x,0) =
7,(x0), v(xq, t) = n1(0), v(x,0) = 01 (x), v(xp, t) =

1n2(t), v¢(x,0) 2: 0,(x),

Solving for ZTZ with the initial conditions yield the same

solution [10]. In operator form using the given conditions on
Xy

+ 2 atZ “+auv = gy (x,t)

Where L = % and L' is a two-fold indefinite integration.

Operating with

Llu=uy—L71 (
L™ Buw,

62

6t2)u_L auv,v = vy — L~ (az)v_

ot?

and

Uy = Ag(t) + xBy(t) + L7 g1 (x,t), vg
L_ng (x' t)'

We write u = Y 5o U, and v = Yoo, V. The uv term can be

written

= Co(t) + xDy(t) +

uv = Yoo [Xiso Un-a val,
Magnitude in the bracket is the Adomian Polynomial of order
n. The preliminary expressions u,, v, have been given , and
terms after n=0 are given by

= () + By(0)x — L7 (25) ttpy
aZA=0 Up-1-a2VUn = C (t) + Dn(t)x -

2

L (60?) Up-1— L_lﬂ Zg;é Up—1-2V2-
The approximant
@1[u] = ug ande, [v] = vo.@p44[u] =
Zﬁ:o U, and @44 [v] = Z%:O v, CONverge to u = Y7 ,uy,
and v = Yo vy,.
The succeeding approximants must satisfy the applicable
boundary conditions, and hence for ¢, or u,,

uO(xl' t) = (pl([";(xl' t)] = 51(’5),”0(952» t) = (pl [u(x21 t)] =
&(0),
2o, ) = @1 [0 (e, D] = 11(0, v (i £) = 03[0, )]

=1,(t).

Since each successive approximant ¢4, ¢, ... must satisfy the

given conditions, we have for all n > 0: @,[u(xy,t)] =

El (t)' Pn [u(x2! t)] = 52 (t)' Pn [U(xl, t)] =

N1(), v (xz, )] = 1,(2).

We observe that ¢,.q[u]l = @,[ul +u, and @, 4[v] =

@n[v] + v,, and consequently for n > 1,

un(xllt) = un(xZIt) = O' vn(xl' t) = Un(xZIt) = 01

Consequently, for

@1 = Ug, Ag(t) + x;1Bo(t) + L7 gy (x4, ) = & (), A (t) +
X,Bo () + L7 g1 (%2, t) = &,(t), Co(t) + x1 Do (t) +
L7 g1 (xy, t) = n1(6), Co(t) + %, D9 (£) + g1 (x2, ) =
n2(t).

Let us rewrite this as

Ao() +x,Bo(8) = E2(0) = £(8) — L7191 (31, ), Ao (£) +
%Bo(6) = £ (6) = &,(t) — L7 g, (x5, 1), Co(t) +
x1Do(t) = nio)(t) =01 (t) = L7 g1 (x4, 1), Co(t) +
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xDo(8) = 117 (€) = np(6) = L7193 (. )
(12)

We can also write as a result of the decomposition
g0 =

_q1 (02
L (6t2) Up- 1(X1,t) +
L™ a Yoo un-2 (%1, )vp (x4, 1),
&g =

02 -
(55) tno1 (e ) + L7t Bog G, )V (23, 1),
() =

_1 (02
L (6t2) Un- 1(X1, t) +
L_lﬁ ZA:O un—/l(xll t)vl (xll t),

NOE

02 _
(25) Pnor Gz, t) + LB g 2 G, )92 (1, ).
Also corresponding to (12), we write for determination
of the constants of integration forn > 1, 4,,(t) +
x1Ba () = £ (6), An(£) + x2B,(8) = &7 (1), €, (6) +

x D, (t) = ngn) (t),c,(t) + x,D,(t) = ’72") (®).
We can now write

1 x1] [Ao(D)] _ -51(0)@)_

1 %l 1B ™ [0

1 x,] [Co(O)] _ 'nf’)(t)-

1 ] D] ™ [0

(1 x;] [An(0)] — [ 1(")(15)_

1 %l B0~ (¢ @)

1 x,] [Co(D)] _ [ (n)(t)

1 ) loo) = 0] (13)

Inversion of the first matrix to ( /(x2 —xl)) * _fl

allows determination of the integration constants, e. g ,
() (0 (0 O)
_ xé (O-x1& (©) _&G m-4"®
Ap(t) = e Bo(t) = 1=,
220V ©) x5 (1) 1 ®)-n$ )
Co(t) = HH—"2HR 2 Dy (1) = 11—,
So that u, and v, are determined.
To calculate the u; and v;, or the ¢@,[u] and ¢@,[v]
approximants, we maintain it with the matrix equations in
(13)

