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ABSTRACT: The purpose of this paper, we present a new definition of four weaker forms of WALC — spaces

(AL, —spaces
well as among themselves.

S = 1,2,3,4)and Study and find their relationships with some other classes of topological spaces as
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1. INTRODUCTION

In 2002, Sarsak [16] introduced the concept of

ALC —spaces as spaces M in which VK < M
which is almost Lindeléf in M is closed.

In 2008, Hdeib and Sarsak [7]introduced the concept of
weakly ALC —spaces as spaces M in which V' almost
Lindeléf K < M is closed. Note that
ALC —spaces =  Weakly
LC —spaces .

In this research we give we present a new definition of
four weaker forms of WALC — spaces and we continue

the investigation of more relationships.
2.Preliminaries
Definition2.1:

Aspace M isan LC if V Lindelsf K < Mis close is
closed[4], [11]Als0  LC-space As s
called L —closed [5],[6],[8]and[9].
Definition 2.2[18]:
A spaceMis a KC
closed,for example the usual topology (R,FU ) isaKC.
Definition 2.3[7] :

A space M is cid —space if V countable K < M

is closed and discrete.
Definition2.4 [10]:

Aspace Mis P if VG_ —Open setinM is open.
Definition 2.5[1]:

Al space M iscalleda Q—set if VC =M is an
F_—closed sets.

Definition2.6 [2]: A space M is called a weak P if any
countable union of regular closed sets is closed. M is a

weak P = V{Ok ke A}of

CI(UOKJ = Jclo, -

keA keA
Definition2.7: Aspace M is almost Lindelof if

ALC —spaces =

if V compact KM s

open sets,

V/ open cover {) of M3 acountable subfamily
<€) suchthat M = |_J O - From the definition

Oesy
that Lindelof space = almost Lindelof [3], [L7]. 1f N is

an almost Lindel6f subspace of a space M , then N is
almost Lindel6fin M but not conversely [16].

Definition2.8[2]: A topological space M is locally
Lindelof (resp. weakly locally Lindeléf) if V' point of M
has a closed Lindeldf (resp. Lindeldf) neighborhood. From
the definition that every locally Lindeléf space = a
weakly locally Lindel6f and the converse is not true.
Definition2.9 [2] :

Aspace M is called

(1) anL, if V Lindelsf F_ —closed is closed.
(2) an L2 if K < M is Lindelof, then CIK is Lindelf.

(3 anl, if VlLindelof KcM is an
F_ —closed .
(4) an L4 if K cMis Lindelof, thend Lindelof

F, —closed B with KcBcclK.
Theorem?2.10[2]:
(i) LC —space = L,

(i) Q—Setspace= L.

s=1,2,3,4.

(iii) hereditarily Lindelof L, —Space = Q—set.

(iv) Every T, L, — space s cid.
Corollary2.11[14]:

) L, Q—set space = cid .
space = Cid .

(iiii) Hausdorff L, space = cid (iv) L, KC — space
= cid .

Corollary2.12[14]: Every Q—Set L, —space is an

LC.
Theorem2.13[14]:

For a Lindelsf L; —space M M isan LC. & M

isa P .
Corollary2.14[13]:

Theorem 2.15[12]:
Lindelof.

Theorem2.16 [15]: For a Hausdorff Lindelof space M,
Misa P.< M isan Liand anL,. < M s an

LC < M isan WALC .
Corollary2.17 [13]: For a Lindelof space M ,

Miis locally Lindelof <> Mis a weakly locally
Lindelof
Theorem2.18 [2]:  For locally Lindelof space M, M is
anl, < M isaP.

iy Lils —

P —space = weak P .
A regular almost Lindel6f space is
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Corollary2.19 [7]: a Hausdorff weak P —space .=
WALC.
Theorem2.20 [19]: fBCNcM, whereNcM is a

clopen, then B is almost Lindelof in N << B is almost

Lindelof inM .
Theorem2.21[13]:

For a locally Lindelof Q —Set space M ,M isan LC.
< MisaP. < Misan L.

Corollary2.22[13]:

For a weakly locally Lindel6f L2 —Sspace M ,Mis

anL, —space. < Misa P.

Theorem2.23 [15]: For aregular space M ,M isan
LC.< M isan WALC.

Theorem 2.24[14]: For a Lindelof Space M ,Mis

anl,. < Misa P.

