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ABSTRACT: We consider the Schrddinger operator with electromagnetic potentials

2
H= 2‘,};1% (ia,. + bj(x)) +V(x)in L*(R™) where b;(x),j = 1,2, ...n and V (x) are real-valued functions on R", V €
Lioc(R™), b € C*(R™), 0; = aixj ,and i =+/—1. We investigate the convergence of the function ¥ (¢t,x) in L?(R™) which

is defined by

Y(t,x) = [ dut(w) {exp[—i fot b(w(s)) dw —%ifot div b(w(s)) ds — fOtV(w(s)) ds]}e(w(t)) (1)

,and we research its analytic in the space L?(R™)

Keywords: Schrodinger operator, electric potential, magnetic potential, Feynman-Kac- Ito formula.

1. INTRODUCTION

The study of self-adjoint differential operators on Hilbert
spaces is a central problem in the theory of partial
differential operators.

Kato [4] showed on the basis of his elegant inequality that,
if V(x) = 0and V € L?,,, then the Schrédinger operator
is essentially self-adjoint on the set of infinitely
differentiable finite functions.

Gaysinsky, Goldstein[3 ] proved theorems of self-
adjointness of the operator H = —A + V and its powers HP.
Aliev and Eyvazov [1]they showed that the Schrddinger
operator under certain conditions Stummel type, imposed
on the magnetic and electric potentials is an essential self-
adjoint operator. K. U.Noor, H. S.Yahea in 2015[10]: they
proved that the function ¥ (t, x) in L?(R™) which is defined
by

Yt x) = [ dut ()exp[- [, V(w()) ds]}o (@ (©)

is converges for almost every V where V is any real-valued
function and discuss analytic of this function.

The first steps to proving that an operator H essential self-
adjoint by using Feynman -Kac- 1t6 formula which the form
(1) converges, analytic and smoothness. Many papers
interested in the self-adjoint operators, we refer to[6-9].

In our work, we consider Schrodinger operator with
electromagnetic potential
H = ¥ (0 + b)) + V),
V:R™ — R is the electric (scalar) potential, b: R™ —» R™ is
the magnetic (vector) potential where x € R", 9; = aixj
v/—1, and the domain of H denoted by D(H) which is a
dense subset in L?(R™). We will show the necessary
conditions which make the equation (1) function is
convergent and discuss its analytic in the space L?(R™), and
we used some important theories such as Faynman-Kac-1t6
formula [2] also used the Wiener integral and It stochastic
integral to simplify some of the integrals i.e

exp(—tH) (x,y) =

fdufc,y(w){exp [—i fot b(w(s))dx —

%L’ fot divb(w(s)) ds — fot V(w(s)) ds]},
exp(—tH) ¢(x) = [ dp(w)

{exp [—i fot b(w(s)) dw — % i fot divb(w(s)) ds —

fy V(@) ds|} o),

li:

for every ¢ € D(H), where b(w) is twice continuously
differentiable vector field on R™, and divb = }7_; 9;b;.

fotb(w(s)) dw denote the It6 stochastic integral of b(w)
with respect to n-dimensional Wiener process w(s),0 <
s < oo,
2. Statement of the problem and the main result:
Convergence of the basic integral (the function ¥ (¢, x))

We will consider a random function V(x) of the
following form: let [1_;(a1q4, aoq), [1G=1(a24, a14), - be
a system of intervals, lim,, ,,a,; =0, 1<d<n;
suppose that every interval [T5-;(a@ma, @m-1)q) is divided
into N(m) equal intervals [17_;(aj ma » @j—1,ma); 1€t Vj 1 (x)
be an infinitely differentiable function which is equal to
zero outside the interval
HZ=1(_£md Nm)™, g N(m)_l) where
A(m-1)a — Amga, and let V(x) be a random function which
is equal to

vj—l,m(x = (@j-1,m1 Aj-1m2s -+ aj—l,mn))fj—l,m

+vj,m(x - (aj,ml' aj,mz' e aj,mn))f]’,m (2)
on the interval [T4-1(a;ma @j—1.ma), Where &, is the
system of independent random variables. We will show in
this section that, under definite restriction of the values ¢; ,,,
and under the condition of sufficiently quick tending of
N(m) to oo.
We will suppose that the values ¢&;,,have Gauss

distributions with the densities
2

Cma =

—X

ezﬁj.md

Pjma(X)= , Where B ., are constant, f;mq < .
Znﬁj,md

We will suppose the function v;,, to be smooth,

Mj_m:max|vj_m|, M(m) = max; M; ,.

