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ABSTRACT: Some properties of a subclass of harmonic functions defined by multiplier transformations like coefficient
inequalities , distortion bounds and Extreme points are investigated in the present paper .
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1- INTRODUCTION
A complex valued function f=wu+4iv which is
continuous that defined in simple connected domain D
is said to be harmonic if w and v are real in D , that is u
and v are satisfy , respectively, the Laplace equations .
Follows from the above every analytic function is complex-
valued harmonic function .
Let f(2) = h(z) + g(z) where h and g are analyticin . h
is called the analytic part and g is called the co-analytic
part of f . For f to be locally univalent and sense-
preserving in D it must satisfy the necessary and sufficient
condition

I @] > 1g'@)] [4]inD
Let H(p) denote the set of all multivalent harmonic
functions f = h + g that are sense-preserving in the open
unitdisk {z € C: |z| < 1}, h and g are of the form

h(z) = z° + Z a(n+p)_1z(n+p)—1 ;
n=2

9(z) = X34 b(n+p)—1z(n+p)_1 byl =0. 1)

Recall that Clunie and Sheil —Small [4] and Jahangiri et al
[6] are studied the class H(1) of harmonic univalent
functions . For f € H(p) ,the differential

operator D™ (m € N, = N U {0}) of f was introduce by
Jahangiri et al [5] for fixed positive integer m and for
f =h+g given by (1) ,the modified Salagean operator
D™ f [5] is defined as

(n+p)—1)+y

Lsf(z) = 2P + L3, ([?(1,7

B+y

Define SH(p, t,m,8,y, B, @) be a subclass of (p) ,

a functions f € SH(p,t,m,8,y, B, a) of the form (1) is in
the class H (p) if it is satisfy the following condition

] Im+1f(Z) ]
R|p(1+teid y'ﬁ——pte’5>2pa )
< ( ) Iy f(2)
0<a<1l,peEN (6)

Where I} f (z) is given by (5) .

) a(n+p)—lz(n+p)_1 + (D™ Z;?:l(

D™f(z) = D™h(z) + (-1)"D™g(2) ;
p>m,zeU (2)

Where
D™h(z) = 27 + X%, (%)m Q)1 2P
And
D™g(2) = X3, ((’”pﬁ)m Bnspy_12L

Ahuja and Jahangiri [1] are studied the class H(p). Next
for function f = h + g given by (1) which is belonging to
H(p) ,Cho and Srivastava [3] defined multiplier
transformations , the modified multiplier transformation of
f given by (1) is defined as
Iy sf(2) =D°f(2) = f(2),
D°f(z) + BDf(z

1 =L f(L)Hi @) _
y(f (@) +B('(2)

B+vy

Fsf @ =15 (5 @) |
(m € No) @)

Where 0 <y sg Af fis given by (1) ,then from (3) and
(4) we see that

((nﬂa)—l)_ m

¥
Bpﬂ’ ) binsp)-12™P71 ()

SH(p,t,m,8,y,B,a) consisting of harmonic
fm(2) = h(2) + g (2)

in H(p) such that

Suppose
functions

[e5}

h(z) = zP — z a(n+p)_1z(n+p)—1 ;

n=2

gm(z) =(=nm 21010=1 b(n+p)—1z(n+p)_1 ,

An+p)-1 b(n+p)—1 =0 (7)
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Define Proof . If z; # z,
SH(p,t,m,8,y,B,a@) = SH(p,t,m,8,v,B,a) N H(p) ‘(f(ZO —f@)| @@~ 9(z)|
and (h(z) =h@)| = [(h(z) = h(z))]

SHO(p,t,m,8,y,B,a) = SH(p,t,m,8,y,B,a) N H(p). _1

(n+p)-1 _ Z(n+p)—1)

2- MAIN RESULTS | V=2 bnap)-1 (%

N o p)-1 +p)-1
|22 + 55 a1z P 28 + 50 aguay-12d P

Theorem 1. Let f = h + g be so that h and g are given by
(1) with b; = 0, and

Zn Zb(n+p) 1(Z(n+p) 1_ (n+p)—1)