Theorem2.25 [12]: Every clopen subset of almost
Lindel6f M is almost Lindelof.

3. ON WEAKER FORMS OF WALC-Spaces
Definition3.1: A space M is called

(1)  anAL, if V almost Lindelof F_ —closed is
closed.

@) an AL, if K <M is almost Lindelof, then CIK
is almost Lindelof.
(3 an AL, if ¥ almost Lindelof K <M is an

F_ —closed .

(4) an AL4 if K <= Mis almost Lindel6f, then 3 almost
Lindelof F_ —closed B with

KcBcckK.
Definition3.1.
Theorem3.2:

(i) WALC —space = AL, s=1,2,34.
i) AL, AL, —space = WALC.
Giiy AL, AL, —space = AL,.

Some results are directly from the

vy AL, —space = AL, and AL, —space
= AL,
Proof. (i)Where if i=1, 1etK be an almost

Lindelof F, —closed inM ,
which is an WALC —space, then K is a closed
soM is AL, —space.
Ifi=2,1etK M be an almost Lindeléf, which is
anWALC, so K is a closed i.e. K=CIK, then CIK is
an almost Lindelsf, hence M is an AL, —Space .

If 1=3, 1etK =M be an almost Lindelof, which
is anWALC —space, so K is a closed so K is

an F_ —closed .

If 1=4, 1etK be an almost Lindelof subset inM ,
which is anWALC —space, then K is a closed so K

isan F_ —closed set, take B=K then B is an almost
Lindelof F_ —closed subset and S0

KcK=BcclK, henceMisan AL, —Space .
(i) If K is an almost Lindelof subset in M , which
is an AL, —space,
thenK isan F_ —closed , andM is an AL,

so K a closed, hence
M isan WALC — spaces.

(iii) If KM s an almost Lindelsf, which is an AL,
thenda set B which is an almost Lindel6f
F_—closed s KcBcclK Bis closed  set,

(M is an AL)), thenB =cCIK, so CIK s an

almost Lindelof, hence M isan AL, —space. (iv)

Obvious.
Corollary3.3:

@ If M,T)isan AL, AL, —space, then(M,T) is
anLC.

iy 1f (M,T)isan AL, AL, —space, then (M,T) is
aKC.

(i) 1f (M,T)is an AL, AL, —space, then (M,T)
isCid .

@) 1f (M,T)isan AL, AL, —space, then (M,T) is
a locally LC.

Example3.4:
|et(R,FU) be usual topology,then(R,FU)is

an AL, —space but AL, —space
norWALC —space. R is an AL, —space since
if K © R is a almost Lindeléf, Ris a Lindel6f space,
then CIK is a Lindelof subspace, so CIK is a almost
Lindelof, hence Ris an AL, —space. Ris not an

neither

AL, —space, since Q  is a Lindelsf, soQ° is a almost
Lindelof to prove QC is not FU —closed , suppose
thatQ¢ isF, —closed s0Q isG_ —open ie.
Q= ﬂoi , where O, is an open set inR, Q < O, ,for

i=1
eachl, but the only open set

O, =R, for eachi Q:ﬂoi :ﬂR:R which is
i=1

containingQ isR, ie.

a contradiction,soQ is notG, —OpPeN thereforeQ° is

notF, —closed Now to proveR is not an
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WALC — space, suppose it is an WALC — space,

sinceQ° isa almost Lindelof in R, thenQ° is closed,
so Q is open which is a contradiction, soR is not
anWALC — space.

Theorem3.5:
For a hereditarily compact Hausdorff space M, Mis

anWALC < Misan AL, AL,.

Proof. (a) = (b) : This is clear by Theorem 3.2(i).
(b) = (@) : Let K < M be analmost

Lindelofand Y & K .

Since M is Hausdorff, foreach Z « K there
exists a clopen set

containing Z wit .Clearly
O, containing z with Y & ClO, Clearl
{0, : z e K} is cover of K ,and
therefore 3 a countable set E < K such
thatK < UCIOZ = Uoz :
zeE zeE
Foreach Z € E, K[ clO, is almost Lindelsf

and so cl(KNclO,)is

a Imost Lindelf since M is an AL, —space.
Furthermore, if

W = Jcl(KNclO,) then W is

zeE
almostLindel6f

F, —closed ,since M is an AL, —space,W is a

closed almost Lindel6f set not containing Y .So Y & CIK .

