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ABSTRACT: This paper deals with the study of the discrete classical optimal control problem (DCOCP) for systems of
linear hyperbolic partial differential equations (LHPDEs) with initial (ICs) and boundary (BC) conditions. At first, the
existence theorem of a unique discrete solution for the discrete state equation when the discrete control is fixed is proved
using the Galerkin finite element method (GFEM) in space variable and the implicit finite difference scheme (IFDS) in
time variable, which will be denoted by (GFEIM). Second, the existence theorem of a discrete classical optimal control
(piecewise constants (PCs)) is stated and proved. The necessary condition for the optimality of the DCOCP problem is
proved. Finally an algorithm is given and a computer program is coded to find the numerical solution of the DCOCP
problem, the discrete state, and discrete adjoint are found using the GFEIM, while the Gradient method (GM) with Armijo
step search (GARM) and the Frank Wolfe method (FWM) with Armijo step search (FWARM) are used to obtain the
discrete classical optimal control, some illustrative examples are given to show the efficiency of these methods.

Keywords: Numerical classical optimal control, hyperbolic boundary value problem, finite element method, Gradient method,
Frank Wolfe method.

1. INTRODUCTION

Optimal control problems for partial differential equations
PDEs have wide applications in many real-life problems for
example in Electromagnetic waves, robotics, Dynamical
elasticity, air traffic optimization and in many others fields.
Due to the importance of the optimal control problems,
many researchers were interested to study the numerical
solution of optimal control problems governing by a
nonlinear ordinary differential equation as in [1] or
governing by PDEs of the semilinear parabolic type as in
[2,3], or by nonlinear elliptic PDEs as in [4,5].

These studies and many others encourage us to study the
numerical solution for the CCOCP for systems of
(LHPDES) with (ICs) and (BC). The problem is discretized
into the DCOCO using the GFEM in space variable and
IFDS in time variable, these mixed two methods will be
denote by (GFEIM), at first the existence theorem of a
unique discrete solution for the discrete state equation is
proved using the Galerkin finite element method (GFEM)
in space variable and the implicit finite difference scheme
(IFDS) in time variable, which we denote them by
(GFEIM). Second, the existence theorem of a discrete
classical optimal control (piecewise constants (PCs)) is
stated and proved. The necessary condition for the
optimality of the DCOCP problem is proved. Finally an
algorithm is given and a computer program is coded in
Matlab software to find the numerical solution of the
DCOCP problem, both the discrete state and adjoint are
obtained using the GFEIM, while the Gradient method with
Armijo step search (GARM) and the Frank Wolfe method
with Armijo step search (FWARM) are used both to obtain
the discrete classical optimal control, some illustrative
examples are given to show the comparison and the
efficiency of these methods.

2. Description of the CCOCP [6]
Let A c R? be a bounded and open region with Lipschitz
boundary dA, and let t = (0,T), 0<T<oo, P =A X tand

dP = dA x [0,T]. The CCOCP of LHPDEs consists of the
following Hyperbolic PDE:

Yee + B(A)y =h(Z,t) +y+v—vg4 inP, X = (x1,x)(1)
with the BC

y(%,t) =0,in P (2)
and the ICs

y(%,0) = y°(X), in A 3)
y:(%,0) = y'(X),inA 4)

Where y =1y,(¥t) € C>(P) . is the state which
corresponds to the CCC v =wv(#%t)€L*(P), v, =
vy(%,t) € L(P) is the desired control, h = h (¥,t) €
L?(P) is a given function and B(t) is the second order
elliptic operator.
2 aZy
B(t)y i,j=1 axiaxj
The set of the CCCsisv € M, M c L?(P)
where M = {v € L?(P)| v(%,t) €U, ae.inP}, Uc R%is
a convex and compact (usually d = 1 or d = 2).
The cost functional is
GoW)=f[; &~ ya)* +; (v —va)ldide  (5)
Where y; =y, (%, t)and v, = v,(X,t) are the desired
state and control respectively.
The CCOCP is to minimize the cost functional (5) subject
tov e M.
In this work, the inner product and the norm in L?( A) are
denoted by (.,.), and [I-ll, respectively, the norm in
Sobolev space ¥ = H*(A) by |I“ll;, and the norm in L2(P)
Now, the weak form (WF) of the problem (1-4) for y €
Hi(A) is
Vee WIa + &y, ) = (R, YIa + (7, YA
T+, PIa—Wa, PIa VY €Y (6)

y(0) =y°inA ()

y:(0) =y*, inA (8)
where b(t,y, ) = (Vy, Vi) ,is a symmetric bilinear form,
and satisfies the following assumptions, vy, e ¥,t € T
and for some ¢; and c,.
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Suppose y; = w, then equations (6-8) can be rewritten as