(Z _Zz)+2n 2 A(n+p)—1

ﬁ((n+z) 1)+y)m [ <ﬁ((n+p) 1)+y>

© | —2—— 1+ —F2—"—)-pla+

Zn_z< e P+ =5 pla o1 Zana((t ) = Dlberp) |
1- :f:z((n +p)— 1)|a(n+p)—1|

( (n+p)-1_ (n+p)—1)

t)] |atnipy-l

>
(n+p)— m (n+p)— - -
+X, <#) [p(l +1t) (#) +p(a+ 2;‘{’=2(#)TMHQ(%&)W(MO]Ib(n+p)—1|
1—
t)] |bensp)-1] z;?ﬂ(%)m p(1+t)<w>—p(a+t) lagep)-1l
spl-a) ®) > 0.
Where0 <y <2 meNO,ﬁJr <“5ﬁ

.Then f is sense-preserving ,harmonic univalent in U ,and
fESH(p,t,m,8,y,B,a) .

Which proves univalence . Since

+
W @) = |pzP~ + Z((n +9) = Dagap-12"P7F| 2 2P~ + Z (%> |aguip)-1]121 " #7)-2
o (n+p)—1) " ((n+p)—1)
)+ L)+
> 1—2 ﬁ( ,Bp+ ! p(1+1t) F Bp+ ! —pla+1t) |a(n+p)_1|
~ Y Y
-1 m -1
>i ﬁ((nJrS) >_y 1410 ﬁ((n+£) >_ +pla+0)||b
= 4 ﬁ +y p ﬁ +y p (n+p)-1
- 1+te 1’”+1 f(2) —pte® I f (2)

> (14 0) = Dlbuapy-a] 1214972 = g/ )] ‘p(l —ay 4 PUEEY |

n=2

p(1 +te“5)1m+1f(z) pte I f (2)
This shows that f is sense-preserving in . ‘p(l Ta) - I f (2) =0
Using the fact that R(w) = pa if and only '
if |(1—a)+w|=>|(1+a)—wl|,itissuffices to show that |p(1 —aIm mf(2) + p(l + tei6)1m+lf(z) ptelsl (Z)|
—lp(L+ ) f(2) — p(1 + te®) [T f(2) + pte® 1) f (2)|
-1 m -1 "
o ((n+p) )+y s e ﬁ((n+g) )_ o
= P(l - a) zP + Z Am+p)-12 b + (_1) Z ,B +y b(n+p)—lz b +

n=2
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p(1+te®)| zP + z
n=2
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o n+p)—1 m o n+p)—1 "
ﬁ<( > )+y (n+p)-1 B(( 5) )_ (n+p)-1
Am+p)-12 P — (_1)mz b(n+p)—1Z P -
ty n=2 ﬁ ty
(n+p)—1 " o [p(+p)—1 "
) ()
5ty An+p)-1 ZHP)=1 4 (—1)m Z Y Binip)-1 Z(m+p)-1

= |p(1 — @) + p(1 + te’®) — ptedzP +

B+y

Z (- (*22)-r

;

(n+p) 1)+

p(1 — a) — pte®]agypy-1z P71 —

)" S, (B(

(n+p)-1

- )_y m s B((n+p)—1 _
=) (1 ee®) (2

B+y

a(n+p)—1z(n+p)_1 + (D™ Z

y>+

[p(l + te“s) <ﬁ(T

p(1—a)+ Pfew] b(n+p)—lz(n+p)_1|

—|(p(1 +a)— p(l + teis) + ptei5)zz7

. B((n+p)—1)+y m 4 ﬂ((n+p)—1
_Zn=2 <p7> [p(l + telé‘) (#

)+V>

QG2+ (<1

a(n+p)—lz(n+p)_1 -=nm

)

n=2

NgE

n+p)—1 "
ﬁ ( p) ) y
benapy-127 P

n+p)—1 m
ﬁ ( p) ) y
beuapy-12™P7H | +

w ﬁ((n+§)_1)—y "
B+vy

2

3
1l

s

2

B
L

(n+p)-1

ben+py-12
n=2

(m+p)-1\__\ (n+p)-1\_
—z;ﬁz(ﬁ(;—)y) [p<1+t)(ﬁ(;7+y)y>

+y

—p + pa + ptl|baip)-1 |12I P = palz|P

(n+p)-1 + m (n+p)-1 +
— Z;fzz <M> [p(l + t) <w>

B+y +y

—p — pa — pt] |a(n+p)—1 | |Z|(n+p)_1

(n+p)-1\ _ m (n+p)-1\ _
— Z%ozz <M> [p(l + t) (M)

