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ABSTRACT: In the recent task, solution of linear and nonlinear PDE's was established by Lie group the
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1. INTRODUCTION

Symmetry methods for PDEs were first developed in the
late 19th century by Marius Sophus Lie [1]. They are
important in the study of PDEs arising in mathematics,
physics, engineering and many other disciplines since
they can be used to obtain special reduced solutions of the
PDEs. Also PDEs have a wide range of applications in
many fields, such as physics, engineering, and chemistry,
which are fundamental for the mathematical formulation
of continuum models [10, 11]. The Lie symmetry analysis
method functions an remarkable turn in studying the
PDEs [2-4].Over the past 120 years, the use of groups
based on local symmetries originally due to Lie [8] has
played an important role in obtaining invariant/similarity
solutions of differential equations [3, 14-18]. Based on
the symmetries, many useful properties of PDEs, such as
symmetry reductions, similarity solutions, group
classification, nonlocal symmetries, and conservation
laws, can be investigated successively [5-9]. One of the
heart subjects of Lie symmetry analysis is to obtain the
group invariant solutions, it is very well known that this
method is the most successful manner for area
employment mathematics to explore accurate solutions of
ODEs and PDEs [12, 13]. Furthermore author in [20]
confirmed definition for (symmetry group and
determining equation).In [21] author realize(invariant for
2" order of PDE). Likewise in [22] proved (infinitesimal
criterion for invariance of PDE).
2.Invariant of Scaler Partial Differential Equations,
[19, 20]:
we concentrated the 2™ order case given by:

U, =A=Y(x,t,u,u,,u,u,,,u,,u,)=0.()

Consider evolutionary PDEs of the second order with 2-
independent variables (x,t) ,1-dependent variable u
introduced by:

2]
X (”t _Y(X’[’H’Hx’at'LIXX'LIX[’HH)) =O

up =X(X 00, 00y Uy )

(2)

In terms of the coordinates

x,t.u,u_,u,,u__,u_.,u,  for (1) becomes an

X tr !
algebraic equation that defines a hyper surface in
x,t,u,u ,u,,u_.,u,,u,-space, for any

solution 7 =G (x,f ) of (1)write as:

Y(x,tu,u,,u,u,, ,u,,u, )= Y0 G, 0,6, a6(xt), 4,,G(Xt)
06,6, G(x1))

.(3)

2.1.Prolongation Formulas in Multidimension , [20]:

XX !

This following with respect to multidimensional situation
(with independent x',1 =1,...,N, dependent variables u*
,a=1,...m

Now, write the vector field as :

a (23
——*n

_ g )
ax'

X :Ci a‘l(l

In the form

X ® =X +§i“%
u.

o
X @ —_x @D -
+§I] au/a/
(5)

Wherever
$F =D, (n*)—ui D, (<)
¢ =D & )—u, D; <)

...(6)
And
D, = a. +u/” 9 +u§‘—+....

ox' ou” ou
)]

2.2.Extended Infinitesimal Transformations of 1-
Dependent and 2- Independent variables, [14, 20]:

Determine a
transformations

1-parameter Lie group of point
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V= V(txU;e) = v+ er(txu) +O(E)
n" = N(tx,u;e) = n + e &tx,u) +O(E) ..(8)
u* = U(tx,u;6)=u + e n(tx,u) +O(c2)

Now , we presented the total derivation in this case is
given by

0 0 0 0
D,= —+u —+u, —+u, —
ot ou ou, ou,
0 0 0 0
D,=—+uU, —+U, —+U,, —
OX ou ou, ou
..(9)
The extended infinitesimals is given by:
¢ =D (m—-u.D,(7)-u, D(<)
=1, +U, (77u _Tl)_utz 7, —Uy C:t —Uu, U, éVu
...(10)

gx :Dt (n)_ut Dx (T) _ux Dx (g)

2
=1, tU, (ﬂu _é’x )_ux é’u U7, U U 7,

t “u

.3
=D, (¢')-Uy D, (1)~ D, (£)
)+ut (nxt U Ty =T —Uy Tut)
XX é/I -u (glx +§qux)
(é/ux +§uu x) (Tx U, 2-u)

G tx =G xt
:sz+u Thy +U (77 -4

-2uU,, 7 u(r+ur)

t¥xt “u X “uu

_uxxutgu X txé/
-u tx(gx +§u ux)