(th 1p)A + b(t, Y, l/’) = (h(t)' 1p)A + (y' 1p)A

+W, YIa—Wa, PIa , VY € ¥ (63)
(7a)
(8a)

y°,in A
ylinA

y(0) =
w(0) =

3. Description of the DCOCP [7]
In this part the CCOC is discretized by using the GFEIM
as follows: Assume that the domain A is a polyhedron. Let

for every integer (m), {Km}N(m) be an admissible regular
triangulation of A into closed d-simplices [10], {r"}}" "
be a subdivision of the interval T into S(m) intervals, where
7" = [t/ tjt41] of equal lengths( At = § ). The subspace
¥, €W = H}(A) be the space of continuous piecewise
affine mapping (CPAM) in A. Let the set of discrete
classical controlsM™ with P;;: = K™ X [["is

For each ¢y € ¥,,, and for j =0,1,...,S — 1, the discrete
state equations (DSESs) of (1-4) is given by

(erﬁl - W]m' lp)A + At b(y}ﬁl' 'll))

= At(h(t"),¥), +At(yft ), + At ),

—At(wa (™), P)a C))
Yiva — ¥ = Atwiyy (10)
(y(‘gn' lp)A = (yO' lp)A (ll)
(Wan, 1/))/\ = (yl’ 1/))/\ (12)
where y" =y(t™) , w"=w(") €Y, for j=

0,1,..,5,and y° € Wand y* € L?(A) are given.
The discrete cost functional (DCF) G§*(v™) is defined by

S-1 1
Go'(v™) = Afgo I3 [O7 = y)? + " — va)?]dit
(13)

The DCOCP is to find v™ € M™, such that
FO™ = min G(O™)
v

4. Applying the GFEIM for the problem

4.1 Theorem: Foranyfixedj(0 <j<S—1),andvv™ €
M™, the DSEs (9-12) has a unique solution ym = y™ =
3t vt -, ¥ for sufficiently small At.

Proof: To find the solution y™ = (y{*, yi", ..., y&*) for any
fixedj(0<j<S—-1),let(;(®),i=1,..,Nare CPAM
in A with 1; (%) = 0 on dA) be a finite basis of ¥,, , then

(9-12) can be Written in the following form for any
i = 1 N and y} y ,y]+1 y ]+1 S l‘pmy
(W}ﬁl } 'lpl)A + At b(Y]+1r 1/)1)

= At(h(t"), ¥i), + At(yfte i), + A 9)

_At(vd (tjm) , l/)i)A (14)
Yiva — ¥ = Atwiyy (15)
WoH YA = % ¥Ya (16)
W', ¥ida = L Pa a7)

Using (15), then (14) can be written as:

(}’}'}rplpi)/\ + (A2 b(y[h1,;) — (AL)? ()’ﬂpwi)/\
= (", z,bi)A + At(ij,l,I}i)A + (a0 (r(t™), zpi)A
+A02 (0" ), = (A0 (va, Pr), (18)

Now, usmg the GFEIM, we write

o = Zpkwk " Epkwk Y= Zp]+1¢k :

N

k=

N
Wit = 3 aipi W' = X aiipiand wily = z a P
where pk pk(tk) and qk—qk(tk) are unknown

constants, for each j = 1,2, ..., S.

Substituting  yJ* , y}" , y}ﬁl , wit, ij and W]ﬁl in
equations (18,15 ,16 and 17), the following system of 1°
ODEs is obtained (forj = 1,2,..,S—1 )

(E+(At)?F — (At)?E)p’** = Ep/ + AtE q/ +
(A6)?b, ()
+(A0)?b, (L)) (19)
g =2 (20)
Ep® =e° (21)
Eq® = et (22)
Where E = (ag)nxn Ak = Wi Yr) F = (b nxns
bu = b Yo t) o pha =@ T
aa =@ g, T, (for r=01), €° =
(el Inxa
, el = (egle1 y € = (yo'l./)i)'eil =WLy) , by =
(h(t;), 1) by = (D2) w1 s by = (V" —vg, ), Vi k =

1,..,N.