The basic assumption on the value N (m):

N(m) = exp(6m?*M(m)?), where § > 0 is constant.

Also consider a random function [ b(w(s)) dx denotes
the 1t6 stochastic integral of b(w) with respect to n-
dimensional Wiener process w(s),0 <s <o of the
following form: Let P = {0 = ¢t, <t; < < t; =
T} be a partition such that
b(t) = b fort, <t < tgy(k =0,...,1-1, is a step
process then 1té stochastic integral of b(w) with respect to
n-dimensional Wiener process w(s), 0 < s <o on the
interval (0, T)

Jy b(w)dw = T2 b (tysr) — 0(te))
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Proposition 2.1:
The function

Y(t,x) = [dul(w) {exp [—i fotb(w(s)) dw —

%i fot div b(w(s)) ds

_ fOtV(w(s))ds]} o(w),

converges for almost every V, b and represents a bounded

intergrable function of a variable x.
In addition:-

Pt x) | < B V). exp( ) EB(t,V) < 4+
where supp pc[—a, a]™ ,Where ﬁ < 400 is constant.
Proof:

E [ dpk(w) {exp [—i fot b(w(s)) dw —
%ifot divb(w(s))ds — fot V(cu(s))ds]}] p(w) =

[ dut (w).E, {exp [—i fotb(w(s)) dow —

%ifot divb(w(s))ds — fOtV(w(s))ds]}] p(w). (2.1.1)
Then from [5] we have

w=v +§b.b +§i(divb).

Thus we have

—%i(div b)—V = —W+§b.b (2.1.2)
Substitute the equation (2.1.2) in (2.1.1) we get

[ dut (w).E, {exp [—i fotb(w(s)) do +

%fotbz(w(s)) ds — fOtW(w(s))ds]}tp(w)

= [dul (w).E, {exp (—i fotb(w(s))) da)}

X E, {exp G fot b?(w(s)) ds)}

X E, {exp (— fot W((u(s))ds)} o(w)

= [duk, (), X I, X I3} (w)
Now

I, = E, {exp (—i ftb(a)(s)) dw)} =

B {exp( EThh bie X (0(tien) — 0(8))}

= T2 B foxp (- iy x (@(tsn) — 0(8))},
(w(tk+1) — w(t))~N (0, tips — ty)

Write E, {exp ( by X (@ (1) — w(tk)))}

_7("2)
2(fk+1 tk)

(x— 0!)

(2.1.3)

_ J<c>o (-ibkx(w(tk+1)—w(tk)))

Venttento 0T
eXp(M X b2,
L —exp( e O(t’”ziltk)xb )
So
I, = E, {exp (lftbz(w(s)) ds)}
I, =E, {exp(Zk X—(t’”; tk))}.
And
Jy W(w(s)) ds=%, X N(m)fl(wm])W(w(s))ds, (2.1.4)

where I(w,m,j)={s €[0,t]:w (s) € [13=1[ajma> @j+1,ma)}-
If s €l(w,m,j),then

W(w(S)) = fj,m Wj,m (w(s) - (aj,mliaj,mZ' "'”aj,mn)) +
$irtm Wirim (@(8)—(Qjs1.m1r Qjs1,mzs e rr Ajr1,mn))s
hence

fl(w m, j) W((JJ(S)) ds_ﬂ]m ((U) fj mt ”]+1m ((U) €j+1,m1
(2.1.5)
Where
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.u-j',m: fl(w,m,j) Wim ((J)(S) - (aj,ml! Ajm2r s aj,mn))
ds,
ﬂj'{l-l,m:f,(m‘ m,j) Wj+1,m ((A)(S) -
(aj+1,m1' Ajr1,m2r > aj+1,mn)) ds,
t
fo W((JJ(S)) dS:Zm Zj /lj,m Ej,ma

/lj,m: #;‘,m + #j'l-l—l,m'
We now calculate the mean value of the expression (I5)
over potentials W

t

I; = E, (exp(— Jy W(w(s)) ds))
= [ [T} Exexp (- ~Him §im )

