Sci.Int.(Lahore),28(1),31-35,2016

ISSN 1013-5316; CODEN: SINTE 8 31

SOME WEIGHTED INEQUALITIES OF HERMITE-HADAMARD TYPE FOR

GEOMATRICALLY-QUASI CONVEX FUNCTIONS ON THE ARGUMENTS

Wajeeha Irshad’, M. A. Latif?>, M. Igbal Bhatti'
!Department of Mathematics, Univarsity of Enginering and Technlogy, Lahore, Pakistan.
2School of Computasional and Appllied Mathemetics, University of Witwatersrund, Privatte Bagge 3, Wits 2050, Johsannesburg,
South Africa.
Contact: Wajeeha Irshad, wchattha@hotmail.com
ABSTRACT: In the present paper, the concept of geometrical quasi convex functions on the argument is instigated. By using
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1. INTRODUCTION
An operation f:L < R— R forenamed as convex in a
classical touch [1], if this lack of equality

floe+ (1 —0)k) <of(e) + (1 —a)f (k)
exists for every e, k € L and o € [0,1].
Indeed, a vast literature has been registered on inequalities
utilizing traditional convexity, but one of the most celebrated
is the hermit-Hadammard inequality. This double inequality is
broadcast as succeeding :
Authorize f:L € R — R to be a function and p, w € L with
u < w. Then f isconvexon [y, w] if

£ (M) < Y feyde < LD (1)

2

It is well-known that notion of quasi-convex functions as
given in the definition below, which generalizes the notion of
convex functions. Evidently, every convex function is a
quasi-convex function.
Definition 1: A function f:L < R - R aforesaid as
quasi-convex if
flop+ (1 —o)w) < max{f(w),f(w)} )
exists for all p,w € L and ¢ € [0,1].
In what follows, we will consider I = [m,b] and J =
with m < b and ¢ < d.
Definition 2 [2]: A function f: 4 — R is aforementioned to
be convax over arguments on
A in case that partial mappings fi: 1 - R, fi.(w)
and f:J->R , f,(v)=f(e,v) are
denominate forevery e € I, k € ].
Remark 1 [3]: It is clear that if a function f:4 - R is
convex over arguments on A. Then
fle+ (A —0)zpk+(1-pw)

<opflek)+a(l—p)flew)

tp(1=0)f(zk) + (1 -0)(1 - p)f(z,w),
holds for all (o,p) € [0,1] x [0,1]and
I, k,wel.
It is well-known that every convex averaging f:A — R is
convex on the arguments, but counter pole may not permitted
to be accurate [2].
The upcoming inequalities of Hermmite-Hadammard sort of
augmented convex functions on the rectangle from the plane
R? were settled in [5].
Theorem 1: Pretend f:4 — R to be argumented convex on
A,[4] then

[c,d]

=fwk)

convex Wwhere

e,zE€

<m+b c+d)
2 2

< s (e5%) de + 077 (357 ) i

1 b rd
<T@, | e

b
< % [ﬁfa [f(e,c) + f(e d)]de

+—j [f(m, k) + f(b, k)]dk

f(m ¢)+ f(m,d)+f(b,c) + f(b,d)
4
The raised inequalities are sharp.
Definition 3 [5]: A action f:4 € (0,0) X (0,00) - R is
geometrically quasi-convex on A, with m < b and ¢ < d if
flpe + (1 —p)z,pk + (1 — p)w)
< max{f (e, k), f(e,w), f(z, k), f (z,w)}

holds for all (e, k), (z,w) € 4 and p € [0,1].

