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ABSTRACT: In this paper, we shall consider the second order linear complex differential equations with meromorphic coefficients. One
of the coefficients belongs to Edrei-Fuchs class and the other one satisfy some conditions under which any nontrivial solution of

mentioned equation is of infinite order.
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1. INTRODUCTION
In our paper, we shall investigate the following complex
DE

f"+A@f" +B@)f

=0 (D)

where the functions A(z) & B(z) # 0 are
meromorphic.
The fundamental concepts of the theory of value
distribution of meromorphic functions are used [1, 2].
By p(f) and u(f) we meant the order and lower order,
respectively, of the meromorphic function f(z).
Some equations like (1) have a finite order nontrivial
solution, for instance, f(z) = e* has order one and it is a
solution of [ +e ?f' —(e7?+1)f =0 . Hence, we
ask the following question: what condition(s) on A(z) ,
B(z) which gives us guarantee that any solution of (1) has
order equal to infinite?. Here, there are much works give
the answer of this question [3, 4, 5-8].
The authors in [3] proved the following results:
Theorem A Suppose that A(z) is a finite order entire
function with finite deficient value, B(z) is a

transcendental entire function with p(B) <%. Then any

solution f # 0 of (1) has p(f) = o .

Theorem B Suppose that A(z) satisfy the hypothesis of
Theorem A, B(z) # 0 is an entire function. Assume that
a constants « >0, f >0 exists, and for every € >0 ,
two sets of reals {@y} , {0x} of finite elements satisfies

01 <0; << 0; < <Py < Oy < Ppyp1 (@1 =
@1 + 2m) , and

m
Z (Prs1 — 1) <€
k=1

for which

IB(z)| = exp{(1 + o(1))al|z|?}
when z — o0 in @, <argz<0,, (k=12,..,m).
Then any solution f # 0 of (1) has p(f) = oo .
Theorem C Suppose that A(z) satisfy the hypothesis of
Theorem A, B(z) # 0 is an entire function satisfy that for
every k>0

|B(2)| _

lzl=r—0 Tk

holds for z & G where G isasetof r-values satisfying
m;(G) < oo . Then any solution f = 0 of (1) has p(f) =

@ .

Definition 1.1 [9] Let f(z) be a finite order
meromorphic function in the whole complex plane with
0 < p(f) < oo. We say that a ray argz =6 that start

from origin is a zeropole limit point (ZPL) of f(z) , if

. logn{Q(0—¢,0+¢71),f=0} +logn{Q(6—¢,0+&71),f=0
lim, o, sup g n{Q( ).f =0} +log n{Q( ).f=} —

logr
r(f)

holds for every € >0 .

Theorem D [10] Let f(2) be as in Definition 1.1.
Suppose, also, that f(z) as q (ZPL) rays and p deficient
values where p # 0,00 . Then p<gq .

p < q mentioned in the previous Theorem is called the
Edrei-Fuchs inequality.

Definition 1.2 [9] The meromorphic function f(z) is said
to belong to Edrei-Fuchs (EF) class if f(z) satisfy the
conditions mentioned in the previous Theorem with p =
q=1, i e f(z)has order finite and positive
and q (ZPL) rays and p # 0 deficient values.
Definition 1.3 [8] Let E <[1,00). We define the
logarithmic measure of E by
dt
my(E) = | —

t
E

We define the upper and lower logarithmic densities of E
by
— . my (EN[1,7])
logdensE = rlgg supT
and
my (EN[1,7])
logr
respectively. E has logarithmic density if logdensE =
logdensE.

Our results in this paper depend heavily on (EF) class .
Some examples shows that there are a functions belong to
this class can be found in [9].

2. SOME NEEDED LEMMAS

In this section, we give some lemmas which will be used to
prove our results.

Lemma 2.1 [11] Let (f,T) be a pair contains a finite
order transcendental, meromorphic function f and

I'={(ky,j1), (k2 j2), oon) (kq'jq)}

denote a set of distinct integers order pairs satisfying
ki>j;=0, i=12,..,q.Let €¢>0 bea constant.
Then the following hold:

1. There is E; c [0,2m) with zero linear measure, such
that, when 1, € [0,2m)\E; , then a real constant
Ry = Ry(¥y) > 1 exists such that, for z with arg z =
Yo |z| = Ry ,and foreach (k,j) €T ,we have

logdensE = lim inf
_— r—o
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fP@
fO()
< |z|Kk-Dp-1+e) (2)

2. There is E, © (1,0) with m;(E,) < o , such that,
for each z with |z| € E, U[0,1] and, for each (k,j) €
', we have (2).