Hence K is closed inM .
Theorem3.6:

Fora T, —space M ,Misan LC . < Misan AL,
AL, .
Proof. (a) = (b): This is obvious by Theorem2.23 and
Theorem 3.2(i).

(b) = (a): Let K be a Lindelof subset of
M and Yy & K .Since M is

Hausdorff, for each Z & K there exists an open
set O, containing Z

with Y & ClO, .
cover of K ,and therefore da
countable set E < K such thatK — LJClOZ . For

zeE

Clearly {OZ 'Ze K} is

eachz € E, KNclO, is

Lindelsf and K (1 clO, is almost Lindelsf and so
cl(K NclO, )is almost

Lindelsf since M isan AL, —space.
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Furthermore, if
W = UCI(K M clo, ),thenW is almost Lindelof
zeE
F_—closed
thus W is a closed almost Lindeléf not
containingy (M is an AL)).

Soy & CIK . HenceK is closed in M .
Corollary3.7: For a T;—space M, Mis an

WALC —space . < Misan AL, AL,.
Proof. This is clear by Theorem 3.2 (i) and Theorem 3.6.

Corollary3.8:
For a hereditarily compact Hausdorff Lindelof space M ,

MisaP.< M isanl, L,. < Misan LC.<> M

isan WALC. < M isan AL, AL,.
Proof. This is clear by Theorem 2.16and Theorem 3.5.

s AL, — Spaces
Theorem4.1: Every AL, —space isan L, —space.
Let KcM be a Lindelsf F_, —closed

Proof. o

therefore K is an almost

Lindelsf F_ —closed , which is an AL, —space,

then K is a closed,hence M

is L, —space.

Theorem4.2: For a regular space M, M s

an AL, —space. < M isan L, —Sspace.

Proof. (a) = (b): This is clear by Theorem 4.1.
(b) =(): LetKcMbe an almost

F_ —closed , therefore

K is a Lindelof F_ —closed subset of M (M is a
regular),

so K isa closed (M is an L;),s0 M is an
AL, .
Corollary4.3:
(i) Every AL,Q—set space isCid .(ii) Every AL,
Hausdorff space is Cid .
(iii) Every AL, KC
AL, AL, spaceisCid .
(v) Every T, AL, spaceisCid .

Proof. This is obvious Theorem 4.1, Corollary 2.11 and
Theorem 2.10(iv).

Corollary4.4: P —space = AL,.

Proof. This is clear by Definition.3.1.

Corollary4.5: Q—set AL, —space = LC.

Proof. This is clear Theorem 4.1 and Corollary 2.12.
Theorem4.6: For a Q—sSetspace M, M is an

WALC < M isan AL,.
Proof. (a) = (b): This is clear by Theorem 3.2(i).

Lindelof

—space is cid .(iv) Every
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(b) = (a): Let KcM be an almost
Lindelof therefore K is an almost  Lindelof

F_—closed set (M isa Q—set), thus K is a

closed (M isan AL,),soM isanWALC.
Theorem4.7:
For a locally Lindelof space M ,M isan AL,.<<> M is

aP. < Misanl,.
F_ —closed .

Proof. (@) = (b): Let B& M be an
If Y & Bchoose a closed Lindelf neighborhood O of
y. Then Of1Bis an Lindelsf
F_—closed in M and
an AL, —space). Hence

O — (O N B) isaneighborhood of y  disjoint
from B .therefore

B is closed and hence is a P — space .The

remainder of theory proves by
Corollary 4.4 and Theorem 2.18

Theorem4.8: Every Huasdorff P —space is
anWALC — space.

Proof. Let K be an almost Lindel6f subset in M , and
lety K. Thenforeach zeK
, dYeU, and z€V,

with Y& ClV, (asM is Hausdorff).Clearly {V, : z e K }
is cover of K and since K isalmost Lindeléf in M,
thereexist Z, Z, ...€ K such that K C UC|VZi .

icw

almost

thus closed, (M is

3 two disjoint

open sets U,, V

LetU = ﬂU 7 soU is an open neighborhood of Y
icw

which is disjoint from K (as M isa P ). Hence K is

closed in M .

Corollary 4.9:
For a Hausdorff locally Lindelof space M the following
are equivalent:

.(a) Misan LC—space .(p) Misan L, —space.
(c) MisaP —space.

(d Mis a weak P-space.e) M is an
AL, —space.(ff M isanWALC —space.