B+y B+y

+p + pa + ptl|beapy-a| 12| P

B+y
o (n+p)—1 m
- () +y

—p(1+ @) = pte]agip) -,z > 2p(1 — a)|zlP — ; ( ﬁp+ % )

o ((n +p) - 1) "
e DmZ /g+y [p(1 +te’) 5(("+§)‘1)+y

( )1 p(1+1) B+y —pa = pt||agp)-1]
p(ntp)—1)
( P ) +p(1 + a) + pte®|boypy-12™P71|
ﬁ + Y (n+p)=1\ _ m (n+p)=1\ _
w (FEE) Lo (FE)
(@p=1), \" “Eia\Tn ) PArO(Tan ) et

SR P Pt] [

n=

D

2

ﬁ((n+p)—1)+y

p(1+1t)

B+y

+p—pa

—pt |a(n+p)—1||Z|(n+p)_1

2p(1 - a)lzl?
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m

r(1-a) B+y B+

pr(1—a) {1 — Xn=2
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m

(n+p)-1 . (n+p)—-1 " (n+p)-1\ _
1 (7‘8( ) y) [p(1+t) <7B( ”y) y)—p(a+t)] | agnsp)-1] —2?7=2p(11ta) (ﬁ( : ) y> +p(+

B+y

(n+p)-1\ _
£ <M> +pla+ t)lb(n+p)—1|} 20 (by8)

B+y

Putting (Dp=1,t=0 (iDp=1,t=0,=1 inthe
above Theorem , we obtain

Corollary 1 . Let f = h + g be so that h and g are given
by (1) with b; = 0 . furthermore , let

> By (B s

n=2
o (Bn=y\"™[(Bn—y _
5 (52) (B el il 51-
B .Y . i
Where OSySZ,meNO,ﬁWSaSﬁW .Then f is

sense-preserving ,harmonic univalent in U .

Remark 1. We note that the result is obtained by Hasan
Bayram and Sibel Yalcin [2] .

. ﬂ((n+p)—1)_y m ﬁ((n+p)—1)_y
+ 0= ("7) [p(l )=

e +p(a+

t)] b(n+p)—1

sp(l-q ©)

=

Where0 <y <Z,neN,; <a<-L .
14 07 B4y B+y

;l

Corollary 2 . Let f = h + g be so that h and g are given
by (1) with b, = 0 . furthermore , let

> (0 () - o]

+ 252 (52) " [(555) + o] ol =

14y B+y

1—«a

Where 0 <y <-,m € Ny ; % <a< ﬁ.Then f is sense-
preserving ,harmonic univalent in U .

Remark 2. We note that the result is obtained by Yasar and
Sibel Yalcin [7] .

Theorem 2. Let f,,, = h + g,,, be so that h and g are given
by (7) with b, = 0 .Then f € SH°(p,t,m,§,v, 8, a) if and
only if

Proof . The " if " part functions holds immediately by
Theorem 1 also noting that

SHO(p,t,m,8,y,B,a) € SH°(p,t,m,8,y,B,a) . For the
"only if " part , if the condition (9) is not hold we show that
fn €& SH°(p,t,m,8,y,B,a) . Note that a necessary and
sufficient condition for f,, = h + g,, given by (9) to be in
SHO(p,t,m,8,y,B,a) is that the condition (8) to be
satisfied . This is equivalent to

n+p)—1 +y mn
(- 02" 5| —f
Rl n+p)—1 m (n+p)—1 m
N e,
\ZP -2, BTy a(n+p)_1z(n+p)—1 + X0, S b(n+p)_1z(n+p)—1
n+p)—1
ey,
p(1+1t) 51y —pla+t) a(n+p)_1z(n+p)—1
n+p)—1 m
_[p ( g) —y
Zni=2 B+y
" (htp)—1 " (n+p)—1 m
o B( 5 )+7’ . B(—g )—V
27 = Zn=2 B+vy "l(n+v)—lz(n+p)_1 + Y=z B+y b(n+p)—1Z(n+p)_1
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=y
B+vy

p(1+1t)