(3)

2. WEIGHTED INEQUALITIES FOR ARGUMENTED
GEOMETRICALLY QUASI CONVEX FUNCTIONS
Now we will introduce the definition of the geometrically
quasi-convex functions.
Definition 4: A activity f:4 < (0,00) X (0,0) > R is
geometrically quasi-convex on the arguments on A, with
m<band c<d if
f(etzl_t, kpwl—p)
< max{f (e, k), f(e,w), f(z, k), f (z,w)}
holds for all (e, k), (z,w) € 4 and A € [0,1].
and
f(pe + (1 = p)z,pk + (1 — p)w)

< f(ePzP, kPwl=P)

< max{f (e, k), f(e,w),f(z, k), f(z,w)} (4)

We will use the following notations, in regard of amenity

1+t 1-t 1+s 1-s
P () = mzbz Wo(s)=czdz,
1-s 1+s
Q(t)—msz ,(s)=czdz.
To obtain ou principal emanation, we first establish the
following weighted identity.
Lemma 1: Suppose that f:4 < (0,00) X (0,0) - R has
second order partial derivatives on A° and I xjJc A°. If
h:I x ] — [0,00) istwice partially differentiable mapping and
fis € LI X J), then the upcoming identity exists
®(m,b,c,d; f,h) = h(m,c)f(m,c)
—h(m,d)f(m,d) — h(b,c)f(b,c) + h(b,d)f (b, d)
+ [ hye(m, ) f (m, k) dk — [ i (b, ) F (b, k) dk

b b
—J h.(e,d)f (e, d)de +J he(e,c)f(e,c)de
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+ [ I hei(e, kO f (e, k) dlede

B (Inb — Inm)(Ind — Inc)
B 4

<|[ [ @m0,
S0, (5 s

3 N REACTRCTEXORRE)
X fis(21(8), () )dsdt

v 1 | O, (0, 2,()

X fts(llh (), 02, (5))d5dt
+I L 2(02,()R(2,(0), 2,(5))
X fis(21(), 2,(5))dsdt].  (5)

1+t 1-t
Proof. By switching of the variables e=az2 b2 , k=

1+s 1-s

¢z dz and by integration by parts with respect to k and
then with respect to e, we have

S N RZCTRSTROIAD)
4 0 Jo

X fes (W1 (), 2 (s) ) dsdt
= [ [ h(e, k) fu (e, k) dkde
= h(Nmb, Ved)f (Vmb, Ved)
—h(m,ved)f (m,Ved) — h(Vmb, c)f (Vmb, c)

Ved
+hm )+ [ hyGm)fom )y
- fcm hy(Nmb, k) f (mb, k) dk
Vmb
[ heleNa@)s (e Ved)ae

m

+ fﬁ h. (e, c)f (e, c)de

Vb e
4 f f hoi(e, K)f (e, K)dkde. (6)

Similarly, we obtain
— _ 1 1

(Inb = Jom)nd = Inc) [ [ 20wm@.0.5.6)
4 0 0

X fts(ﬂl(t)' P, (S))dsdt
= h(b,Ved)f (b,Ved) — h(b,c)f (b, )

_h(mb,ed)f (b, Ved)
+h(vmb, c)f (Vmb, c)

Ved
—f hi (b, k)f (b, k)dk

+ fcM hy(Nmb, k) f (mb, k) dk
_ fb he(e,Ned)f (e,Ved)de
vmb

+ f\fm—b h.(e,c)f (e, c)de

b Ved
+[ [ hateredede @)
vmb Jc
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(Inb — Inm)(Ind
4

—l 1 1
ne) | [ v©02.0mrw.0.0.0)

X fts(lpbl(t)l Qz(s))det
= h(¥mb,d)f(vmb,d) — h(m,d)f (m,d)
—h(Vmb,Vcd)f (Vmb,Vcd) + h(m,Ved) f(m,Ved)

Ved
- f he (Vmb, k) f (Vmb, k) dk
’ Ve
+ f e (m, k) f (m, k) dk
E
—f he(e,d)f (e, d)de
W m
+ f h (e, Ved)f (e, Ved)de

vmb ,d

N f L_hek(e, K)f (e, k)dkde ~ (8)
m cd

and

(Inb — Inm)(Ind
4

_1 1 ,1
ne) j f 2,02, ()R(2:(6), %5(5))
0 0

X fi5(24(£), 2,(s))dsdt
= h(b,d)f(b,d) — h(b,Vcd)f (b, Vcd)
—h(vVmb,d)f(Vmb,d) + h(vmb,Ved) f (Vmb,Ved)
da

d
- f hy (b, k) f (b, k)dk + f hi(Vmb, k) f (Vmb, k) dk
ved , ved

—f he(e,d)f (e, d)de
vmb

+ j " ho(e,NGd)f (e, ed)de
vmb

b a
+ f f ho(e, ) f (e, K)dkde.  (9)
v Jvea

Adding (6)-(9), we get the wanted identification. This
accomplishes the proof of the Lemma.
Lemma 2: Pretent u, v> 0, n,e € R and n # 0. Then