_ xe"O-xg" o Po-g"®

An(©) o By(1) =
(n) (n)
xzn1 (t) xlnz (t) n, (t)-nq (t)
Calt) = H—m 2 D (6) = BT,
We have

u; =A;(t) + xB,(t) — L1 ( )uo — L Yauyvy, v, =

Co(8) + 2Dy (6) = L7 (25) vy — L™ Buguo,

And @, [u] = @ [u] +uy, @2[v] = @1[v] + vy
We can maintain it for finding components u,, and v, and
approximants are
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U, =
2

An(8) + 2B,y () = L7 (2 )ty —

L a Y5 un-1-2Va
Up =

2
Cal®) + 2D (8) = L7 (573) -1
LB YR20 Un-1-2V2
so that the approximants
(pn+1[u] = (pn[u] + Un, and (pn+1[v] = (pn[v] + Up Can be
formed.
2.3 Homotopy Perturbation Method
Suppose a general equation
L(u)=0, (14)
where L is any integral or differential operator. We define a
convex homotopyH(u,p) by
H(u,p) = (1 -p)F(w) +pLw), (15)
where F(u) is a functional operator with known solutions
vo,which can be obtained easily. It is clear that for
Hw,0)=0
H(u,0)=F), Hu,1) =Lw).

This shows that H(u,p) continuously traces an implicitly
defined curve from a starting point H(v,,0) to a solution
function H(f,1).The embedding parameter momotonically
increases from zero to unity as the trivial problem F(u) =0
continuously deforms the original problem L(u) = 0.The
embedding parameter p € (0,1] can be considered as an
expanding parameter [11]. The HPM uses the Homotopy
parameter p as an expanding parameter to obtain

u =232 piu; = ug + puy + pPu, + piug + . (17)

If p - 1,then (17) corresponds to (15) and becomes the
approximate solution of the form

f=lim,;u; = X20u; = up +uy +uy + . (18)

It is well known that series (18) is convergent foe most of the
cases and also the rate of convergence of the HPM [11].The
comparisons of equal powers of p give solutions of various
orders. In sum, according to [11,12] He’s HPM considers the
solution u(x) of the homotopy equation in a series of p as
u(x) = NZop'u; = ug + puy +piuy + -,

And the method considers the nonlinear term N (u) as

N) = X2,p'H; = Hy + pHy + p*H, + -+,

Where H,, are the so-called He’s polynomials [11,12] which
can be calculated by using the formula

Ha (it o tn) = 2 (N (S ')

n! apn
n=201,72,...

(16)

p=0

3. NUMERICAL RESULTS

Here we discuss solutions of non-linear coupled PDE’s using
LDM, ADM and HPM respectively.

Sample Example 1

Suppose system of nonlinear coupled partial differential
equations [30]

du(x,y,t) _
QT UxWy = 1
v(x,y.t) _
Qo T Wally = 5
ow(x,y,t) _
o Wy =5

with initial conditions
u(x,y,0) =x+ 2y
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v(x,y,0) =x — 2y

w(x,y,0) = —x + 2y

Solution using LDM

Applying the Laplace decomposition method with initial
conditions and then taking inverse Laplace transform on the
above equations respectively, we obtain the recursive
relations are

ug(x, v, t) =t + (x + 2y)

un+1(x'y, t) = L_l IEL[Z;?:O Cn(U, W)] , n 2 0
vo(x,y,t) =5t + (x — 2y)

Vn+1(xv3’: t) = L_l IEL[Z%LO Dn(u: W)] , n =0
wo(x,y,t) = 5t + (—x + 2y) ]
Wn+1(xv Y, t) = L_l IEL[Z%LO En(u! 17)] , n =0

where C,(v,w),D,(u,w) and E, (ﬁ, v) are Adomian
polynomials representing the nonlinear expressions [9].
Adomian polynomials are given as follows

Co(v.w) = voyWoy,

Ca(v,w) = Z?:O VixWn—iy

Dy(u,w) = UoyWoy »

D,(v,w) = ¥i, WixUn—iy

EO (u, 17) = quvoy!