Proof. This is clear Theorem 2.10(i), Theorem 2.18,
Corollary 2.14 Theorem 4.7, Theorem 4.8 Theorem 3.2(i)
and Corollary 2.19.

Theorem4.10: The property AL, is hereditary on clopen
sets.

IfN is clopen F_ —closed subspace
of M ,suppose thatK is an almost Lindelof and
F_ —closed subset of N then K is an almost Lindelof

Proof.

*
subset of M by Theorem 2.20and K= UBi such

icw
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*
that{Bi } a family of closed subsets in N.Let

%
Bi =N ﬂ Bi where Bi is closed subsets in M for
eachi thus

K:g(NﬂBi):Nﬂ(gBi]:[gEj]ﬂ(gBij:Q(EjﬂBi)

where E j is closed subsets in M, soK is almost Lindelof

and F_ —closed inM ,which is an AL, —space then

Kis closed inM ,soK is closed inN therefore N is
an AL, —space.
Theorem4.11: P Q—S space =
WALC — space .
Proof. Let M a space and K < M be an almost

Lindelof, then K is anF_ —closed set(Mis a

Q —set space), so K is aclosed set(M isa P ), hence

M is an WALC.

Corollary4.12:
locally Lindelof WALC — space = a P —space.

Corollary 4.13:
For a locally Lindelof Q — set space M,

MisanLC. oM isanl,.< M isa P.< M

isanWALC . < Misan AL, .

Proof. This is clear Theorem 2.10(i), Theorem 2.21,
Theorem 2.18,Theorem 4.11 and Theorem 4.7.

Corollary4.14:
For a weakly locally Lindelsf L, —space M,

MisanL,.<< M isaP.< Misan AL, .
Proof. This is clear Corollary 2.22 and Corollary 4.4.
Theorem4.15: Lindelof AL, —Space = a
P —space.

Proof. For each N € €2 et Dn be closed in Lindelsf

AL, —space M and
D= JD, henD, S Mis a Lindelst and
neQ

thus D — M is a Lindeléf and is an almost Lindeléf by
(' "Countable union of Lindel6f subset is Lindel6f".) and
by Definition 2.7. Therefore D isclosed in M (M is an

AL,)so M isa P.
Corollary4.16: For a Lindelof space M, M isan L.

< MisaP. < Misan AL,.

Proof. This is clear by Theorem 2.24, Corollary 4.4and
Theorem 4.12.
Theorem4.17:

Every continuous function hfrom Lindelof space
Minto AL, Q—set space Nisa closed function.
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Proof. LetBc M be a closed thenB is a Lindel6f

in M (M which is a Lindelsf), so h(B) is a Lindelof in N
("continuous image of a Lindeldf is Lindeldf"),which is a

Q-set  thenh(B) is an Lindelof
F_ —closed subset in space N ,hence h(B) is a closed

subset in a space N (since N is an AL, —space),

therefore h a closed function.
Theorem4.18:

Ifh:M——>Nis a continuous injective function
from a space M into AL, Q —S€t space N then M s
anWALC.

Proof. LetK — M be any almost Lindelf,then h(K) is

an almost Lindel6f inN ("A continuous image of an
almost Lindel6f is almost Lindel6f"), which is

aQ—set space, then h(K)gN is an almost
Lindelsf F_ —closed sinceN is an AL, —space,

then h(K)< Nis a closed,therefore h ™ (n(K)) = K is

a closed subset of M (because h is a continuous injective
function),thus M is an WALC — space.
Theorem4.19:

If function h:M——>N is a continuous closed
injective from a space M into an AL, —Space N then

M isan AL, —space.
Proof. VNeQ et K, be closed

K= UKn C M e almost Lindelsf, then h(K) is a

New
almost Lindelof subset of N ("A continuous image of an
almost Lindelof is almost Lindelof")

and (K ) = Uh(Kn) such that h(Kn) is closed

New

subsets of N (since h is a closed function),since N is an
AL, —space, then h(K) cNis a closed,

therefore h ™ (h(K)) =K <M s aclosed (because h is

almost

inM and

a continuous injective  function),thusM  is an
AL, —space.
Corollary4.20: If function h:M——>N is a

continuous closed injective from a space M into an
AL, —space N then M isan L, —space.
5. AL, — Spaces

Theoremb5.1: Every Lindelof space is an ALZ.
Proof. LetK ©M be an almost Lindelsf, since CIK isa

closed inM , then CIK is a Lindelof (closed in Lindelof
is Lindeldf), so clK is an almost Lindelof, hence M is

an AL, —space.
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Corollary5.2:  Every 2" countable (Cn) space is an
AL, —space.