From the assumption on the operator b(.,.) we have the
matrices E and F is positive definite (PD), then E +
(At)?F — (At)®E is PD (has positive eigenvalues),
therefore it is regular, then (19-22) has a unique solution.
O

5. The existence of the DCOCP

5.1 Theorem:-The operator v™ - y™ =y’ is

continuous.

Proof: Let

v™ = (it v, v, v = (it oM, L vE
=0 Y1 s Y, Y = (T Y e VSt

w™ = (wit,wit, ..., wi;), and

wm™ = (wi™, wi™, ..., wit

We want to prove that if v™" — v™ as n — oo then
Yymn = Y™ =yym , i.e if v*" Vj as
n — oo then y;""* — y/", V j, asn — oo. this will prove it
by mathematical induction.

First from the ICs (16 and 17) and the projection theory, we
have
yomt — yit,and witt — wit ,asn — oo,

Second, suppose for any fixed j, that y/"* — y/" and

— ym N vjm’

mn

mn

w/" — w™ asn — oo, and we prove that ytT — y/i;
asn — oo,
Let Yt = Lo wit o) , and Vi =
LCyj™, wj"™", v""), then
Iy = y,+1 lla = I
L(y™, w™, vf™) — L(y], w/™v1") lia

=l y/* —y" IIA—
=y =y Yi= " =y Ve,
the operator v™ - y™ = y i is continuous. O

5.1 Lemma [9]: The norm |-, is weakly lower
semicontinuous (WLSc).
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5.2 Lemma [9]: The DCF that is given by (13) is WLSc.

5.3 Lemma: If the DCCs. v™ ,#™ are bounded in L?(P),
and y* , yg; = yi" + Ay (e is a small positive number)
are corresponding discrete states solutions to the DCCs v;"

and vy = v +eAv” respectively, then ( Vj=
2,..,5):

II Ayt 1< ne? Il Av™ IIF and I AW I5<

ne® |l Av™ I3

Oorll Ay 12<n, and | A,wi 13< 7 (23)

Proof: From the DSEs (9-12), and for j=1,2,...,S-1, we

have

(Acwfiy = Aew™,9), + At b(Acy[h, %)

= At(AeyJH,l[J) +At(sA 1/;) (24)
sy]+1 sy] = AtA W]+1

(25)

Agyg" =Awg' =0 (26)

Substituting ¥ = A,wj; in (24), and then rewriting it in
another way to get

I Aswity I2—1 A, w;" I3+11 A Wit —
+2At b(Acy]ty, Aewty)

< cAt Il Ayfhy 15+ 24t 1| Aw]sy 12+ Ate? ||

™% (27)

AW 1%

Since

b(As}’}ﬁ1 - s jm' ey]r:l—l
= (At)2b(Bew]ty, AW]T)
and
b(ASerﬁl'Asyﬁ-l)_b(Asy}nt £ ]m)

= —(AD)2b(Awhy, AWty ) +20t b(A YLy, AcwEy)
Then

20t b(DcyTty, Aew]y)

= [b(ASYﬁ-l' As)’}?—l) - b(Asme:Asy}n)

+ b(Asy]"’:l-l - As ]‘_m’ As)’]p-}-l - Asy}n)] (28)
By substituting (28) in the LHS (left-hand side) of (27),
summing both sides of the obtained equation from j=0 to

A:y™)

j= A—1, using (26), and applying assumption (i)
onb(.,.), we have
A1
I AWt 13+ X 1AWy — Aw™ I3+ ¢, 11 Acypt I3
=0
A-1 !
+c, 3 I Acyfty — Ayt I3< Ate? z IAv™ 113
1=0

-1

LAt Y AW IE + cAt z I Aeyfiq IF (29)
j=0 j=0

But

I Aeyfia 13< 211 Acyfhy — sy]” I +2 1l Ay 13 and
AWy IR< 2 11 Awsy TR+ 20 AW IR
Substituting these mequalltles in equatlon (29), to get