E,(wv) = Z?:O UixVn-iy

Gives the final result as

Ym=oUn(x,t) =x + 2y + 3t

Ym=oVm(x,t) =x — 2y + 3t

Yo W (x,t) = —x+ 2y + 3t

Solution using ADM

Define L(.) =% then apply the above condition on the
equations respectively, we get

Lu(x,y,t) = 1+ v,wy,

Lv(x,y,t) =5+ wyu,,

Lw(x,y,t) =5+ u,v,

Define L7() = fot(.)dt then apply Laplace operator on
the above Equations. Respectively and using initial
conditions we get

u(x,y,t) =x+2y+t+ L‘l(vxwy),

v(x,y,t) =x — 2y + 5t + L (wu,)

w(x,y,t) = —x + 2y + 5t + L™} (u, v, )

The recursive relations are

up(x,y,t) = x + 2y + t,

Ups1 (X, ), 1) = L_l(Z%O:o Cy(v,w)), n=0,
vo(x,y,t) =5t +x — 2y,

V1 (0, 9,8) = L1 (Eoo Dy (w,w)), n20
wo(x,y,t) = 5t —x + 2y,

Wns1 (6,3, t) = L' (X0 En(w,v)) ,n =0

Co(v, W) = voxWoy,

Co(v,w) = X1, VixWn—iy

Do(u,w) = UoyWox,

Dp(u,w) = Z?:o WixUn—iy

Eo(u,v) = UoxVoy,

E,(u,v) =X, UixUn—iy

So the solution of above system of nonlinear
differential equations are given below

partial
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Y=o Um(x, t) = x + 2y + 3¢,

Y=o Vm(x,t) = x — 2y + 3¢,

Yo Wi (x,t) = —x+ 2y + 3t

Solution using HPM

Applying the convex homotopy method on the above

equations

Tospiiap? s = 14p (S +pSiap? ity
1 YCER L

Doty p? 2y =5 (e pty p2 oy
DY (B g e )

Dot plpp? Py =5 4p (Lot piipp2 iy

av, v v
) (6_;+p6_yl+p26_yz+ )
And comparing the coefficients of like powers of p and
applying initial conditions gives the solution as
u(x,y,t) =x + 2y + 3t,
v(x,y,t) =x —2y + 3t
w(x,y,t) = —x + 2y + 3t
Table 1: Summary of results obtained in example 1

x|yl t u=x+ vV=Xx- w=—-x+
2y + 3t 2y + 3t 2y + 3t

0/0]0 0 0 0
0.10.1j0.1 0.6 0.2 0.4
0.200.20.2 1.2 0.4 0.8
0.300.30.3 1.8 0.6 1.2
0.400.40.4 2.4 0.8 1.6
0.50.50.5 3 1.0 2.0
0.60.60.6 3.6 1.2 2.4
0.700.70.7 4.2 14 2.8
0.80.80.8 4.8 1.6 3.2
0.90.90.9 5.4 1.8 3.6
1]11]1 6 2 4

exact solutions

D e 1 1 1 1 1 1 1 1 1
u} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

t-axis

Figure: 1 Graph of Example :1

Sample Example 2

Suppose system of nonlinear coupled partial differential
equations [30]
ou(x,y,t)

ot + vewy, — VW, = —u,
v (x,y.t) _
ot + Wy, + uw, = v,
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aw(x,y,t)
.at - a,m agm
With initial conditions

u(x,y,0) = eXt¥

v(x,y,0) = e*™

w(x,y,0) = e *ty

Solution using LDM

Applying the Laplace decomposition method and then
applying initial conditions we get,

u(x,y,s) = %e“y + %L[vywx — VW, — u] ,

T UV F UV =W

1 _ 1
v(x,y,5) = <e* Y + - L[-wyu, — u,wy +v]
R S 1
wx,y,s) = e + - L[~uv, — uyv, + w]
Applying inverse Laplace transform we get,

- 1
u(x,y,t) =e**¥ 4+ 171 [;L[vywx — Wy, — u]]
- — 1
U(xvy; t) = ex Y + L ! [;L[_quy - uny + U]]

— — 1
w(x,y,t) = e ¥V 1 [;L[—uxvy — U,V + w]]

The recursive relations are
up(x, y, t) = ety

Uns1 (X, ), 1) = Lt EL[Z;O:O E,(v,w) = ¥5=0 Gn(v,w) —

un]] ,n=>0

vo(x,y,t) = e*7Y,
Vi (X, y,t) =

Bi2zo Hn it w) = Zg lnww]| , 120
wo(x,y,t) = e *tY
Wn+1(x' Y, t) =
1 Ll — B, v) = Zio Kau ]| 2 0
Where E,(v,w) , G,(v,w) ,H,(uw,w) , I,(u,w),J,,(u,v) , and
K, (u, v) are Adomian polynomials [9]
Representing nonlinearities arising in above system of non-
linear coupled partial differential equations. A small number
of components of above Adomian polynomials are given
below:
Fo(v,w) = vgy,Woy,
Go(v,w) = VoxWoy
Hy(u, w) = Woxlgy,
Io(u, w) = woyugy,