—X

Write E, (e #) = [ e#x € 2ﬁ/ dx = exp(E u?),
o J2nB 2

2
if £ has the density of distribution eﬁ/

J2np

Hence
I; = E, (exp(— ftW(w(s)) ds))
exp (BZm Z1 i m (@)

we estimate the value u ],m(w) as follows:

HUim
Siorm, 1y Wim(@(S) = (@1, @jmzs s B mn)) ) ds <
M (M) (@),
where
M(m) = maxx,j|wj,m(x)|,
Tjm(w)= f[(a),m,j) ds =Al(w,m, j),
A is the Lebesgue measure. Similarly, the estimate of the
values M,+1m(w)- Further,
Ym2jTim(w) =t
Now we can write:-
E, (exp(— fot W(w(s)) ds) <
exp (B T M(M)? 5, T2 (@), (By=const);  (2.1.6)
[ tm(@) dpe(@) = 15 2y m(@(s2))ds1 S5 2jm
(w(tSzg)dSz] dpy ()
=2 fo Ji, Jdsz dsi xjm (@(1)) Xjm (@(s2)) dpe()

=2 f; fstl[ JI p(xx1, 51) p(x1.%2,8, — 54) Xjm(x1).
Xj,m(xz)dx1dx2]d51d52

= dx,dx
fl'l’,}:ﬂaj,md»ajﬂ,md) fng=1[aj,md»aj+1,md) 1522

¢ ¢ —(x—X1)2/251 e~ (x1-x2)%/2s7
X1/, dslf ds,*
V2. 1/2n(sz—sl

< const Hd 1(a]+1 md a] md)_ N(m)"'
where x; () is the indicator of the set
H:il:l[aj,md! aj+1,md)x ¢ = const, Levt O'],m:{(‘): sz,m(w)
> s} where € = £(m).Then, by the Cebyéev inequality,
Y S 7 [ (@) dw < e IN() ™
Put Qm=U; Q,_m and write
UQpy < N(m) max; p(Q;,,)= ce *N(m)~ b,

To estimate the integral at the right side of (2.1.6), we first
consider finite summation by m at the exponent. Let
m =1,2,...,g. By the Holder inequality,

March-April



Sci.Int.(Lahore),31(2),303-308,2019
J exz?(Z 10m (0)) dpu(w) <

1
51eslJ exp (@O (@) du(w)] "
where ar'+. +agt=l, aj > 0. Put ,,(w)=

Mrzn Z] ],m(w) am=C m
where ¢ = c(9)=X9 _, m‘z. Write

[ exp(@mOm(@)) du(@)=[, exp(@mbm(@)) du(w) +
Luq,, €XP (@b () dp(w);

Jra,,, €XP (@O (@) du(w) <

Lq, exp(By cm? M(m)? T117 102 (0)) dpa(w), (2.1.8)

if x € cQ,y, then 77, Tim(@)

2.1.7)

< ¢, therefore, 7; ,(w) < e%,
< Tjm(w),
Y tim(w) < €ZZT]m(a)) <ert. (2.1.9)

So, if we put e(m) M(m)~*m™*, then we get from (2.1.7),
(2.1.8) that

)., €xP (@B (0)) du(w)< exp (Byct) (2.1.10)
further, if t < 1, then 3, 7, () <1, ¥ 1/ (w) <
Xim(w) <t
Jo,, €xP (@b (0)) dp(w)< u(Qp)
exp(By cm? M(m)?>t)
<c (s(n))_l(N(m)) exp(B; C M(m)?t). (2.1.11)
According to our assumption, N(m)= exp(§m?M (m)?).

Hence, it follows from the estimate (2.1.11) that for ¢t small
enough

fﬂm exp(a, 0, () du(w) < ¢,  (21.12)

where C; is a constant. We now conclude from (2.1.9),
(2.1.11) that

[ exp (et (1)) du(x)] /em < exp (C; m™2), (2.1.13)
where €, is constant. Substitute the estimate (2.1.13) into
(2.1.7) and pass to the limit as g— o. We get

Ef[S dpl {1 133} < +oo.