3. There is E; < [0,0) with linear measure is finite, such
that

f¥ @)
‘ f(i)(z)
< |z|k-D(pte) 3)
for each z with |z| € E; and (k,j) €T .
Lemma 2.2 [9] Let A(z) be a finite order meromorphic
function with 0 < p(A) < o that has p deficient values,
a;,az,...,a,,(p 2 1), B(z) be a finite order
meromorphic function that has a deficient value oo.
Suppose that 8 >1, 0<n<p(4) are real constants.
Then, a sequence {t,} exists satisfying

tn
n—eo T (ty, A)
=0 (4)

Moreover, there is F, C [t,, (8 + Dt,] , with m(F,) <
BVt gor any sufficiently large n such that for any
R € [t,, ft,] \F, , the argument 6 sets, E,(R), (v =
1,2,...,p) , Ex(R) such that

1
m(E,(R)) =:m<{9 € [0,2m) |logm

> %T(R,A)}) > M,

>0 (5
and

m(Ew(R)) = m ({0 € [0.2miog|B(Re)]

5
> ZT(R,B)}) > M,
>0 (6)
holds where M, >0, M, > 0 dependingon A,B,5, =
minlsvs;a d(ay,, A)
&, = 6(c0,B), B and n only.
Lemma 2.3 [3] Let g(z) be a finite lower order entire
function, with  0<pu(g) <5, A(z) be a
meromorphic  function, with finite order. Let a be a
finite deficient value of A(z) with deficiency & =
6(a,A) >0 . Then, for any &> 0, a sequence R, —
oo exists, such that
|g(Rye™®)] > exp{RA¥™},
¢ € [0,2m) ™)
m(E,) =:m{9 € [0,2m): log|A(Rne®) — a]

5
> —ZT(Rn,A)} >d

>0 (8)
hold, for all sufficiently large n , where d is a constant
that depend on p(4), u(g) and & only.
Lemma 2.4 [4] Let w be an entire function and assume
that, |w'(z)| is un bounded on the ray, argz=20 .
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Then a sequence z, = r,e'® exists where 7, — oo such

that w'(z,) — o ,and

w(zp)

w'(zy)
< (1+0(D)lz,l 9

as z, — o .

Lemma 2.5 [12] Suppose that g(z) is a finite lower

order entire function with 0 <pu(g) <1. Then, for

any a € (u(g), 1), there is E € [0, ) such

that logdensE > 1 — @ , Where E = {r € [0,):

m(r) > M(r) cos ta} , m(r) = infi, = loglg(2)|,

M(r) = SUD|z|=r loglg(2)]

Remark [3] If g is an entire function with zero lower

order, in view of Lemma 2.5, we only need to give a

slightly modification which make the previous Lemma

remains holds.

3. MAIN RESULTS

In this section, we give our main results which are the
generalization of the results in [3,9]. In our proofs we shall
let a;,a,,...,a,,p = 1 be a deficient values of A(z) with
deficiencies §(a,,A) >0, 1 < v < p.

Theorem 3.1 Let A(z) be a meromorphic function

belongs to EF class and let B(z) be a transcendental

entire function with  u(B) <§. Then every nontrivial

solution f of (1) has infinite order.
Proof: Suppose that f # 0 is a solution of (1) with
p(f) < co. From equation (1) we have

f"(2)
|B(2)| < T

@) L9

f(@)

(10)

According to Lemma 2.1, a set E; S (1,00) exists with
m;(E;) < oo, such that

(9]
’M < |z|2PD) [k
f(2)
=1,2 (11D
holds, for all z with |z|=r€E, U[0,1p],19 >1.

There are the following two cases:

First Case: 0 < u(B) <§ . By using Lemma 2.2 and

Lemma 2.3, there exists R, with R, <R,_;, and
R, — oo, such that
1
E,(R =: € [0,2 -
m(E, (k) =m ({6 € [02m)|log (e —o
6
> TRy M) 2 M,
>0 (12)
; u(B)
|B(R,e%)| > exp {R,zl },
0 € [0,2m) (13)
for every n.
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For every n = n, we choose 6,, € E,(R,,) . From (10-12),
we get
|B(Rye'n)]

o)
< |z|2P!) (1 + exp {—ZT(RH,A)}

+lal) (14)
Thus
exp {R%H(B)}
n
o)
< |z|?P) (1 + exp {—ZT(RH,A)}
+lal) (15)