- A1
I Awi 13+ (C—LAt) ¥ I Aw]}y — Aw™ 13
j=0

_ A-1
+oy Il Ay u%+(c=—LAt)z Ay, — Ay™ 112

< Ate? 2 IAv" ||A+2Atcz(||Aw I

j=
Ay 12)
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A-1

<2 | Av™ 13+ 2AtC Z CIFAw™ 13 +1 Ay 13 ) (30)

where ¢ = min{1, c,}, L = min{2c, 2C}, ¢ = max{c,C }.
By choosing At < % then the second and the fourth terms

in the L.H.S. of (30) become positive, hence it gives
QI Awit 13+ Ayt 12) < N Aawit 13+ ¢ I Ayt 112
N

< e | AV I3+ 2At5j§_:( I Aew]™ I3+ Acyf™ 1E) (31)
Then

I Agwgt 1A+1 Ayt 112

< he? | Av™ 13+ hAt 21 (M Aw™ I3+ Ay 13)

(32)

Applying the discrete Grownwall's inequality (DGI) [8]

on(32) to give

I AW I3+ Ayt 12 < ¢he? | Av™

Il A,w I3< ¢he? | Av™ 1|2 and

I Acyg! 1< che® Il Av™ 113

since v™ and ™ are bounded in L?(P), then (23) is satisfy.
O

5.2 Theorem: Consider the DCF (13), assume U™ is

convex. If GJ*(v™) is coercive, then there exists a classical

discrete optimal control.

Proof: Since U™ is convex, then W™ is convex. Since

GI'(v™) = 0 and GJ*(v™) is coercive then there exists a

minimizing sequence {vjm"} € W™, Vk, j such that

lim  Gg"(@™) = inf G§"(v™")

and there exists a constant € such that || v}"" lo< C, Vk,J,

then by Alaoglue theorem[11], there exists a subsequence

of {v]"*} (for simplicity say again{v;"*}) such that

{v/"*} — {v]"} weakly in L?(A). But theorem (2.1) tell us

for each control v}”", the discrete state equations has a

unique solution y™* = Yok

12, which gives

Now, to prove {y™}, {y/i5} ., {(w/™} and {w]i%} are
bounded for in¥,,, vk (for j=0,1,...,S-1).
Sety = wt, in (9), and then the first term in the LHS of
the obtained equatlon can be rewritten as
I wity IG=1w™ I3+1 wity — A.w™ 115
+2Atb(y]+1, JH) < cAt Il yfty 12+ At I h(E™) 13

+CAt || wJr1 1%+ At |l v 1%

+At v (67) 15

(33)
Since
b(yMy — vy — v = (A2 (wEy, wity)
and

by, ¥/%1) = b )
= —(AD)2b (W], wity) +2At (YT, wity)
Then
2At b(yj"ipwj'ﬁl) = [b(yﬁl’y}:l—l) - b(V}n’yJTn)

+b(y/ =y =) (34)
By substituting (34) in the LHS of (33), taking the
summing for their both sides from j=0 to j= 4 — 1, and
applying the assumption (i) on b(.,.), we get

Il wg' I3+ Z Il wity = w5+ c Il ygt I

j=0
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A—-1

m m 12

te X Iyl =yt i
j=0

A-1 A-1 A-1
<Aty Iyt IG+At Y Hvg(g) 13 +Ac 3 I
j=0 j=0 j=0

h(g™) 13
f—1 f—1
+CAt z Il wity 1 + cAt z Iyt I3 (35)
But

Iy E< 20y, =yt 1E+2 0y 1 and
I wiiy IZ< 2 0wy —w/m I3 + 2 1w IIE

Substituting the inequalities in (35), we get
_ f-1
Il wit I3+ (€ — KA 3 1wy — w™ I3+ ¢ Iy IIE
j=0
N T
+(E-KAe) Tyt =y I
j=0

H—-1
< At z v 13+ At Z Iva(£7) 13

+AtZ I h(e) 13 +AtC i( wit 1%+ v 12) (36)

j=0
Where f=min{l,c;,} , K= min{2c, 25} and (=
max{2c, 2C} .