~(n-1)

In similar way we can show that, if |y| < «, then

Ex{f dﬂ;tc L. L. 13}} <p.

exp (_( ;(10 (tk+1 t) (b ) )) exp (( l=1 (tk+1 tr) (b ) ))
(x-a)? (x—a)?

exp (-5 = v exp (- 25)

,Where 8 < +isa constant

Hence, if ¢ € Cg° and ¢(y)=0 for |y| > a, then we have

Ex{f du (){L. 1. 13}}(p(a)(t))
=Eylf dy {J duty (). 1 15}

- —7)2
QW) < Boexp (-5,
where § < +oo is constant. Now the Fubini theorem
implies the above assertion. O
Corollary2.2: Let us consider the function ¥(t, x) which

define in equation (1) then we have the estimate

E(1P(60)]*) <

M . exp(Zich —(tiess — ti) (bi)?) - exp( @)
where M < +oo0 is constant.

Proof :

By using the equation (2.1.3) we have
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Ex(¥(t,x)%) =
[f dut (o). B {exp (=i f, b(0(5)) do}
{exp( f b?(w(s)) ds)}
X Ey {exp (— fo W(w(s))ds)} <p(w)]2

= [ 2, (). B fexp (=21 [} b(r())) dv } x
E, {exp (fOZt b%(y(s)) ds)}
x Ex{exp (=2 [ W(¥())ds)} o 0)

= fd.uazc,ty WL 33 (),
by the same method in proposition (2.1) we get the
following

E[ du2t (w){I.1,.13}} < +oo.

In similar way we can show that, if |y| < «, then

E S duZt (DL 13}} < M. exp(Ticy —2(tyesn —
tk)(bk)z)-

exp(Zhizh (tees — t) (b)?) - exp (—

(xttx))zM

)

exp(Zhh —(tisr — ) (Bi)?) exp (-
where M < +oo is a constant.

Hence, if ¢ € C5° and ¢(y)=0 for |y| > a, then we have
E{[ dut (-1 13} (r (£))
=E [, dy {f du3, (I LY. o)) <

_ (x—a)
M .exp(Tilo —(trsr — ) (br)?). exp( %),
where M < +oo is constant.
This mean that
Ex(lllu(t: x)|2) <

- (x—a)?
M. exp(Thh — (tess — ) (B)?) - exp (—52)

where M < +oco is constant.
3.Analytic Extension of ¥(t, x) by the Parameter t into
the Domain Ret > 0

To investigate properties of the function ¥ (¢, x), we
define its analytic extension into a certain complex domain
of the variable t. First, we consider the Schrodinger

operator H = Z;’zl % (i0; + bj(x))* + V(x) where x € R",
b; (x) j= ,n and V(x) are real-valued functions on
, 0; = — i = V=1 defined on a finite interval [a, 5]

with zero boundary conditions, where V (x) is some
continuous function defined on [a, $]™. By the Feynman-
Kac formula, if ¢(x) is a continuous function on[a, 81",
then

exp(—tH) ¢(x)=

[ [ [ duty (@)X pp (@) [exp (—i Jy b(w(s)) dw —

%ifot div b(w(s)) ds — fOtV(w(s)) ds)}] p(y)dy.

Let us take the advantage of the following known
arguments by the Hilbert-Schmidt theorem, exp(—tH) is an
integral operator with the kernel

exp(—tH) (x,y) = Zme ™ o (em(), (3.1.1)
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where ¢4, @5, ..., is a complete orthonormal system of
eigenfunctions of the operator H,
Hp, =E,0,, m=1.2,..
on the other hand,
exp(—tH) (x,y) = [ duf ()
X{a,pn€Xp[—i fot b(w(s))dx + %fot b*(w(s)) ds —

t
N W(w(s))ds],
the functions ¢,, (x)are continuous, the series (3.1.1)
converges uniformly and the correlation

f[a,ﬁ]n dx exp(—tH) (x,x) = Y e Em  (3.1.2)
takes place; in particular, the series (3.1.2) converges.
Put now t = 7 + i6. Write
mle " men () m ()|
< X €7 @ () om ()]
< [Zm e |9 (017172 X [T e "Bl ()11 V2
=[exp(=tH) (x.x)] 2 X [exp(~=TH) (3, )] /2.
Hence the series (3.1.1) uniformly converges for x, y in
[@,B]", t=714+1i0, T =1y > 0.Thus exp(—tH)(x,y) is
extended up to an analytic function of the variable t in the
indicated domain.
Let us return to the case of the potential V under
consideration.
Lemma 3.1: Let ¢, h € Cy°be given, h=0in a
neighborhood of the point x=0. Denoted by L?(R™, dV), the
set of square integrable functions (in the sense of the mean
E).
Put

F(t,V)=[. ¥t x)h(x)dx.