This hold for all values of , such that |z| =r < 1.
Choosing z on the positive real axies such that 0 < z =
r < 1 we obtain

(n+p)-1 m (n+p)-1
Bl—— )+ Bl—— )+
p(l—a)—Z;‘&z(%) pﬁ”)(%)—p(aﬂ)

(n+p)-1 m (n+p)—-1 m
B +y Bl——H—)r
( Bp'H’ ) ) a(n+p)—1rn_1+2?=z< ( L ) ) b(n+p)—1rn_1

Anap)-17"

B+y

1‘2%":2(

(n+p)-1 m
Zoo B( P )—y 1
n=2 B+y

(n+p)-1) _
p(1+t)(7ﬁ( b )y>+p(a+t)

B+y

Anap)-1T"

ISSN 1013-5316;CODEN: SINTE 8

+p(a+t) b(n+p)_12(n+p)_1 =0

The numerator in (10) is negative for r sufficiently
close to 1 if condition (9) does not hold ,therefore
there exist z, = 1, in (0,1) for which the quotient in
(10) is negative .But this contradicts the required
condition for f,, € SH°(p,t,m,8,y,, ) and so the
proof is complete .

Theorem 3. Let f, is agiven by (7) .Then f, €
SH°(p,t,m,8,y,B,a) ifand only if

(Ap)—1\, \ " (m+p)-1)_\" =
1‘2?:2(6( Bpw )”’) a(n+p)—1T"_1+Z$1°=z<B( Bpw ) y) baap)-17" " fm(Z) Zx(n+p)—1h(n+p)—1(2) + Y(n+p)—1gm((p+n)_1) (Z)
n=
>0 (10)
_ _ p(1-a) -1.
hp(2) = 2P, hnap)-1(2) = 2P — 3((n+p)—1)+ m (n+p)-1 2P
P 4 B( P )+y
By p(1+1) By -p(a+t)

n=23...)

gMp(Z) = Zp!

p(1-a)

B+y

— P _
Im(pemy-1) (2) =z B((n+p)—1)_y m B((nﬂo)—l)_y
<p7> Ip(1+t)<p7>+p(a+t)

Z?f:l(X(nﬂJ)—l + y(n+p)—1) =1, Xp4p)-120 and Yinip)-1 2
O;OSysg,nENo;

2Pl =12,...)

B+y

p(1-a)

(5(—<”+5>-1>—v>"‘
B+y

X(n+p)—1z(n-'—p)_1 + (_1)m Z?f:z

r ¥ i i

e <a< Bty .In particular the extreme points of 1 . T
SHO(p,t,m,8,y, B, ) are {R(n4p)—1} and np-l

[),((n+p)—1>_y

{Impin-s} p(1+1) F+v —pla+t)
Proof . suppose that f;, functions of the form (7) , we note
that (ﬁ(—('”ﬁ)'l)”)m p(1+t)<_ﬁ (7("?)_1)”)—1:(“0

B+y B+y
fm(z) = Zx(n+p)—1h(n+p)—1(z) + Y(n+p)—1gm((p+n)_1)(z) Then anz p(1-a)
n=

= Z(X(nﬂ))—l + y(n+p)—1) zP -

o n=1
z p(1-a)

+p)—1 " +p)—1
= (s (P oy o A
r(1-a) ¥
(n+p)-1
n+p)—1 m n+p)—1
o v P 4y
ST p(1+1t) T —-pla+t)
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(n+p)-1)__\™ (n+p)-1)_ =y® ¥ 4 o vy L =1-X. —-Y. <1
<5( [i’p+y ) V) p(1+t)(—( Bp+y) >+p(a+t) Zn—z (n+p)-1 Zn—z (n+p)-1 » »
+ X .
H pae And so f, € SH°(p,t,m,8,y,B,a). Conversely if
/ fm E m(p! t!m: 5;]’:3: a)athen
r(1-a)
l B((n+g)—1)_y m B((n+£)—1)_y Y(n+p)—1 |
\ B e p(1+t) T +p(a+t) /
r(l1-a)
m
a (n+p)-1 B((n+g)_1)+y 1 'B((n-l_g)_l)-l_y
t - t
B+vy p(1+10) Bty pla+1t)
And
r(1-a)
b 1 <
(e ﬁ((n+p)—1)_y " B((n+p)_1)—y
p p
1+t t
B+vy p(1+10) B+y +pla+t)
Set
mp)=1), ™ (n+p)-1 I
%) p(1+f)(%>—p(cx+t) Theorem 4. Let f, € SH‘;(p. t,m,8,y,B,«) .Then for
Xmap)-1 = D) Anip)-1 » lz|=r<tland 0<y< MEN, ;
L <a<X wehave
n=23,...), B+y B+y
| <7rP ri-a) p+1
and fm@| <rP + G e rp+1
HED) N (e il whad I N Ll i N
(#) p(1+t)<#>+p(a+t)] B+y p By 14
fuap-1= p(1-a) brp-1. and