Proof. Let M be a 2" countable space, then M is a
Lindelof, hence M isn AL, —sSpace by Theorem 5.1.

Theoremb.3:
Let (M,I') beAL,-space andKcM be a Lindelof

dense, then (M, T") is almost Lindel®f.
Proof. Since KM is a Lindelsf, so K is an almost

Lindelof and CIK =M but Mis an AL, —Space,

then CIK is an almost Lindelof.

Corollary5.4:
Let (M,I') be regular AL, —space andKcM be a

Lindelsf dense, then (M, T")is Lindelof.
Corollary5.5: regular
= AL, —space.

Proof. This is clear by Theorem 2.15 and Theorem 5.1.
Theorem5.6: Let M be an almost Lindel6f space and

almost Lindelof

every closure set is open, then M is an ALZ.
Proof. Let KM be an almost Lindelsf, so CIK is

clopen in M, then CIK is an almost Lindelsf("If M is
almost Lindel6f, then any clopen subset of M is almost

Lindelsf"), hence M is an AL, —space.
Theorem5.7: Let M be an almost Lindeléf space and
every closure set is regular closed, thenM is an
AL, —space.

Proof. Let K€M be an almost Lindelof M ,so CIK is

regular closed in M , then CIK is an almost Lindelof("A
regular closed subset of an almost Lindel6f space M is

almost Lindelof"), hence M is an AL, —space.

Theorem5.8:  Every regular AL, —space is an
L2|
Proof. LetK CM be a Lindelof, thenK is an almost

Lindelsf subset of M, so CIK is an almost Lindelof
(sinceMis an AL, —space)thenK is a Lindelof

(since M is a regular), hence M is an L, —Space.

Theorem5.9: Foraregular M, M isan ALZ. M
isan L,.

Proof. (a) = (b): This is clear by Theorem 5.8. (b) =
(@): Let KM be an almost Lindelof, which is a
regular space, then K is an Lindel6f subset of M,
so CIK is a Lindelof (since M is an L, —space
),then CIK is an almost Lindeldf,

Hence M is an AL, —space.
Theorem5.10: EveryQ —set AL, —spaceis an

AL,
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Proof. Let KM be an almost Lindelof, thenK is an
F_—closed (MisaQ —set)thus K is closed (M
is an AL,)so0K =cIK andCIK is an almost Lindel®f.
Therefore M isan AL, .

Theorem5.11:

an AL, —space.
Proof. Let KM be an almost Lindelof, thenK is an
F_—closed (M isan AL,), thusK is closed (M is
aP)soK =clK andclK
Therefore M isan AL, .
Theoremb.12: Let

NgM,NZLnJNS, where N
s=1

are clopen AL, —subspaces inM then Nis an
AL, — subspace.

Every P AL, —space is

is an almost Lindeldf.

Mbe a space and
, s=12,..,n

Proof. Let K be an almost Lindelof subset of N, then
KﬂNS , $=12,..,n are clopen in K ,which is
almost Lindelsf, so KN, s$=12,..,n are almost
Lindel6f subset of N. , $=12,..,n. Since

S

KN, is subset of N, s$=12..,n which
is AL, —space, then Cl(KNN,) is a almost
Lindelof in N,, $=12..,nscl(KNN,) is a

almost Lindelof inN, s=12..,n ,

ButhK=CI(U(KﬂNi)J=UCI(KﬂNi), so cIK is
s=1 s=1

almost  Lindelof in N  hence Nis an

AL, —subspace.

Theorem5.13:

clopen sets.
Proof. IfN is clopen subspace of M ,suppose
that K < N is an almost Lindeléf, then K <M is an

almost Lindelof by Theorem 6.5.9,which is AL, socl,, K

The property AL, is hereditary on

is an almost Lindelof and Cl K =C|MKﬂN.Then
ClMKﬂNis an almost Lindelof subset of N by

Theorem 2.20,soC|NK is an almost Lindel6f subset

of N. Hence Nisan AL, —space.
Theoremb.14: For aregular AL, —space M,

M is locally Lindelof. <= M is a weakly locally
Lindelof.
Proof. () —> (b): This is clear by Definition 2.8. b)

= (a): InyM then has Lindel6f neighborhood
K, so K is an almost Lindelof, butM s

an AL, —spacethenCIK  is almost  Lindelof,

Sci.Int.(Lahore),31(20,255-263,2019

so CIK is Lindelof(since M is a
CIK isclosed, so Y
has a closed Lindel6f neighborhood,therefore M is

locally Lindel&f.