When n — oo |, this is a contradiction.
Second Case: u(B) =0 . By Lemma 25, a set E, C
[0,00) exists with logdensE, = 1 , such that

log|B(2)|
V2
> 7logM(r,B) (16)
for all z with |z]=r€E, where, M(r,B)=

max|,=-|B(z)|. By the above Remark, there is a sequence
R, such that (12), (16) hold. By (10-12) we get (14).
Thus, from (14), (16) we obtain

V2 )
M(@r,B)z < R*D (1 + exp {—ZT(RWA)}

@a7)
Since B(z) is a transcendental, we get
~ logM(r,B)
lim inff————= o0

r—00 logr
Thus, the contradiction is obtained from (17). The proof is
now completed. O
Theorem 3.2 Let A(z) € EF be a meromorphic
function, B(z) # 0 be an entire function. Suppose that,
two constants « >0 and g > 0 exists, and for every
e >0, two of finite collections of real {p;}, {0x}
satisfying P1<0, <P, < 0, <<y < O, <
Pm+1(@m+1 = @1 +2m) and

m
Z (Pres1— ®x)
k=1"

<

such that
|A(2)]
> exp{(l + o(l))alzlﬁ} (19)
where z— o0 in ¢, <argz<6,, (k=12 ..,m)
and let
|B(2)|
< exp{0(1)|z|5} (20)
as z— o in 0, <argz <86, . Then every solution
f#0 of(Q)has p(f) =c0 .
Proof: Suppose there is f#0 of (1) has p(f) < oo.
From (1) we have

+lal)

£ (18)

e @)
fll z f 7z
< F |+ 1B@I s 21)

By Lemma 2.1 there is E; S [0,00) with finite linear
measure, such that, for =z with|z|=r ¢ E;U
[0,7], (; > 1) the inequality
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f'(2)
< |z|2P)
holds.
By Lemma 2.2 and Lemma 2.3 there is a sequence R,
satisfying (12). Take 0 < e < % , then for any integer n ,
choose ¢, € E,(R,) N (Uf=1[¢x, 6x]) - Thus there is
k€{1,2,...,m} such that, for any n satisfies ¢, €
E,(R,) N [y, 6] (for otherwise ¢, is replaced with
subsequence ¢n,-)- Hence, from our hypothesis, we get

|A(z)| = exp{(l
+o0(1))alz,|#}

(22)

(23)
asn — oo,

Assume that |[f’(z)| is unbounded on argz = ¢,

where ¢, € [6;,0,] \ E . Thus, by Lemma 2.4, there is a

sequence, z, =1, exp(i¢p,) Wwhere 1, — oo, so that,
f'(zy) — % and

f(zn)

f'(z)

< (1+0(D)lz,l (24)
Now combining 20-24 we get a contradiction. The proof is
completed. O
Corollary 3.3 Suppose that A(z) be a meromorphic
function belongs to EF class and B(z) # 0 is an entire
function. Also, suppose that, there is a constants a > 0,

B >0 and for € >0, two sets of reals {p.}, {6},
satisfies ¢p; < 0; < 9, < 0, < <P, < O, <
Pma1, (Pmer = @1 + 2m) , and
m
Z(<Pk+1 — ¥r)
k=1
<e (25)
such that
|B(2)]
> exp{(1 + o(Dalz|#} (26)

as z— o in @, <argz<6,, (k=12,..,m) . Then
any solution f = 0 of (1) has p(f) = oo.
Theorem 3.4 Let A(z)(+ 0) € EF be a meromorphic
function , B(z) # 0 be an entire function satisfying (20)
and suppose that

|A(2)]

m
|z|=r—0 Tk

= 27)

holds for any k > 0 and z ¢ G of r-values with m;(G) <

co. Then for any nontrivial solution f of (1) we have

p(f) = co.

Proof: Assume that (1) possesses a finite order solution

f #0. Using Lemma 2.1 there is E, € (1,0) , with,

m;(E,) < o, such that (22) holds for z with |z| =

r ¢ E,Ul0,1,],(r, >1) . From Lemma 2.4 as in the

proof of Theorem 3.2 we have

f@)

f'(@)

<(1+o0(D)lzl

For k > 0 we have
AR
lim ———

n—o Rk

(28)

= o0

(29)
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Combining 20-22, 24 and 29 we get a contradiction.
Therefore every nontrivial solution f of (1) has infinite
order. [l

Corollary 3.5 Suppose that A(z) € EF be a
meromorphic function and B(z) #0 is an entire
function such that
|B(2)|
|z|=r— rk

holds for any k > 0 and z € G of r-values with m;(G) <
oo . Then any nontrivial solution f of (1.1) is of infinite
order.
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