1 1
(wvien) = [ (1—euz v dt

1 1

275 (" vl

vz "uzL(ul,v uFv
n(Inu-Inv) + ™, v"), v,

{rev;nu;[L(u”,v")u"]

u[1-(1-€)?]
k 2€ ! . i i
where L(u,v) is the logarithmic mean

T u#v,
Inv—Inu
L(u,v) =

u, u=nu.
Proof. The proof follows by integration by parts.
Theorem 2: Permit f: 4 € (0,) x (0,0) - R be a twice
partially differentiable mapping on 4° and Ix ] c A°. If
h:I xJ - [0,0) is a twice partially differentiable mapping
such that f,, € L(IxJ) and |[fi|? is geometrically
quasi-convex on the arguments for g > 1, then it authority
the inequality:

|®(m, b, c,d; f,h)| < (Inb — Ina)(Ind — Inc)|| Al

x{¢ (mb0,5)¢ (c,d; 0,5) My ()
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1 1
+ (m,b; 0, _E> ¢ (c,d; 05) My(f)
1 1
+¢ (m,b; 0, —%) ¢ (c, d; 0, —%) M4(f)}, (10)

lAllo = sup h(e,k) and
(e,k)EIX]

prescribed in Lemma 2, and
My (f) = max{|fs(Vmb,Ved)|, |frs(Vmb, c)|,
|fes(m,Ved)|, Ifes(m, )1},
My(f) = max{|fis(Vmb, Ved)|, |fes(Vmb, c)|,
|fis(b,Ved)|, Ifes (b, O},

M;(f) = max{|f,s(Vmb,Vcd)|, |f.s(Vmb, d)|,
|fis(m,Ved)|, Ifes(m, d)[}

M, (f) = max{|f,s(Vmb,Vcd)|, |fis(Vmb, d)|,
|fis(b,Ved)|, Ifis (b, D)}

Proof. From Lemma 1, we have
(Inb — Inm)(Ind — Inc)||h|l
|®(m,b,c,d; f,h)| < 2

1 1
[ [ #: @) lfipr0,:) s
0 0

where {(u,v;e,m) is

and

X

1 1

+ [ [ 00Ol 0,52 asae
01 01

+ [ [ 00,62 0,2,))asae
0 0

+ f f rzl(t)rzz(s)|fts(nl<t),rzz(s))|dsdt]. (11)
0 0

Now by using Hoélder’s inequality for double integrals and by
the geometrically quasi-convexity of |f.;|? on the arguments
on I xJ for g = 1, we acquire

fol fol ¢1(t)¢2(5)|fts(¢1(f). Y, (S))|dsdt
< (I3 13 s ©pa(s)dsae)
% (I 0 %2 fes(r ©,2) | d)’

< (fol J: ¢1(t)¢2(s)dsdt)1_a

1 1 l
X(Mq(f) f f Mt)zpz(s)dsdt)q
0 0

1 1
< {(m,b; O’E) ¢ (c,d; 0,5) M, (f).
Correspondingly

fol folﬂl(t)IPZ(s)'ffS(Ql(t)'¢2(S))|d5dt
BN A
J: fol lpi(t)ﬂz(s)|ft5(lp1(t)’ Qz(S))|det

<¢(mb; 0%) ¢ (c.ds0, —%) M5 (f)
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and
Jy Iy 21000509 fes(2:.(8), 25(s)) | dsdt
1 1
= <m, b;0,— E) { <c, d; 0,— E) M, (f).