.(12)
gxx :Dx(gx)_ulx Dx (T)_uxx Dx (é,)
:77)()( +2u X 77XU +uXX 77 +u ZUUU_ZUXX é’X _uX gXX
_ungxu +2uxuxt) Ux3guu—2U
-2u,u, 7., -uu v ,~3u.u, <

t "xu X XX

-U, 7

—Ty (UtU T t fxx

xt ¥x

..(13)

¢w=D(¢)-u, D (z)-u, D, (&)
=My +2U 1y, HU 77, +u277uu_2uxt ¢
-2u, U, g“w -

-2u,%z,-3u U, 7, -u’t

—u, é’n

2
(U u“+2u(um) u, u, guu_zull %

uu

(14)

Cxt =Dy (Cx ) =Uye Dy (1)U D (€)
=0t T U F2Us 1y +2U, (1,00 + 7500
Uy (70 +700

2y (0 =G U) =y G =Uy (Gne =Cxu W) —2U, Uy &
U (0 = U) -1, (U, +2u, U, )-7, (U, U, +U, U,
(G = U) -2

Uy Ty =Up (740 7000 Uy)

tt "xx xxt XXu

ut)+uxxt nu

2
+2u,,°+2u um)—:%ux U, &y, —U

2uur

xt =t "xu

-, (7, +7,,U) -

-, U, 7,-2, U u,u,U7

xt 7t “xu

ZuX UK(TXIU-I—TXUU )

tx xu

-uu, 7, -u,u,(r

tt “uu

_3ux Uyx (é/ut +é,uu ut)_uxxt (Tt 7, Ut)—U

+T 1) xt X)(é/ &j uXX[é‘

XXX(é/t +§U ut)

IUU

..(15)

3.Invariant solutions:
Consider a second order of PDE (1) that admits a 1-
parameter Lie group of point transformations with
generator introduced :

X = p.\[l)(]ui +¢.\[’/\/’u£ +/7/\L)(;U£
ot ox ou

...(16)
we assume that ¢ (t,x ,u)=0.
Definition (3.1),[3, 23]:u =G (x ,t)is an invariant
solution of PDE (1) resulting from its admitted point
symmetry with the infinitesimal generator of (16) iff :1-
u -G (x .t ) isaninvariant surface of (16) that is:

X(u—G(t,x))‘ o =0 when X is defined by (16) ,i.e

aG(t x) oG(t, x)

Ca(t,x,u) ————=+,(t,x,u) =n(x,t,u)

(17)
2-u =G (x ,t) solves (1) that is

Y(x,t,u,u,,u ,u, ,u,,u,)=0 when

u=G(x,t),ie

0,,G(x.) .0, Gix.B) )=
...(18)

Equation (17) is called the invariant surface condition

for the invariant solutions resulting from invariance under

the point symmetry (16).

Algorithm: We calculate the Lie point symmetry of

PDE's (linear and non-linear) are given in the following

steps:

Stepl: Write all terms of equation (2) left-handed

direction.

Step2: Write generator for symmetry with unknown

¢, zand 77 in specific:

XX !

Y(x.t,6(xt),0,G,06(x1), 0,61,

+77('t,x,u).i

o o
X=z'(t,x,u).0,7—t+4’(t,x,u)40,’X u
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Step3: We need 2-prolongation in style:

XB=X+¢' (b x,uu,u ) +§' (tx,uu,u "

XU U U U, xx) +{”(tx uu,,

tx xx)
Step4:Writ

X (ut-Y(x,t,u,ux,ut,uxx,uxt,un)) =0

Uy = Y0XEU U U Uy Uy Uy )

Step5: By using expansion given in equation (10-14)
Step6:Now replacing oy
Y(x,t,u,u u, ,u, ,u,,u,)
Step7:Find general solution.

4.Applications:The following are some examples of
PDE's solved by using above algorithm.

Application (1): Consider the non-linear PDE given:

ou (x,t) _ 0 (x ,t)ézu(xz,t)+[6u(x ,t)jz_ ou(x,t)
ot oX oX oX
(1)

Write the generator given in Algorithm for step2 and we
needed the 2-prolongation introduced in step3 .
Now ,apply the formula in step3 to (1) we obtain:

] 2 (x,t)_u(X’t)azu(xz,t)_[au(x,t)]: au(x,t)] 0
ot 0X 0X 0X
=0
2
We resulted:
gt -u é/XX +é/X (1_2 ux )_77 u xXx — 0
..(3)

By using (25-29) we introduced the following:

MU, =T, U 1,0, Uy UG, -u i, +2u, 1,

U UL 20,0 U Gy U oy T U Uy,

*2U U P,,-2u, T, U Ui,
3,0, L JH 0, U, - S U T U T, -2,
-nu,, =0

ur,.-2uu,r
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u, :—-un,+2ud, =0 ..(6)
ux u (nu -7 _anu +4><x _Txx)-l-u szx +4 _é/t =
A7)
Uf :nu_Tt+Tu+u(_2Tu_§u_nuu+gxu+rxx)+u2(fu+2Txu):0
.(8)
ul :=2¢,-¢, +¢,, uQRe, +27,,~1,,)+u’ 7, =0
.(9)
ul 1z, +urz,=0 .(10)
uu, u’z,+u(-7,+3¢,)=0 ..
ufu,, urz,=0 (12)
u,u, :2urz,=0 ..(13)
U, 27, =0 ..(14)
n,—n,—un,, =0 ...(15)

Then the general solution of above polynomial is
introduced as:

C(t,x ,u):%(x +t)cl+%(x —t)c,+c,-(16)
r(t,x,u)=c,t+c, -.(17)
nt,x,u)=uc, ..(18)
We get the following Lie point symmetry :
OX ot
:i ..(20)
2 ot
2 oX ou
_9 (22)
* ox
Application (2): Consider the PDE given in style:
o%u(x,t) (1)

. ou

= In(sint )—
oX ? ( ) ot
Record the generator decided in Algorithm for step2 and
we needed the 2-prolongation introduced in step3. Now

@ apply the formula in step3 to (1) we result:
)
Now, replacing u.by left-handed direction for (we get: ~ x 21 -4 (.0 (sint)M ~0

+( 2 2 2 62 X at _
n, quX+uX-uX)~nu-r, ‘-(uu“ +uX-uX) 1,-u. ¢, ®=0

()
'(UU“ - UX)UX o=l M 20,0+ U0, *uin, We performed the following:
-ZUXX (x-ux()(x-uf(xu-ru[(uuxx+ui-ux)uxx+ ZUXUX[] gxx —In (Slnt)é/t —cott o =0 (3)
By using (25-29), we informed the following:

] i ) iy

u (uu ZUX[TX (UUXX UX UX)TXX Z(UUXX UX u )UXTXUU 2,]XUUX (XX X XXU[+,]U Xx ZZXUXX 2T qu"nUFU

(UU +U U ) 3UX UXX( ]+[/7X+UXA/7U-(X \:/UX (u -ZZXUAUX ?-eru uu, - uu’\ux Ty U~ 3{/ 4y, -144, =(
'(UU“ - UX)TX U, (UU” U - UX)TU J~1-2u, =04, =091 4 y, -I~sint fnt U T -0 U T AU - U ux} -cottry

...(5)
By separation of the coefficient we get the following
system:

(4
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Now , replacing [, —__ 1
Y In(sint)
following result:

1 2
nxx+2”xuux_§xxux_ xxl (lt) Uy Uy zgx XX -2t u|x+77uu( )
2 1 3 1
72¢xu(ux) 72(muxx)’[xuuxfguu (ux) 71uu(mux )( ) 3§uuxuxx
1 1
’]\+ﬂu( f uxx)fft( . uxx)
_(muxx)u XX quuxutx_ln(smt) In(SIm) In(smt)
_gtux_ru(l (Slnt) ) é’u( (Slnt
1
-cott 7 (mu”)
..(5)
By separation of the coefficient we get the Lie
symmetries:
x :—;_rxx -2¢, +7,+cotz=0 ..(6)
In(sint)
U, :217,, =Gy +In(sint) g, =0 ..(7)
2
—_— -2 =0
uXXuX In(sint)z-)(u é,u
..(8)
U, :—2r7, =0 .09
1
2y, =28, —————— =0 ..(10)
X 77uu é’xu In(sint)TU
uj:_guu =0 ..(11)
u.u, =27, =0 -(12)
uz :;_ru =0
In(sint)
(13)
1
U, 2-_—. T, = (14)
In(sint)
1n,, —In(sint)n, =0 a5

Then the general solution of above system given in the
following:

< 1(ct c,)x 2C.t c
== + —_—+
2t 2 In(sint) ~°

..(16)

r=%01t2+c2t +C, -(17)

g

We obtain the Lie symmetries:

¢, (In(sint)x*-21t)+8c, x +805]u +a(x,t)

..(18)

1. 0 1 0 .