E,(v,w) = Z?:O ViyWn—ix
Gy,(v,w) = Zlnzo VixWn—-iy
Hp(w,w) = ¥, WixUn—iy
L(u,w) = XL, WiyUn—ix
Jow,v) = UoxVoy> Jn(u,v) = Xis, UixVn-iy
Ko(w,v) = UoyVox K,(w,v) =X, Uiy Vn—ix
So our required solutions are given below:

Tomo Un(x,y, 1) = ¥,

Z?lo=0 Un(x' Y t) =e
Z?lo=0 Wn(x' Y t) =e

x—y+t
1
—x+y+t

Solution using ADM
Define L(.) = % then apply the above condition on the

equations respectively we get,
Lu(x,y,t) = —u + v,w, — W,
Lv(x,y,t) = v — Wyl — U Wy,
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Lw(x,y,t) = W—u,v, — Uy
Define L71(.) = fot(. )dt then apply Laplace operator and
initial conditions we get,
u(x,y, t) = e*tv + L‘l(—u + vy Wy — vxwy),
v(x,y,0) = ¥V + L™ (v — wyu, — u,w,)
w(x,y,t) = e + LY (w—u,v, — uyvy)
The recursive relations are
Uug(x, y, t) = ety
un+1(x' 3z t) =
L Y(—u, +
Z;?:O Fn(v' W) - Z?f:o Gn(v: W)), nz=0
vo(x,y,t) = e*7Y
1]n+1(x' Y, t) =
L_l(vn -
2105:0 Hn(ui W) - 2105:0 In(ul W)) yn= 0
wo(x,y,t) = e ¥V
Wy (X, Y, 8) =
L_I(Wn - Z?f:o]n(% 17) - Z;.?:O Kn(u: v)),n =
0
So our required solutions are given below:
TneoUn (X, y, ) = X7+t
Y=o Un(x, y,t) = X7+
TrmoWa(x,y,t) = e ¥+
Solution using HPM
Applying the convex homotopy method

a a
%+p%+pzaai:+m=—p(u0+pu1+p2u2+~--)+
9vo , OV1, 2072 )(% owy 29wz ) _
p(6y+p6y+p 6y+ 6x+p6x+p 6x+ )
oy p2ypedty (B 0wy v,
p(6x+p6x+p 6x+ 6y+p6y+p ay+
)0 01, 20V

)6t+p6t+p 6t+ ) )

u, ou u

=Py +pvy + 7w, + ) —p (T2 +p T2+ p2 52 4
Y (2o 4oy Oy 2 O _(% ou
)a(ax-l_p%x-l_p aax+ 2 p 6x+p6x+

2042 4 ) (D Wy 20W2 o .
p ax+ )(0y+p6y tp 0y+ )

ow, ow ow;

o tpo St =p(wo +pwy +pPwy 4 ) -
Guo | 0w p0u Y (Ow O a v )
p(0x+pax+p 6x+ )(ay+pay+p ay+ )

Ouo 4 Ous 204 (%0 , 01, 202
p(ay+pay+p 6y+ )(ax+pax+p ax+ )
And comparing the coefficients of like powers of p and initial

conditions we get the solution as

u(x’ y’ t) — ex+y+t’

v(x,y,t) = e* V¥,

W(x, v, t) — e—x+y+t

Table 2: Summary of results obtained in example 2
X Y T 1 extytt z exXytt :, e Xtytt

0 0 0 1 1 1
0.1 {01 |01 | 1.349859 1.105171 | 1.105171
0.2 {02 |02 |1.822119 1.221403 | 1.221403
0.3 | 0.3 | 0.3 | 2.459603 1.349859 | 1.349859
04 (04 |04 | 3320117 1.491825 | 1.491825
05 |05 |05 | 4.481689 1.648721 | 1.648721
06 | 0.6 | 0.6 | 6.049647 1.822119 | 1.822119
0.7 {07 | 0.7 |8.166170 2.013753 | 2.013753
0.8 [ 0.8 | 0.8 | 11.023176 | 2.225541 | 2.225541
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09 |09 |09 |14.879732 | 2.459603 | 2.459603

1 1 1 20.085537 | 2.718282 | 2.718282
exact solutions

25

20+

Uy W

(e

u} 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t-axis

Figure: 2 Graph of Example 2

4. CONCLUSION

In this paper, Laplace decomposition method is applied to
solve non-linear coupled partial differential equations bu
using the initial values. Two examples are solved to explain
the method. These examples are also solved by Adomian
decomposition method and Homotopy perturbation method.
In all these methods we obtain the same exact or approximate
solutions. The results of these examples tell us that all these
methods can be used alternatively for the solution of Higher-
order initial value applications.
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