(n=12,...),and
XptY=1- Z?:Z(X(nw)—l + Y(n+p)—1)
Where X(npip)—1 = 0 and Yg,4p)—1 = 0. Therefore, we
obtainfm(z) = (Xp + Yp)Zp + Z%o=2 X(n+p)_1h(n+p)_1(z) +
Y(n+p)—1gm((p+n)_1) (Z) .
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p+1

p(1—a)
|fm(z)| = rp - m
s () - s
BTy p(1+1¢t)

Proof . Let f;,, € SHO(p, t,m,8,y,B,a) .sinc |f,(2)| <

B+

)-v
” +pla+t)

TP+ Zfzz(a(n+p)—1 + b(n+p)—1)rp+1

p(1—a) pt1
- +1 " +1
pE5)+r p()+r
By ) |PATO Ty TPt
(n+p)-1 m (n+p)-1 (p)-1\__\™ (n+p)-1)_
[ ] ]|
Zn:Z p(1-a) A(n+p)-1 + p(1-a) b(n+p)—1
p(1-a)
<rP+ SN 0 rp+l
( Bp+y ) p(1+t)( Bp+y )—p(a+t)]

The proof for the left hand inequality is similar and will be omitted .

Corollary 1. Let f,, is given by (7) such that
fm € SHO(p,t,m,8,y, B, @) where

B . v
OSySZ,nENO,ﬁWSaS[Hy .Then

wilw| <1-— ] P(l—a)p+1
B(——)+ B(—=—)+
(ﬁ’% p(1+1) (ﬁ"% —pl+1)
< fnV)

o = -1
+(=D™" Zn:l b((n+p)—1)iz(n+p)

Theorem 5. The class SH°(p,t,m,d,y,B,a) is closed

under the convex combinations .
Proof . Let f,,, € SH°(p,t,m,6,y,B,a) for =1,
where f,,, is given by

[oe)

fin;(2) = 2P — Z a((n+p)_1)iz(n+p)—1

n=2

(n+p)-1 m (n+p)-1
(R )ay () 1y
EE=Xy B =
En:Z p(-a) a((n+
<1 N CEN

fo
roXe.t;=1,0<t; <lthe

convex combination of f,,. may be written as

( ) Z(n+p)—1

o) o)

Z ti fm,(2) = zP + z

i=1 n=2

3}

Z t a((n+p)—1)i

i=1

Then by (9)
2, e ,
(n+p)-1 m (n+p)-1
p(B=1)- p(BB=)-
(%) [p(1+t) ( 7 ) Y p(att)
p)-1); + 2n= p(1-a) b((""'p)_l)i

+(-D™mYE, (Zf‘;l t; b((n+p)_1)i) 7P ~11hen by (11) ,

m (n+p)71)+

(ﬁ(—(n+p)7l)+_y> [p(1+t)—ﬁ( p 7

D -
B+y B+y p(a+t)
n=2

r(1-a)
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(2521 ti a((nﬂ’)—l)i) +

+p) -1 " tp)—1
o o o o
. BTy p(1+1t) BTy +pla+1t)
—1)m
= Z pd-a)
oo B (n+p)—-1 +y
<Z f b(<n+p>—1>i> [p(l ro S e t)] “an-n,
i=1
(+p)=1) ™ (tp)-1)_ \
e KA ] i e
[ [ ﬂp"" Y p(1-a) b((n+p)_1)iJ
= ti
; ; p(1—a)
< ¥2,t; = 1This is the condition required by (9) and so
Z?il ti fmi(z) € W(p! t,m, 6! Y, ,8! a) .
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