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ABSTRACT. Lets R bee a ringe and M aoright R- module. Weoextends the definitionroof supplementedx moduletby 

replacingx "smallosubmodule" with "µ-smallosubmodule" asoweointroducedx in [1]. Weoshowvothatoany finitev sumc of 

µ-supplementedf module is µ-supplementedd , onotheoother handowe definef and studyotheonotion ofoamply , weaklyo, 

andocofinitely µ-supplementedf modulesf. A modulef M ispcalled  -µ-supplementedpmodulex if everyd submodulepof M 

hasoa µ-supplementf whichf ispa directpsummand. The purpose of this work is to generalize supplemented modules and 

introduce nvarious propertieswof thesenmodules. 
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1. INTRODUCTIOn.  
Throughoutwthis paper ,R is anwassociative ringowith 

unityoand allpmodulesoare unital rightmR- modules. A 

SubmoduleoA of a modulemM is calledmsmallwin M , 

written A<<M , if whenever M = A+B for any 

submodulewB of M , wemhaverM = B. See [2].  In [1] , 

weodefinedwthe notionoof µ-smallosubmodules 

aswfollows. A submodule Apof Mois called µ-

smallpsubmodule , writtenoA<<µ M ifowhenever M = A+B 

with 
 

 
  is cosingular , weohave M = B. Inpthisopaper , 

weodefine acµ-supplementedpmoduleoas a 

generalizationoof supplementedvmodule aspfollows. A 

submodule Apof M isocalled a µ-supplementmof Bmin M 

if M = A+B and AB<<µ A , ifmevery submodule ofmM 

has µ-supplement , thenmM ismcalled µ-

supplementedmmodule.  

Inosection 2, we givebsome propertieswof µ-supplements , 

weoprovemthat any factormmodule of µ-

supplementedmmodule is µ-supplementedmand anyofinite 

sum of µ-supplementedmmodules is µ-supplemented. 

 Inosection 3, weointroducedmthe notionmofoamply , 

weakly , and cofinitely µ-supplementedoas 

angeneralizations ofoamply ,weakly, and cofinitely 

supplementednmodules. Recallothat M is 

calledoamplymsupplemented if fornany submodules A and 

Boof M with M = A+B , A containsva supplementkof B in 

M , see [3]. Wemcall a modulekM is amply µ-

supplementednif for anyysubmodules A and Bkof Mkwith 

M = A+B , A contains a µ-supplementnof B in M. 

Aumodule M ismcalled weaklybsupplemented ifnfor every 

submodulemA of M , therenisra submodule B ofnM 

suchnthat M = A+B and AB<< M ,  see [3]. Weqcall 

abmodule M isbweakly µ-supplementedkif for 

everyksubmodule A of M , theregis a submodule B of M 

suchkthat M = A+B and AB<<µ M. Recallkthat 

ammodule M is calleducofinitely supplementedkifeevery 

cofinitensubmodule ofgM has absupplementksubmodule , 

[4]. Wemdefine theqnotion of cofinitely µ-supplemented 

asnfollows , a module M iswcalled cofinitely µ-

supplementedmif everykcofiniteysubmodule ofmM has a 

µ-supplement. 

Inwsection 4, we introducedmthe concept of  -µ-

supplemented module as a generalizationmof  -

supplemented [5] asmfollows . Themmodule M is called 

 -µ-supplemented if everymsubmodule of M has a µ-

supplement which is amdirect summandmof M. Clearly 

-µ-supplementedmmodules are µ-supplemented and  -

supplemented are  -µ-supplemented. 

The aim of this work is to introduce µ- supplemented 

modules as a generalizations of supplemented modules , 

and some of it's generalizations , we state,the 

main,properties of µ- supplemented,modules and 

introduced the main properties of µ- supplemented modules 

and supplying examples,and remarks,for these concepts. 

Inkthis note, wekanswermthe followingmnaturalkquestion. 

Is anymfactormmodule of  -µ-supplementedmmodule is 

 -µ-supplemented? In addition , wewinvestigate 

directwsummandmof thesemmodules. 

2. µ-supplementedemodules. 

Definitione2.1. Let Mmbe anmR- modulemand let A , B be 

submodules of M, B ismcalled µ- supplementmof A inkM , 

if M = A+B and A B <<µ B. Ifmevery submodulemofkM 

has a µ- supplement , then Mmis called µ- supplementedr 

modulev . 