Corollary5.15: For a regular space M , and M having a
dense Lindel6f subset,

M isaLindeléf. < M s an almost Lindel6f . << M

regular space ), but

isan AL,.<< M isan L,.

Proof. This is clear by Definition.2.8.,
2.15,Theorem 5.1, Theorem5.4 and Theorem 5.9.
Theoremb.16:

For a Lindeléf Q —set space M, M is

anAL,.<< M isa P AL,.

Proof. This is clear by Theorem 5.9, Theorem4.12,
Theorem4.11and Theorem 3.2.(i)
Theoremb5.17:

For a regular weak P —space M,

Mis locally Lindelof<> Mis a weakly locally
Lindelof AL,.
Proof.(a) = (b): Let K <M be an almost Lindelof,
so K is Lindeléf (M is a regular space). ¥V point of

Theorem

K has an open neighborhood Oz

E) C|OZ is Lindelof. Select a countable subset E
o K > K= JO,.
zeE
SinceM is a weakP and CIK < LJCIOz =W.

zeE
Since W is Lindeldf we infer that
clK is Lindelof and, so CIK is almost Lindel6f, hence

M isan AL, —Sspace.

Theorem5.18:  If function h:M——>N is a
continuous open injective from a space M into an

AL, —space N then M isan AL, —space.

Proof. LetK M be almost Lindeldf, then h(K) is an

almost Lindel6f in N ("A continuous image of an almost
Lindel6f is almost  Lindelof"),sinceN is an

AL, —space, then cly(h(K))is an almost Lindelof
subset of N, henceh™(cl(h(K))) is an almost

Lindelof subset of a spaceM (since h
function),but

h™(cl (h(K))) = el (h*h(K )= cl,, (K) s0

cly, (K) is an almost Lindel6f subset of M ,thus M is an
AL, —space.

6. AL, — Spaces

Theorems.1: Every AL, —Spaceisan L, —space.

is an open
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Proof. Let K < Mbe a Lindel6f,then K is an almost
Lindeléf, which is anAl;, thenK is an
F_ —closed , hence M isan L; —Space.

Theorem6.2: For a regular space M ,M is an

AL, . & M isan L.
Proof.

(b) = (a): Let K < M be an almost Lindelof,
then KM isa

Lindelof (M is a regular

anF_ —closed (M isan L,),therefore
Misan AL,.

Corollary6.3:

AL, —space.

Corollary6.4: Every hereditarily  Lindelof

AL, —space isa Q — Set space.

Corollary6.5:
For a hereditarily Lindelof spaceM, M is an AL,.

<« Misa Q—set.

), so K is

Every Q—Selspace is an

nd
Corollary6.6: For a 2 countable space M, M is an
AL,. < M isa Q—set.

Proof. (a) =>(b): Let M be a AL, —space .Since

] 2nd
Misa countable space,

then M is a hereditarily Lindel6f, hence M is
a Q—set space by

Corollary 6.4. (b) = (a): This is clesr by
Corollary 6.3.

Corollary6.7: For a countable space M ,M is an AL3.
&« M isa Q—set.
Proof. (a) = (b): Let M be an AL, —space . Since

M isa countable space,
then M is a hereditarily Lindelof, hence M is

a Q—set space by

Corollary 6.4.
Theoremé6.8: For a P —space M ,M is an WALC.
< M isan AL,.

Proof. (a) = (b): This is obvious by Theorem 3.2(i).
(b) = (a): Let K < M be an almost Lindelof,then K

isan F_—closed ( Mis
an AlL;)thus K is closed set (M isa P ),

therefore M is an WALC .

Theorem6.9: The property AL3 is hereditary on clopen
sets.

Proof. IfN is a subspace of M ,suppose that K. < N is an
almost Lindelof,then K < M is an almost Lindelof by
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Theorem 2.20, which is anAljthen K is an
F_—closed ie. K:UBi ) {Bi } a family of
ieQ)

*k *
closed subsets in M . Put Bi =N/ Bi ,then Bi is

closed subsets in N for eachi and

K=KﬂN=(UBijﬂN=U(Bi NN)=|JB/’

ieQ ieQ ieQ

, soKis anF_—closed inN, thereforeN s
an AL, —space .

