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ABSTRACT: The problem of finding the cyclic decomposition of Artin co kernelAC (D,, X Cy3)has been considered in this
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paper when n is an odd number , we find that if n = 5
2, then:
200+ D+ D (o + D -1
AC(Dy, X Cy3) = D G,
i=1
2

= @ ACD) D C,.

i=1

,pnmwhere J1, ]2+, Jmare distinct primes and not equal to

And we give the general form of Artin's characters table Ar(D,, X C;3)when n is

an odd number .
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INTRODUCTION:

For a finite group G the finite abelain factor group
R (G)/T(G) is called Artin cokernel of G and denoted by
AC(G) where R(G) denotes the abelian group generated
by Z-valued characters of G under the operation of
pointwise addition and T(G) is a normal subgroup of R(G)
which is generated by Artin's characters. induced characters
Permutation from the principle charcters of cyclic
Subgroups . A well-known theorem which is due to Artin
asserted that T(G) has a finite index is, i.e [ :T(G)] is finite
Artin exponent of G represented AC(G)and denoted by
A (G).In1968, Lam . T .Y [5] "gave the definition of the
group AC(G) and the studied AC(Cn )".In 1976 , David .G
[12] "studied A(G) of arbitrary characters of cyclic
subgroups”. In 1996 , Knwabuez .K [11] " studied A(G)
of p-groups” . In 2000,H.R.Yassein [4] "found AC(G) for

n

the group® C,". In 2002, k.Sekieguchi [12]" studied the
i=1
irreducible Artin characters of p-group™ and in the Same
year H.H.Abbass [10]"found =* ( Dn)". In 2006, Abid . A
.S [6] " found Ar(Cn) when Cn is the cyclic group of
order n" . In 2007 , Mirza .R .N [9] "found in her thesis
Artin cokernel of the dihedral group”. In this paper we
find the general form of Ar(D, x Cy3) and we study
AC(D,, X C;3) of the non abelian groupD,, X C;, when n is
an odd number .
Preliminaries:
We have to give basic concepts, notations
about matrix representation, characters
characters, in this section.
Definition (1.1): [2]
A matrix representation of a group G is a homomorphism
of G into GL(n, F), n is called the degree of matrix
representation T. In particular, T is called a unit
representation (principal) if T(g) = 1, for all g €G.
Definition (1.2): [2]
Let A is amatrix of the size n X n,then the trace of A be
the sum of the main diagonal elements ,denoted by tr(A) .
Definition (1.3): [1]
Let the field F contain a finite group G where G has a T
matrix representation of degree n. The character y of
degree n of T is the mapping y : G— F defined by x(g) =
tr(T(g)) for all g €G. In particular, the character of the
principal representation (x(g) = 1, for all g €G) is called

, theorems
and Artin

the principal character.

Definition (1.4): [3]

The groupGhas twoarbitrary elements g and hare said to be
conjugate if h = xgx™, for some x eG.

Definition (1.5): [3]

Let G be a group has a subgroup H and ¢ be a character of
H, the induced character on G is given by:

¢’(g)—‘H‘Z¢(xg><) Vg eG
Where @° is known by :

g(h) if heH
¢ (h)= { if hegH

Theorem (1.6): [3]

LetGbe group has a subgroup H be cyclic subgroup of G
and hy , h,, ..., hy are chosen representatives for the m-
conjugate classes of H contained in CLy, g G, then:

¢#'(9) ||CG( ||Z¢ if h eHANCL(g)
2- ¢(9)=0 if HANCL(g)=
$'%(g) = :Z’Gg: m ¢ (hy) ifh; € H N CLg
$'%(g) =0

Definition (1.7): [5]

Let G be a finite group, any inducedcharacter from the
principal character of cyclic subgroup of G is called Artin
character of G.

Proposition (1.8): [6]

the number of T — classes on Gequal to the number of all
distinct Artin characters on a group G.

Definition (1.9): [3]

A irreducible characters 9 of G is a character whose values
are in the set of integer numbers Z ,which is 9(g) € Z,for
allg eG.