Using the above four inequalities in (11) and by resolution, we
get (10) and proof is completed.

Corollary 1: If we consider h(e k) =
(e,k) € I xJ in Theorem 2, then

|<D (m, b,c,d;f,

1
(Inb-Ina)(ind—Inc)’

1
(Inb — Ina)(Ind — 1nc))|
<{c(mb;03)¢(c.d;0.3) My ()

1 1

+¢ (m,b; 0,—5) ¢ (C,d; 0;§> M, (f)
1 1

+ (m,b; 0,5){(c,d;0,—§> M;(f)

+¢(mb;0,-2)¢(c.d;0,-3)Mu(P).  (12)

Theorem 3: Suppose f:4 < (0,0) x (0,0) > R be a
twice partially differentiable mapping on 4° and I x ] € A4°.
Further let h:Ix] —>[0,00) be a twice partially
differentiable mapping. If fi, € LU x]) and |fi]|? is
geometrically quasi-convex on the arguments on [ x ] for
q > 1, then we have inequality of the form:
|®(m, b, c,d; f,h)| < (Inb — Ina)(Ind — Inc)||hl|
1

4 a4 1 4 1 1 1_5
X [( <mq—1,bq—1; 0, 5) ¢ (C‘H,dq‘l; 0, 5)] M, (f)

1

AR 'S IR It
+ ((mq-l,bq-l; 0, _E) ¢ <Cq‘1,dq‘1; 0, E)] M, (f)

T2 a a4 1\]"
+ ((mq—l,bq—l; 0,—) { <Cq‘1,d‘1‘1; 0, —5>] M3(f)

2

4 _a 1 a4 a N
+ ((mq—l,bq—l; O,—E>(<C‘1‘1,dq‘1: Q-;)] M, ()

(13)
{(w,v;em) s

—_—

where sup h(e, k) and

IRl =
(e,k)eIx]
characterized in Lemma 2.
Proof. From Lemma 1, we may write
(Inb — Inm)(Ind — Inc)||h||

4
[ [ @)1 r0,:) asa
0 0

|®(m, b, c,d; f,h)|

X

+J j 91(t)1/)2(5)|fts(~(21(t):1/’2(5))|d5dt
01 01
+ f f Y1 (O2(5)|fis (1 (0), 2,(5))|dsd
[ nl(t)nz(s)lfts(nl(t),nz(s))ldsdt].(14>

Now by using Holder’s inequality for double integrals,
Lemma 2 and by the geometrically quasi-convexity of |f;s|9
on the arguments on I x J for g > 1, consequently we have

[ [ #0800, 052 asae
0 0
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1 r1 q_ 1-=
= i-1dsd
[ f f (2 (O (5))7Tds t] |
1,1 1
x U J- |fes (1 (t),¢z(s))|qudt]q
0 Jo

I T | @ a1 1‘%
< [{ (mq—l,bq—i; O,E)((cq—l,dq—l; 05)] M, (f).

In addition

[ [ a@wol@@p.o)dsa
0 0

1,1 q_ 1--
f (2, Oy, (s))q‘ldsdt]

1
(Q1(t),¢z(s))|qudt]q

4 _a_ 1 a _a 1\itq
< [( (mq—i,bq—l; 0,—E)Z(Cq‘1, da-1; O'E)] M, (f),

f f D1 (02| fis (1.0, % (5))|dsdle
0 0

< [ fo ' fo ' (wl(t)ﬂz(s))%dsdt] K

1

x[ fo fo Ifts(wl(t),nz(s))|qudt]q

I B | 4 _a 1 1‘%
< [( (mq—i,bq—l; O,E)K(C‘H, da-t; 0,—5)] M3(f),

equivalently

1 1
j f 2,(002,(5) |fes (21(0), 25(5) ) | dsdt
0 0

= [fol fol (91(t)92(s))#dsdt]

1

[ Vislon @, 000" asae
0 0

<

@ a4 ) 4 _a N
[( (mq‘l,bq‘l; 0,—;)5(“‘1,61‘7‘1: 0,—5)] M, (f).