Corollary6.10:

For a hereditarily Lindel6f space M ,M s

anl,. <> M isa Q—set. < M isan AL,.

Proof. This is clear by Corollary 6.5., Theorem 2.10(ii)
and Theorem 2.10(iii)

Corollary6.11:
For a Lindelof AL, —space M ,M is

<M isaP. < M isan WALC. ..

Proof. This is clear by Theorem 2.13., Theorem 6.1 and
Theorem 6.8.
Theorem6.12:

Every continuous function h from Lindeléf space M into
AL, P —space N is a closed function.
Proof. LetB M be a closed thenB is a Lindelof

inM ( M is a Lindelsf)soh(B) is a Lindelof inN
("continuous image of a Lindelof is Lindel6f"),
then h(B)gN is an almost Lindeldf, so h(B) is an

F_ —closed space N( N s
an AL, —space ),hence h(B) is a closed subset in a

space N (since N is a P— space), thereforeh a closed
function.

Theorem6.13: If function h: M——> N isa
continuous injective from a space M into

an AL, —space N then M isan AL, —Space .

Proof. LetK < M be almost Lindelsf, then h(K) is an

almost Lindel6f in N ("continuous image of an almost
Lindel6f is almost  Lindel6f"),sinceN is an

AL, —space, then h(K)is an F, —closed subset

of N, QN e w e K, e inN

and h(K)= UKn , soK = Uh_l(Kn) such

neQ neQ)

that h_l(Kn) is closed subsets of M, therefore K is an
F_ —closed of M thusM is  an
AL, —space .

an LC.

subset in a

closed

subset
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Corollary6.14: If function h: M——>N isa
continuous injective from a space M into

an AL, —space N then M isan L, —space.

7 AL, — Spaces

Theorem7.1: Every regular AL, —Space is  an
L, —space.

LetK = Mbe a Lindel6f thenK < Mis an
almost Lindelof, since M is an AL, then there is an
Lindelsf ~ F_—closed B
KcBcclK, since M is a regular, then B is a
Lindelof F_ —closed with K < B < clK, hence
M is an L,—Space .

Theorem7.2: For a regular M. M
AL, —space. < M isan L, —space.

Proof.. (b)) = (a): Let K < M be an almost Lindel&f,
then K =M isan Lindel6f

(M is aregular), since M isanl,, then there is a
Lindelof F_ —closed B withK =B clK, so
B is F_—closed with
KcBcclK, hence Mis an AL, —space .

Proof.

almost with

is an

an almost Lindelof

Theorem?7.3: The property AL, is hereditary on clopen
sets.

Proof. If N is clopen subspace of M, suppose
that K < N is an almost Lindeléfthen K < M is an

almost Lindelof by theorem 2.20,which is AL, , then there

is  almost Lindelsf F_ —closed B with

KcBccal,K etB= UBJ such that{Bj } a
jeQ

family of closed subsets inM .Put

% *
Bj =Y Bj ,thenBj is closed subsets in N for

eachj,Bj*is clopen subsets in B for eachi

and

B'=BNN=|JB, ﬂN:U(BjﬂN):UBj*-
jeQ jeQ jeQ

Then Bis an almost Lindelsf subset of N by Theorem
2.25and is anF_ —closed inN with

K cB" ccl K, Hence Nisan AL, — Space..

Corollary7.4: For a hereditarily compact Hausdorff

AL, —space M,
M isan AL, oM isan AL;. &M s
an AL, .

Theorem7.5: If function h:M——>N is a
continuous open injective from a space M into an

AL, —space N then M isan AL, —space .

LetK <M be any Lindelof,
then h(K) < N is an almost Lindel8f ("continuous image
of an almost Lindel6f is almost Lindeléf"),since N is an

Proof. almost

AL, —space, then Jan almost  Lindelof
F_—closed B (letB= UBn such that {Bn }a
neQ

family of closed subsets in N )with
h(K)= B = B, < cl,, (h(K))
K < hi(8)= Jh(B,) < oy, (K),

neQ
therefore h™(B) is an almost Lindelof F_ —closed

subset of M ,thusM isan AL, —space .
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