Proposition (1.10):[12]

The number of I'-classes on G equals to the number of all
distinct irreducible valued characters of a finite group G.
Theorem [Artin] (1.11): [9]

Let G be afinite group ,then every irreducible character
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of G can be written as a linearcombination of Artin’s
characters with coefficient rational numbers.

2. The Factor Group AC(G):

In this section, we use some concepts in linear Algebra are
used in this sectionfor studying the factor group AC(G).In
addition to thatwe will give the general form of Ar
(Dy % Cy3) when n is an odd number . We shall study
Ac(G) dihedral group Dnand =* ( Dn) when n is an odd
number.

Definition (2.1): [5]

Let R(G) be the group of Z —valued generalized characters
of G under the operation pointwise addition and T(G) is a
normal subgroup of R(G) generated by Artin’s characters.
The abelian factor group R(G)/T(G) is called Artin’s
Cokernel of G, denoted by AC(G).

Definition (2.1): [8]

Let a principle domain R has aT matrix with entries. A K —
minor of T is the determinate of K xK.

Definition (2.2): [8]

The greatest common divisor (g.c.d) of all K —minor isa K
—th determinant divisor of T, denoted by Dy(T).

Theorem (2.3): [8]

Let T be an n xn matrix with entries in a principle domain
R, then there exist matrices J and F such that, J and F are
invertible ,J . T . F = D, D is a diagonal matrix and If we
denote Dj; by d; then there exists a natural number m; 0 <m
<m impliesdj =0 and j < mimpliesdz0and 1 <j<m
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implies d; / dj.1.

Definition (2.4): [8]

Let a principle domain R has aT matrix with entries, and
equivalent to matrixD = {d; , d,, ... ,dn, 0,0, ..., 0}.
Such that dj/dj;; for 1 < j < m, D is called the invariant
factor matrix of M and d, , d», ... , d,, the invariant factors
of T.

Remark (2.5):

An invertible matrix T~1(G) with entries in Q such
that= * (G) = T~1(G).Ar(G) . AC(G) ,was existsd by
using Artin theorem (1.18) where
T(G) = Ar(G).(=* (G)) 1.By theorem (2.4) there exists
two matrices J(G) and F(G) such that/(G).T(G).F(G) =
diag={d;,d,, ..., d; } = D(G)wheredj = #Dj(T(G))/
Dj — 1(T(G)) and lis the number of T-classes.

Theorem (2.6): [6]
l
AC(G) = @ Cq where d; = +D;(T(6))/D;—+(T(®),
j=1
and i is the number of all distinct
I' — classesand Cd]. is cyclic subgroup of order d;.

Theorem (2.7): [8]
The irreducible character table of the cyclic group Cys of

the rank § + 1 where q is prime number which is denoted
by(=* (Cqs)) given by:

Table(2.1)
I-classes | [1] ™ [ra° ] [ ~ 1 1 T
191 qd—l(q _ 1) _q6—1 0 0 0 0
0, °2@-1 | ¢®*@-1 —q°? 0 0
03 °3P@-1 | ¢P@-1 | ¢*3@-1» | ¢ 0 0
q(q—1) q(q—1) q(q—1) q(q—1) —q 0
q-—1 q—1 q—1 q—1 g—1 | -1
Y
U541 1 1 1 1 w1 1
Proposition (2.8): [10]
The Irreducible characters table of D,, when n is an odd number is given by:
=" Dy) =
Table (2.2)
I -Classes of C, [S]
9y 0
0
9, =* (Cn)
9, 1
1 1 .« 1
141 11 1 . 1 -1

wherel is the number of I'-classes of C,,.

Theorem (2.9): [6]

The general form of Artin characters table of le when q is
a prime number and & is positive integer is given by the
lower Triangular matrix:
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Table (2.3)
I'-classes [1] [ra® [ [ [r]
9, ¢ |0 0 0 |0
9, g% 1 g% 1 0 0 0
9, 2 o2 2 0 0
s q q q q 0
9511 1 1 1 1 |1

Corollary (2.10):[6]

Supposen =
P19z ..., JPm be any positive integer of n,

where |, ], Jmare distinct primes,then:
Ar(C,) = Ar(C)) @ Ar(C)?) ® ......® Ar(CI™)
.Where ® is the tensor product.
Theorem(2.11):[9]
If nis an odd number where n = JF1, ]2 ... JPm where
J1,J2, -, Jm are distinct primes , then :

(pr+ D2+ D (pn+1 -1

5]
i=1

AC(D, X Cy3) = G,

Theorem (2.12):[4]

m +

AC(G) = @ Z such that d; =—D;(G)|D;_;(G) where
i=L

m is the number of all distinct I'-classes.