By choosing At < % then the second and the fourth terms
in the LHS of (36) becomes positive, hence

R Wt 15+ it 12) < I wit 13+ ¢, | ypt I3
<0 RGE™) 13+ v™ 1341 vy (8™) 113

£-1
+Atl Z Chw™ Iz +1y™13)
By applymg the DGI on the above inequality, to get
Il wit I3+1 yi* 12 < c, which gives
Il ygt 12< ¢ ,and | wit 1< c, for any arbitrary index 4.
Then by Alaoglue theorem, there exists a subsequences of
sy, ™Y, (Wit} and {w**} (same notation for
simplicity) such that {y]’i’i} — {y/4,} weakly in ¥, ,
™Y — (Y weakly in Wy, , (W} — (w]i;} weakly
in¥,,,and {wjm"} — {w;"} weakly in ¥,,, which are given
) — Ok weakly in L2(A) , ) —
weakly in L2(A) {w/i5} — {wi,}  weakly in L*(A) and
(W™} — (wl"} weakly in L*(A).
For each k, {y/}{} and {y/**} satisfy (18), then
(yj+1'1p ) + (At)z b(y}+1'll} ) - (At)z (y]+1' )
= (ym" "/’L)A + At(w™, ;) + QO (h(E), %)A +
@O2(v™ i), — B0 (va(t) ),
(37)
Now, to show that (37) converges to
(y}:l-lﬂ ¢i)A + (At)z b()’ﬁ-p lpl) - (At)z (Yﬁ-p l/’i)A
= (y", ¢i)A + At(W,-m,llJi)A + (a2 (r(t), wi)A
+(At)2(v'm' l/)i)A - (At)z (vd , wi)A
First, from the LHS of (37) and (38), we have
|75 ¥i), + (O (Vy]EE, Vo), — (A% (V]35, i),
—(ym.wl)A (B> (Vyfty, Vi), + (A0 (vt wl)Al
<Ny = vy Iall ¥y lia
+(at)? | Vy,+1 VY7t Al iy
+AO? 1 yJh — vty lall i ,— 0

(38)

Thus, the LHS of (37) converges to the LHS of (38)
Second, since
"} — "} weakly in L*(A) , (W]} — (W]}
weakly in L2(A), and {v]**} — {v]"} weakly in L*(A)
then, the RHS (right hand side) of (37) converges to the
R.H.S. of (38).
On the other hand, since Gi*(v™) is WLSc from lemma
(5.2)

Gr(v™) < 11m inf

k—oco pmkey

Gg* (™) = Jim G§*(v™)
= inf jmkcyym Go* (V™)

Gén(vm) = infvmkewm GS"(vmk) y thus

v™ is a classical optimal control
O

6. The Necessary conditions for DCOC
problem

6.1 Theorem: The discrete classical adjoint state z,m =

z™ = (2", z1, ..., z§* 1) is given by (for j=S-1,S-2,...0)

(#f31 = o] 9) + 8eb(7]",9) = A7 ¥)
+At (Y% — Y ) (39)
zjt, —z;" = At )" (40)
zg" = <p§“ =0 (41)

where z",@* €W, ( Vj=0,1,.
derlvatlve of G is given by

DGt (v™, v'™
S—-1

= AtZO(HLn( ;y]+1: j )
]:

=AtY35;

.S). The directional
G(vm+EAvm)—G(vm)

),

— Vg Avjm)A

—v™) =lim,_,

(z™ +v"
(42)

where v'™, v™ € M™, Av/" = v'™ —v™ for (j=0,1,...,5),
and H™ is called the Hamiltonian functional.

Proof: By using equation (24), with ¢ = z", and summing
over j (for j=0 to j=S-1), to get

S=1 (2w, -2 w2 e
At ZO( eWjt1 A: Jj“J )A+At Zob(AEyjnll'Z]m)
=0 s—
A Z (AeyTy, Z™)s + At Z (SA v A
(43)

Sety = A,yj, in (35), and summing over j (for j=0 to
j—S 1), to get

("’1+1 ®5 fyinil) st
aey A R L CRT Y

j=
-1

s-1
= At ,Z (2" Acyfis) At Y (W = Ya AeY]ta),
Jj=0 j=0
Then, subtracting (43) from (44) gives
st (ASW i1 8eW; 'Zm) (¢J+1 Pj AEy}+1)

At ) v — At Z v

Jj= =0

(44)