X ==t—+ =t? ——(In(sint)x?-2t)u —
172 ax 120 ot ( ( ) )
..(19)

X, =1y 2 ¢ 2 ..(20)

2 O ot
X =2 -(21)

o
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x,——2t 9 gxul (22)
In(sint) ox ou
X —8u-2 ..(23)
ou
5]
X -0 ..(24)
=F ox
1]
= 1) — ...(25)
o= a(x )6u

pplication (3): Consider the PDE given introduced.

U, u
‘gu(x,t) 1 , ,0u(x,t) , . Ou(x,t)
X" ——"4+2u;j X ———= u(x,t
ot 2/10 ox 2 to, ox + U (X,t)
(1)

Where ¢, is constant.

Now , to find the determining equation of (1) allow the
generator decided in Algorithm for step2 and we needed
the 2-prolongation introduced in step3. Now ,apply the
formula in step3 to (1) we result:

x [l ou(x,t) 1 » ,0u(x,t) _22x ou(x,t)

0
o 2" Toxe P

=0

_ﬂou (X 1t)j
-(2)

Then ,the determining equations write of type:
1
gt_zﬂ:X§x_§ ﬂszgxx_ n_(ﬂjxuxx+2ﬂ§ux)§=0
..(3)

Now ,to find the Lie point symmetries of (1) we must

need é/t ,CX and é/ xx We procure the next:
nH, (n,-1,) U0 T, 0, UL -2u X [n 0 (n, =) Ui U —UXUJJ
TR T i W TR I
—;yéXZ -0, -1, 0, +2uxuxl) - T |- (e, +2pu, )¢ =0
U, 207, -Uu T, -3,
.(4)

Now , replace u; by left-handed direction of (1) we get:
m{%ﬂhzum?ﬂiwx +//0Mtj'~m T, ‘fé WX Uy + 245 XU, Hp Mfﬁ
_f]x+ux’“[]u - (}( \-:uf (u
-Tpgui XU, 245 xu,

Ux((’[%/jozxzuxx+2ﬂt7zxux +ru0u—\)(’tjfu)((u '2//02)( 1
+//(7U“X'tvyru uf‘? /jaz X2 Uiy

#2050, gt
. r” F2U, 1, H 0, U 20
2,2

3
2 -u)r Zuu -Zu)r[ Tx
-uy (xu'ru

1 2,2 2 ~
uxf\E/jl] XUy +2:u0 Xuy +/J0 U"\X,t #ZUX Uyt

T”(%/};XZU”"Z/J;XUX +/./0u~x,t}-p0 ,7"//02 XU, +2//02UX)(=0
()

By separation of coefficient yields:
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1 2 2 3 2 4 3
Uyt ol X (nu_rt)_ Mo X UT, —poUT, + Uy X7 T,

2
—%ﬂéxzm—ﬂéxzéx—%ﬂéxzm=0
.(6)
1 1
u’, :—Zyg‘x ‘1, —Eygx 2z, =0 .
U2 iy X (1, =) = 4py X U 7, =2 g X (0, =4, ) =25 X T,
1
_lugxznxu +Eﬂgngxx_2ﬂgxrxx_ﬂOUTu _ﬂougu =0
(8
UXZ:—4/,13XZTU—2,U§X§H+ZIU§Xgu—zlquXTu—%,UOXzﬂuu+%/I§X2§XU

1 1
U, Uy :_:ugx 3Tu _Eluox zé/u _E,ng 2Tu _Zﬂgx Ty =0

..(10)
ul:-¢,, =0 (1)
u,u,, :—27,=0 ..(12)
u,,:—27z, =0

Lim —pon (7, —7,) =2 U T, =241 X 17, — o U T,

1
_E:ugx 277)()( —HU T, =0

..(13)
Then the general solution given as:

Ct,x,u)= %x [ (c,t+¢,)In(x)+2c,t +2¢, |

.(14)

r(t,x,u)=%01t2+czt +c, -.(15)

4In(x)°c, +((-12c,t -12¢,) 7 )+16c,
n(t,x,u) == | +9t (c,t +2¢,) u2 -8t (c,t +2¢,) i,
+(4c,-24c¢, )t -16¢,) i

...(16)
The Lie symmetries of (1) given as:

ISSN 1013-5316;CODEN: SINTE 8

0

X =16 ulu — -(22)
6 Hy ou
o

X, =at,x)— ..(23)
ou

5. DISCUSSION AND CONCLUSION

The goal of this assignment, established algorithm of Lie
group method to solved the 2™ order of PDEs and
likewise exercised of more variance applications of PDEs.
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