Proposition (2.13):[13]

If §is a positive integer andq is prime number, then:

[1 1 1 1 1]

[0 1 1 - 1 1|

_lo o1 1 1|
U(Cqé)‘|s R
|l0 00 « 1 1]

0 1

0 0 -
Proposition (2.14):[13]
The general form of matrices V(an)andF(an)are:

I541) Wwhere I5.4y is an identity matrix and D(ng X

Cui) = dig{1,L1,... 1},
Remark (2.15) :Fromnow onif n =], Jb? ...
where J1,]5,, Jm are
distinct primes then:

V() =V(C)®V(C) ® .. ®V(CT)
So, then we can write T(C,)

Pm
yJm

[ 1
[B (Cn) 1]

M(Cn) = : :
1

o o0 - 0 0 1

B, (C,) is the matrix obtain by omitting the last two rows
{0,0,...,1,1}and {0,0,...,0,0, 1} and the last two
columns {1,1,...,1,0}.

(e ®U(C?) @ ... U(CT).
Definition (2.16):
The direct product of the group D,, X C;5 ,such thatD,, (The

dihedral group is a non- abelian group of order 2n.D,, =
{SIr¥:0<k<n—-1,0<j<1}).The cyclic group C,5 of

order 13 consisting of elements {1,x’,x2,x%,..,x'2)
with (x")**=1 . The group D,, X C;3has order 26n .

3. The main results:

We have to give the general form of Artin characters table
of the groupD,, x C;5 and the cyclic decomposition of the

1 -10 o -~ 0 0 factor group AC(D,, X C;3) when n is an odd numberin this
c 1 -1 0 - 0 0 section .
V(an) =0 0o 1 -1 - 00 Theorem (3.1):
‘0 0 0 0 ) 1 ) 1 The Artin characters table of the groupD,, X C;3 when n an
6 0 0 0 0 _1 odd number is is given as follows:
R . Ar(Dn X C13):
that is 2(6 +1) X (6 +1) square matrix .F(an) =
Table (3.1)
I'-Classes [1,17 [1,x] I' — Classes of C, XCy3 [S,1] [S,x]
| CL| 1 1 2 2 2 n n
|Cp, xc,, (CLy)| 26n 26n 13n 13n 13n 26 26
Dy 0 0
D12 2Ar(Cn)® Ar(Cy3)
D, 1,
D, 2 0 0
@l + 1,1, 13n 0 0 0 13n 0
@l + 1,2 13n 0 0 0 0 13n
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where [ is the number of I — classes of C,and C,, =<

x'>={1",x"}
Proof: By theorem (2.8)
Ar (Ci3) =
Table (3.2)

I-classes | [1'] | [x']
cL,| |t |t
el | 13 |13
(plr 13 |0
@, Y

Each cyclic subgroup of the groupD,, X C;5 is either a
cyclic subgroup of €, XCy50r < (S,x") >or< (S,1') >
Af His a cyclic subgroup ofC,, XC,5, then :

H=Hx<1 >orH;x<1 >=H;X(Cy;3,V1<i<

I where [ is the number of I'-Classes of C, .