0

s-1 s—

= At | 0(£A v.m,zjm AT At Zo(ijr1 — yd!Asy}:l—l)A (45)
j Jj=

Now, for any given values y;", ( j=0,1,...,S) in a vector
space, the following functions are defined a.e. on 7 as:
yr(t):=yj", tet foreachj =0,..,S
yi@):=yj 1, t €7, foreachj =0,..,5 -1
yi(¢"): = The functions which is affine on each 7"
that

yr )=y vj=01,..,S

, such
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These notations are used for y,w, z and ¢ in the LHS of
(45), to get

S21 (W -dew]ayY)

ac % — A= [T((AWI)', 2t (460)
]:

and
51 (oM. —p™ay™

acy. el oofiuly _ 7pmy, e
Jj=

(46b)

By using the discrete integral by parts twice to the integral
in (46a), i.e.
Jy (@ewI™y, 2™ pdt = = [ (AW, (27"))pdt
+(Bewy', zy ) —(Bewg", 2" )
T !
= — [y QWi (ZM))adt , (by (26)&
37)
T !
= — [, (Ay™), @M)pdt , (by (25)&
(40))
T m my/
= — [, Ay, (@) )pdt +
(Aeyn' N A
—(B8:y0" 5"
T !
= — [, Ay, (9T)')adt, by (26)& (41))
= J5 (@), Ay pdt
(47)
Using (47) in (45) , gives

S-1 S-1

At _Zo(y}ﬁl - yd,Agy}ﬁl)A = At _ZO(SA v z]?"
Jj= Jj=

(48)

On the other hand, since the Frechét derivative of the cost

function G exists, and then substituting (48) in the obtain

equation.

Gw™ + eAv™) — G(v™)

= AtZ]S-;é £ (A ™, ij)A + Ath;é (v}" — vy, €A v}")A
+0,(e) 1A v™ 12+ 0,(e) Il A v™ |12

= At }té £ (A ™, ij)A + Ath;é (v}" — vy, €A v}")A
+0 () A v™ 12 (49)

where 0 (¢) = 0,(¢) + 0,(¢) — 0,as ¢ — 0,

Dividing (49) by &, and taking the limit when e — 0, we

get

A

s-1
DGI'(v™ v'™ —v™) = At .Zo(zjm + V" — vy, Av/")p

=
7. Numerical Examples

The following algorithm describes the GMARM and
FWARM; we will use the norm |I-] with respect to vector
space V.
7.1 ALGORITHM : Let V be a vector space, U is a
convex subset of an open set Ac R?, G:AcV — R, b,c
€ (0,1), {s,} be a sequence with s, € (0,00), or s, €
(0,1], for each n. p> 0. and let vy, € U be an initial
control.
Stepl: Set n:= 0, solving WF(15-18) ( adjoint WF (39-
41)) by GFEM to get 1y, (z,), and Calculate G'(v,,) in
equation (42) and G (v,) in (13).
Step 2: Find a direction point w, €U , (i.e. a
direction w,, — v,,) by using the following method:
GM: Find the unique w,, € U, such that

1.,
Wn = Up _;G (vn)
FWM: Find w, € U, such that

ISSN 1013-5316;CODEN: SINTE 8

(G'(vn), wp —vp) = gleill}(a,(vn): w — V)
Step 3: Solve the solution of WF (15-18) to find the
state y,, corresponding to the new control w,,

Step 4: Calculate ¢, = —% Il G'(vy) I?

If {,, = 0, stop.

Step 5: Choose a,, using the following method:
ARM: Assume an initial value a =s, € [0,+) (or
a = s, €[0,1]). If a satisfies the inequality

(Dn(a) = G(Un + a(wn - Un)) - G(Un) < ab{,
We set a == a/c, and choose for a,,, the lasta € (0, o)
that satisfies the above inequality. If not, we set a := ac,
and chooser for a,, the first @ € (0, ) that satisfies this
inequality.
Step 6: Set v, = v, +a(w, —v,), :=n+1and we
go to step 2.

The COCP in the following examples are solved using
Algorithm (7.1), a computer program in Mat lab software
version 8.1.0.604 is written to achieve the discrete solution.
o (z,) in step (1) is found using GFEM with N =9, S =
20, (At = %), the parameters in Armijo method are taken

the value b = ¢ = 0.5, and the parameter p = 0.5 in the
GM and FWM.
7.1 Example: Consider the following classical optimal

control problem (COCP) governing by the linear
hyperbolic equation

Ve —Ay =h(X,t)+y+v—-v; , iIn P=AX, X=
(xl' xz)

y(%,t) = 0,in dP = dA x [0, T].