Then F(t,V) € L2(R™, )f or every t > 0and mapping

t - F(t,V) € L>(R™ dV) can be extended up to an analytic

function in the domain t = t + i6, T = 7, > 0 with values
in L2(R™, dV).

Proof:
We check that F € L2(R™, dV) write
By using the estimate in (corollary 2.2) we can write

2 a a (x—a)?
E(pndx W(t,x)>) <B [ dy [  dzexp (— T)
x exp(Tizo —(tir1 — L) (1)) oW X [9(2)] < +oo,
IF (& V2 ayy = EIF (&, V)I? < const < +oo,

i.e. F(t,V) € L2(R", dV).

Let —0 < a < 8 < +00. Consider the operator H =

?:1% (i0; + bj(x))* 4+ V(x) where x = (x4, Xy, ..., x,) €
R™, bj(x), j =1,2,..,n and V(x) are real valued

]

functions on R™, 0; = b= v—1 on the interval [a, B]"
J

with zero boundary conditions. Denote is by H, z and
consider the following function: Vo p(t,x) =

[ dut (@)exp[—i f; b(w()) dx +3 f; b*(w(s)) ds —
Iy W(@(s)) dslx (e pm (@)@ (@ ()

=[dy[f dul, (w)exp [—i fot b(w(s)) dx +
%fotbz(w(s)) ds
=~y W(0()) ds| x1eprr(@)] 9 ),

Wop(t,x) = [dyexp(—tHyp) (x,y), (3.13)

and also

Fap(t,V) = fon Yo (t, 0)R(2)dx,
write for x,y € [a, B]™

(3.1.4)

exp(—tHyp) (x,y) <
[ dity @)exp [—i [ b(w(s)) dx +3 f, b2(w(s)) ds
— fOtW(w(s)) ds] < const. (3.1.5)
The function exp(—tH, g) (x,) is analytically extended
in the domain t = t + i6, T = 7, > 0. Besides,
|exp(—tHa_B) (x, y)|
< [exp(—rHa‘ﬁ) (x, x)]l/z X [exp(—rHa,ﬁ) (y, y)]l/z.
(3.1.6)
thus we have,
E|exp(—tHa‘B) (x, y)|2
< E{[exp(~7Ha) (x, X)][ exp(~7Ha5) v, 1)1}

1 1
< {E[exp(~tHap) (x, X)|*}2{E[exp(~tHa 5) (v, )]°}2 .
(3.1.7)
It follows from (3.1.3)-(3.1.7) that ¥, 5 (¢, x) is analytically
extended by t, F, (¢, V) is also analytically extended by t.
In addition,

E|Fopt V)|
-y

2
f[a,mn exp(—tHgp) (x, y)90(y)dy|

= E{fio g exp(—tHgg) (x,y)p(y)dy
X f[a,ﬁ]n exp(_tHa,ﬁ) (x,2)p(z)dz}

= f[a,ﬁ]” f[a,ﬁ]” E{exp(—tHyp) (x,¥) exp(—tH,p)
X (x,2)}p(y¥)(z)dydz .
2.2
< f[a“g]n f[a,ﬁ]"[E |exp(_tHa,B) (x:y)l ]Z X

2.1
[E|exp(—tHq) (x, 2)| T2l9MIl@(2) | dydz
(3.1.8)
further, using the relation (3.1.5) we get

Elexp(—tHy ) (. 0] <
E|f it @) exp =i f; b(w(s)) doo +
L b2 (w(s)) ds — [} W(w(s)) ds]z] <
E ([ dptr (@) exp (=21 f b(w(s)) do +
() ds -2 fw(o) ds)]
(3.1.9)

1
[f dut x ()] /2 < const < 4o,
Now, it follows from (3.1.8), (3.1.9) that

[[Fa (e V) ”iz(Rn,dv)zElFa,g (t, V)|2 <const< +oo.