IfH=H; x< 1" >and f € C, XCy3

iff € H Then by theorem(1.6)

®(1,0)(f) = 0 forall 0<i <I [since H N CL(f)

= ¢]
If f ¢ H theneither f = (1,1")or 35,0 < s < n such that
f=%1)
If f=(1,1"),then:
‘CanCB(f)‘ ’ ,
OUD() = —2— . @ (f) [since H CL(f) =
[3785)
{(1L1)n,
where @ is the principle character
= o q =20- 2 113 =2
IHyl. |<1'>| IHy IH;]
L )
c..af*
=2:¢,(1)-¢' (1)
If f = (x5,1)then
Dnxc, . (F)
oG D) = g DXRIN(D)
[since H N CL(f) = {(x 19, (2%, 193]
o] (D
_ 13n _13n
|H1x<1 N
- |Ccp (%) s
=2. 1.13==2—7"2 1’
] ] ¢ ¢

=2.¢;(x%). p1(1")

IfH=H; Xx<x'" >=H; X Cy3

let f € D, X Cy5

if f & H then

@@, 2)(f) =0 forall 1<i <| [since H [\ CL(f)
= 4l

If f € H then either

g=@,1)or f =(1,x")ords,0 < s < nsuch that f
= (x%,x")

iff=(1,1)

CDnxe . '
Diz) :‘ICH—;I(D" @ (f) [sir'nce H N cL( = {(1T)
H| | |
26n  _ 26n _13n _ Cepny ()|
|HL><Cl3| 2|H| |H| |CHi(1)| (p(l)
=13.¢;(1).9,' (1)
iff=(,=x")
(i, 2)(f) = |—|(”‘ @ (Dlsince H N CL(F)
H(f)
={(1,x")}
- 26n
IHlXC13|
_26n _13n_, o[Cc, (D] _
== =LA, (1.0, r)

If f = (x% x") then

. CanCIB(f)’ 2 .
‘D(l;z)(f)zw- 20" (N[since H [ CL(f)

= {(x%x), (x*,x")}]

13n (1+ )26;11:13_71 lcc, 9]
* Hixcysl 200 il o] ?
=13-¢;(r®) ¢, () .
if H =< (s,1") >= {(1,1"), (s, 1)} then

() -¢',(r")

*€13(1,1")

|Cs|

o 1+1, 1)((1 1 ))— .o () —26" =13n

CDnXC13(1,1’)

. @ (f)[since
|CH(S,1’)|

((S.1))=

H (1 CL((s,17)
={(,10}]

26
=—=13

2 -
Otherwise

D 41,1)(f) = 0forall f € D, X Cy3,[since f & H]
ifH =< (s,x") >={(1,1'),(s,x")} then

D 1511

D (141,2) ((1 1’))‘% [since
H () CL((1,1")

26n

={(1,1N==1=13n

. (1,1

‘ *€13(sx")

N _26
D@ (141,2)((s,x"))= |CH )l P (s,x) —7-1 =13.
Otherwise® ;.1 ,)(f) = 0  for all f € D, X C;3since
H () CL()
Proposition (3.2):
If  n=J0J5% . [Pmsuch that ], ]5, -, Jmare distinct
primes and]m #+2 for all 1<i<m
andp;anypositiveintegers, then :
1111
1010
ZB(Cn) X M(C13) 1111
MDnxc 1z = 0 0 01111
00 01010
11 11100
1 1 11001
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that is 2[(p1 + D). (oo + 1) (o + 1) + 1] X
2[(py + 1).(py + 1) - (py, + 1) + 1] square matrix.
Proof:

By theorem(3.1) we obtain the Artin characters table
Ar(Dpyc,,) and from theorem(1.12) we find the rational
valued characters table:

=" (anc13) .

Therefore by the definition of M(G) we can find the
matrix M (Dpxc,,)

%

M (D, X Cy3)=Ar(Dy X Cy3).(=(Dy X Cy3))*

2 2 2 2 - 1 1 1 1

0 2 0 2 1 0 1 0

0 0 2 2 1 1 1 1

0 0 O 2 1 0 1 0

- 1 01 0

0 0 0 o o 1 1 1 1

0 0 0 0 0 1 0 1 0

1 1 1 1 1 1 1 0 0

1 1 1 1 1 1 0 0 1
1111
/ 1010\
| Zﬁ(cn)®M(Cls) 1 1 1 1 |
| 1010 |
| 0o 0 ..... 01111|
0 0 oo 01010
\ 11 11100/
11 7 11001

that is 2[(o1 + D). (p + D) (pp + 1)+ 1] x

2[(py + 1).(p, + 1) - (o, + 1) + 1]square matrix.
Proposition (3.3):