With the ICs

y(%,0) = 0.5 x,0,(1 — x)(1 — x3), in A

Ye(%,0) = =0.5(x1 %, (x; — D(xz — 1)), in A
where T =[0,1], A = [0,1] x [0,1], and

h(%,t) = —e ' [x} — x; + x5 — x5]
The control constraint is U = [—0.5,1] and the cost
function is given by

Go)=,[; 0 = ¥a)* +5 (v — va)*]dide,

Where y; = y, (X, t)and v, = vy (X, t) are the desired
state and control and are given by
ya(&,t) = 0.5 x;%,(1 — x)(1 — xy)e™t , V(&,t) € P, and
vd(fc’t)={0 ,for0 <t <05

! 0.4 Jfor05<t<1

with the initial control
vo(X,t) = —04+¢t,V(X,t)EP
Algorithm (7.1) is used here to solve the above problem.
The given initial control and its corresponding state are
given in the following figures

Figure la. Initial control at t=0.5
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Figure 1b. Corresponding initial state at t=0.5

and its
results

the above initial control
we have the following

Depending on
corresponding  state),
according to the

() In the GARM: the optimal control and corresponding
state are obtained after 12 iterations, the results show with
G,(v™)=5.9048e-08, ¢, =6.6150e-04, and §,,,=1.2542¢e-04
Where {,,, and ,,, are the discrete maximum errors for the
state and control respectively.

The optimal control and its corresponding state are shown
by the following figures

Figure 1d. Corresponding state (of optimal control) at t=0.5
(1) In the FWARM, the optimal control and corresponding
state, are obtained after 115 iterations with
G,(v™)=6.4532¢-08, {,, =6.6150e-04, and §,,,=4.6256e-04
The optimal control and its corresponding state are shown
by the following figures

Figure le. Optimal control at t=0.5
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Figure 2f. Corresponding state (of optimal control) at
t=0.5

7.2 Example: Consider the COCP, which was considered
in example (7.1) but the control constraint is U = [—1,2],
and the desired control is given by

vg(X,t) = —0.5+ 2t

with the initial control

-03, 0<t<03
vo(%,t) =05 0.3<t<06
11, 06<t<l1

Algorithm (7.1) is used here to solve the above problem.
The given initial control and its corresponding state are
given in the following figures

Figure 2b. Corresponding initial state at t=0.5

Depending on the above initial control and its
corresponding state), we have the following results:

() In the GARM: the optimal control and corresponding
state are obtained after 15 iterations, the results show
with Go(v™) =5.9050e-08, (,, = 6.6150e-04, and
6,,=4.1888e-05

The following figures are obtained in the optimal control
and its corresponding state.
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Figure 2d. Corresponding state (of optimal control) at t=0.5

(1) In the FWARM, the optimal control and
corresponding state, are obtained after 343 iterations with
Go(v™)=6.8025e-08, {,, =6.6150e-04, and §,,,=5.9350e-04
The optimal control and its corresponding state are shown
by the following figures

00 02

Figure 2e. Optimal control at t=0.5

Figure 2f. Corresponding state (of optimal control) at t=0.5

CONCLUSION:

1)The existence theorem of a unique discrete solution for
the discrete state equation when the discrete control is fixed
is proved by using the GFEIM.

2)The existence theorem of a discrete classical optimal
control (is stated and proved. The necessary condition for
the optimality of the DCOCP problem is proved.

3) Depending on the results of the above examples, we
conclude that (with step length of space variable h = 0.1,
and step length of time At = 0.05) :

a) The GFEIM, which is used to solve the DSE of
hyperbolic boundary value problem as well as the discrete
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adjoint equation for the state equation. This method is fast
and efficient than the finite differences and many other
methods.

b) The GARM and the FWARM, which are used to find the
minimum value of the cost function. They are suitable and
efficient methods to find the DCOC governed by
hyperbolic boundary value problem, with parameters
p=0.5,b=0.5and c = 0.5in the ARM, but the results
which are obtained in the GARM is better than the
FWARM and the required time to run the program of the
first method is little than the second one.
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