(3.1.10)

Letnow a — —co and f — +o0. By (3.1.10), Fo 5(t,V)
satisfies the conditions of the Montel theorem on the
compactness of families of analytic functions. Therefore,
for a suitable choice of a,, » —o and §,, = +o, there
exists the limit

liman--o Fy g (2, V)=F(t,V)
Pn—o+o ’
uniformly in each compact subdomain G c {t = 7 +
i6,7 = 1, > 0}, where F(t,V)is an analytic function with
values in L2(R™,dV) .
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If tisreal, then it is possible to pass to the limit as
a, = —o, 8, = 4+ in the integral in (3.1.3), (3.1.4),
using the Lebesgue dominated convergence theorem, i.e.
“m;’?l“’ Fop (V) =F(t,V). (3.1.11)

The assertion of the lemma follows from (3.1.10), (3.1.11) .
In the general case, we may again repeat our arguments
based on the Feynman-Kac 1t6 formula and the Montel
theorem. In this connection, one must just consider domains
of the form (&', )" U (a¢”,B"")", wherea’ < ' <0 <
a"<pB",a' > -, > 0,a" - 0,B" - +oo, instead of
the intervals (a, )", and take into account that A(x) = 0 in
a neighborhood of the point x =0 .

Let us consider now the values of ¥(t, x), F, z(t,V),
F(t,V) defined the functions ¢ (x), V(x) and h(x), we
have

1
IF (& V)1 2gn vy S {E [fgn ¥ (£, %)?dx]?}2 X

(ELf ppn VPR dx]?)2
where supp hc(a, B)™;
E[f ¥ (8, 1))

= E(fRn fRn dxdy¥(t, x)qu(t' y)Z)

Jon @ J Ay [E [ At (@) {exp (=i f b(w(s)) doo +
%fotbz(w(s)) ds

—Jy W (w() ds)} pQu)du X [, dpt., (n)

{exp (—i fot b(n(s)) dn + ifot b?(n(s)) ds —

fOtW(n(s)) ds)} x @(z)dz x

Jon At () {exp (=1 f; b(5()) g + 2 [} b2(5(s)) ds -

fOtW(E(S)) ds)} X

o(w)dw
X

Jon At q @ {exp (=1 f; b(U()) AT+ 2 [ b?(3(s)) ds —
fot w(i(s)) ds)}

X p(q)dq].

Jin Jan @z du o [on dw dq X

E{f duzt,(2) exp (—i JZb(A(s)) da +
L (M) ds - [ W(A(s)) ds) X
[ duto () exp (—i [ b(w(s)) dv +
éfoﬂbz(“&(s)) ds —

[ wEs)ds) p(@ee)e(@);  (31.12)

E(S duzt, () exp (—i [} b(A()) dA +
L (M) ds - [ W(A(s)) ds) X
[ duty () exp (=i [ b(w(s)) dv +
L () ds = [ W (x()) ds)} <
£ {J duzt@ exp (=i [ b(2(s)) dA +

P2 () ds - [ W(AS)) ds)}zr
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X

[E {f duzt, (x) exp (—i fOZt b(w(s)) d» +

%f;tbz(r(s)) ds — fOZtW(x(s)) ds)}zr ;

E { [ du2t, () exp (—i 12 b(A(s)) dA +

LD (A)) ds — [ W (AGs)) ds)}2 <

E [[ [ du2t, (1) exp (—Zi FZb(A(s)) dA +

[ p?(2(s)) ds — 2 [2 W (A(s) ds)] x [f du2t,(2) x

1]] (3.1.13)
Now the estimate

E[fpn ¥ (t,x)*dx]? < const < +oo,

follows from (3.1.12), (3.1.13) and from the estimate in

(corollary 2.2).
Now, we write the expression for V2(x):
Vz(x):Z % fj2,m 1]jz,m(x - aj,m)
and take into account that here x € [a, f]™ and, therefore,
the number of summands remains bounded. Since ¢; ,,, has

the Gaussian distribution, we have E|¢; .| < +oco. From
this, it follows that E[f[a V2(x)h?(x)dx]? < const,
hence

BI*

IFep &V 2 n gy < cOMSE.

Now, we can again apply the previous constructions and
show that F(t, V) is an analytic function in the mentioned
domain.

Note that one can similarly get the following estimates:

Jen EQP (&, x))?|V|™)dx < const . (3.1.14)
where m =1,2,... and the constant dependsonm . 0O
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