Ifn = J{1,J5% - JPm for that |y, J,, -+, Jmare  distinct
primes and/,, # 2 for all 1<1 <m andp;any positive

integers, then :

| V(CO®V(Ci3) o
0 0
U(ancm) = -1 -1
0 0
000 00 1 O
000 00 0 1
and
0 0 O
0 0 O
Ix 0 0 0
L(Dn X C13) = 0 O O 0
-1 -1 1 0 0 O
0 0 -1 0 1 0
1 1 -1 1 0 O
0 0O 1 0 0 1
Where k=2[(p;+1D.(p,+ 1) (p, + 1) — 1] X

2[(p1 + D.(p2 + D (pm + 1) — 1]

They are2[(py + 1. (p, + 1) - (p + 1) + 1] %
2[(p1 + D). (pz + 1)+ (pm + 1) + 1]

square matrix .

Proof :

By theorem(2.5) and using the form M(D, x C;3) from
proposition(3.2) and the above forms of P(D, x C,3) and
W(D,, x C;3) then we have:

U(Dy, X €13).M(Dy, X C13).L(Dy X C13)

200 0 - 0 O0O00O0
020 0 - 0 O0O0O
o0 2 0 - 0 O0O0TO
o002 -~ 0 0O0TO
0 0 0 O -2 0 0 O
| 00 0 O 0 1.0 0 |
\0 0 0 O 0 0 1 0/
0 0 0 O 0 0 0 1

D(D,, x Cy3)=diag{2,2.2,.....,-2,1,1,1} ,which is

2[(pr+ D.(p2 + 1) (pm + 1) + 1] X 2[(p1 + D). (p2 +
1) - (pm + 1) + 1]square matrix .

Which is2[(py + D). (o2 + D) (o + D + 1] x
2[(p1 + 1).(p, + 1) - (P + 1) + 1]squarematrix .
Theorem (3.4):

Ifn =, J5% . JPmwhen 1, J5, -+, ], are distinct prime
numbers such that J,,, # 2and &; any positive integers for

alli,1 < i <m ,then the cyclic decomposition AC(Dyc,.)
is:
2((pr + D.(p2+ D (o + D) -1

AC(Dpxc,,) = (&) G,
i=1
2
AC(Dnxc,;) = @ AC(Dn) ® G,
i=1
Proof :
From proposition (3.3) we have
U(DnXC13) 'M(DnXC13) "C(DnXC13) =diag{2’2727"'7_

2,1,1,1}={d,dgy........... ,
d2((p1 +1).(p2 + 1) - (pp, + 1)) — 1,d2((p; +
D.(pz+ 1D (o + 1)),
d2((py + . (p2 + 1) - (o + 1)) + 1,d2((p; +
D.(p2+ 1) (o + 1)) + 2}
By theorem (2.11) we get

21+ D.(p2+ D (o + 1) — 1
AC(Dpxc,,) = ® Cq,

i=1
2((p1+D.(p+ D (o + 1)) -1
AC(Dyxc,,) = ® G,
i=1
From theorem(2.7) we have :
2
@ AC(D,) ®C,
i=1
Example (3.6):
To find the cyclic decomposition of the groups
AC(Dz4389xc,5) AC(D12901781xCy3) and

AC(D219330277><C13) .
We can use above theorem :

AC(Dnxc,3) =

2B+1) -1
AC(Dz4380xcy5) = AC(29® X ¢3) = () G,
i=1

7 7
= @ CZ B @ AC(D293 )@ CZ
i=1 i=1

AC(D319330277 X €13) = AC(D3q2 232 X C13)
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2B3+1).2+1) -1 23
= S = & (
i=1 i=1
=AC @ (Dy935352.)D C,.
i=1

3-AC(D219330277x¢45) =AC(D2o’ 5° 17X €13)
23+ 1).2+1).(1+1)—-1

(&) G,
i=1
47 2
= @ (= © AC(D,g3,3245 ) D (o
i=1 i=1
CONCLUSION :

We have to found a new method with a new results for the
cyclic decomposition of the factor group AC(D,, X Cy3),in
this paper. for that we can extend this paper in future work
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