Using the above four inequalities in (14) and simplifying, we

get the required inequality (13).
Corollary 2: If we take h(e k) =

(e,k) € I x ] in Theorem 3, then

1
|(D (m' b' & d' f' (lnb—lnm)(lnd—lnc))|

1

(Inb—Inm)(Ind—Inc) '
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[( (mq T i 0, —-)((eq T da-1; 0, ——)]1__M4(f)} (15

)
Theorem 4: Consider f:4 < (0,0) x (0,0) - R to be a
twice partially differentiable mapping on 4° and I X J € 4°.
Further let h:Ix] - [0,0) is a twice partially
differentiable maapping. If fi, € L(I xX]) and |f,|? is
geometrically quasi-convex on the arguments on I xJ for
q>1 and g=r=>=0, then we attain the following
inequality:
|[®(m,b,c,d; f,h)| < (Inb — Inm)(Ind — Inc)||h||»
{ g-r g-r 1] ar g 1\
<ile(mrprsog)e (o)

Q-

1

N [( (mr,br; 0;) ( ",d"; 0 ] My (f)
q-r

0o (Fato )
X [{ <mT, b";0,— %) 4 <Cr’ dr; Oé)]q e

1

+[Z( Z :bg . .0, )((cg,d%.o _%)]1_5
rwades-Yuc

a-r 4-r 1 a-r a-r 1 1—5
o0~ (@Fa o)
1

x[¢ (mr,b730,—3) ¢ (" a7 0, ;)]5} M, (f),(16)

where ||h|lo = sup h(e, k) and {(u,v;en) is defined
(e,k)EIX]
in Lemma 2.
Proof. From Lemma 1, it follows that
(Inb — Inm)(Ind — Inc) || h||
|®(m,b,c,d; f,h)| < 2

(O)2($)| fes (W1 (1), P2 (5)) | dsdt

4 j j 0,(02,(5)|fos (210, 2,(5)) | dsdt
0 0

+ [ @062 0,0,6))ase
0 J0
+1y Jy 2100 fis (216, 2,(5)) |dsdt | (17)

Now by virtue of geometrically quasi-convexity of |f;s|? on
the arguments on I xJ for ¢ > 1, Lemma 2 and by the
Holder’s inequality for double integrals, so got in hand

fol fol 1/’1(t)l/)2(s)|fts(l/)1(t),1/}2 (S))|dsdt
< (5 1 @Oty dsde)

1

x( [ (¢1(t)¢z(s))r|fts(¢1(t),lpz(s))r’dsdt)q
0 0

< [e (655 0. (a0 )
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1
Similar|;< o 0%) ¢(en.ano %)]q M (f).

[ [ a0wol@@p.o)dsa
0 0
Lot
< ( [ 1 | 1 (nl(t)wz(s»%dsdt) ‘

101 i
X(f f (ﬂi(t)lpz(s)) |fts(ﬂ1(t)'¢z(5))|qudt)

4T q-T 1 [ e 1—%
< [ (50 -2)¢ (450 )

<[e(mrri0.-5)¢(enamo %)]% Ma(f)
fol fo Y1 (D2(5)|fes (1 (6), 22()) | dsdle

_r 1-1
< ( fo ' fo ' (wl(t)ﬂz(s))Zqusdt> !

tt . a
X(f f (wl(t)ﬂz(s)) |fts(¢1(t):ﬂz(5))|qudt)
0 Jo

q-r q-r q-r

qa-r gq-T q-r  gq-T 1-
< [( (mq—1' ba-1; 0,%) ( (Cq—l' da-1; 0, — %)] a
1

oo 2)e(earo- B o

and

f f 24005 )|fis (24 (0, 2(5)) | dsdt
0 0

1,1 q-r 1_%
< 0,()02,(s))4 1dsd
<(f0 J;( (02,(5)) s t)

1 1 aq
x( f j (nl(tmz(s)ﬂfts(nl(t),rzz(s))|qudt)q
0 0

q-r q-r q-r

| =
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