   Recallmthat awmodule Mmis called µ-hollow 

ifneveryvproperbsubmodule ofkM is µ-small in M , see [1]. 

ExamplesmandmRemarks2.1. 

(1) Clearlymthat every µ-hollowmmodule is µ-

supplemented. Formexample Z4kas Z-module. The 

converseris notntrueminmgeneral , forkexample , Z6kas Z- 

module. 

(2) Let AmandmB bemsubmodules ofman R- modulekM 

, if A is a µ-supplement of B , then B needynotybe a µ-

supplementuof A. Formexample , Z4mas Z-module , Z4kis 

a µ- supplementnof { 0 , 2 } but { 0 , 2 } isnnot a µ-

supplement ofnZ4.  

(3) M = A B, thenmA is µ-supplementwof B andmB is 

µ-supplementqof A, for rexample in Z6 as Z- moduler{ 0 ,

3 } is µ-supplementoof { 0 , 2 , 4 } and { 0 , 2 , 4 } is µ-

supplementoof { 0 , 3 }. 

(4) µ-supplementmsubmodulemneedmnotmbeyexists . 

Foroexample , in Zmas Z- module 2Z has no µ-supplement. 

(5) Itmisnclearwthatmeverymsupplementedmmodule is a 

µ-supplemented. The conversewis not truemin generalnas 

thewfollowing examplebshows, Let  Q = 


1i

Fi , where Fi 

= Z2. Let Rwbe thevsubring of Q generatedmby 





1i
Fi and 

1Q. Since RR is µ-hollowmmodule, hencemit is µ-

supplementedmbut not supplementede , see[1] and [6]. 
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Proposition2.1. Let Ambe a µ-hollownsubmodule 

ofntheumodule M. ThenmA is a µ-supplementbof 

eachvpropervsubmodule B ofmM suchmthat M = A+B. 

Proof. LetmB beca properbsubmodule ofmM suchmthat M 

= A+B. Note AB A if A B =A  , then A ≤ B 

impliesmthat M = B whichnis amcontradiction. Since Anis 

µ-hollowp, then A B <<µ A. Thus Anis a µ-

supplementmof B in M. 

Themfollowing theoremngives a characterizationbof µ-

supplementysubmodule. 

Theorem2.1. LetnA and B bevsubmodules ofman R- 

module M, thencthecfollowing statementsharenequivalent. 

(1) B isxa µ-supplementwof A in M. 

(2) M = A+B andoforvevery propermsubmodule X ofnB 

with 
 

 
 isncosingular , then M  A+X. 

Proof. (1) (2) Assumegthat B isna µ-supplementmof A 

in M and M = A+X , where Xmis a propernsubmodule of B 

suchmthat 
 

 
 ismcosingular, then B = BM = B (A+X) 

= X+(A B) , byfmodularolaw. Since B is a µ-

supplementpof A in M and 
 

 
 is cosingular , then A B<<µ 

B, hence B = X , whichzis aycontradiction, because X 

isoproper submodule of B. Thus M  A+X. 

(2) (1) Supposepthat M = A+B , tomprovepthat B isma 

µ-supplementoof A inmM , itmis enoughmto showwthat A

B<<µ B , let U beba submodulemof Bmsuchmthat  B = 

(A B)+U , 
 

 
 ismcosingular. If U isma 

propermsubmodule of B , thenmbywourmassumption M
A+U. ButmM = A+B = A + (A B) + U = A+U , 

whichmis amcontradiction. ThusmB isma µ-supplementyof 

A in M. 

Themfollowingopropositions givesosome propertiesuof µ-

supplements. 

Proposition2.2. Let Aoand B be submodulesoof an R- 

moduleoM suchbthat B is µ- supplementkof A ingM. Then 

(1)  If M = X+B , forhsomejsubmodule X of A , thenkB is 

µ-supplementlof X in M. 

(2)  If C<<µ M , then B is a µ-supplementjof A+C. 

(3)  For any submodule Y of A ,  
     

 
 is a µ-supplement 

of  
 

 
 in 

 

 
 . 

Proof. (1) Assumexthat M = X+B , forosome submodule 

Xkof A and Bbis a µ-supplementmof A in M. Since X B 

≤ A B <<µ B, thismimplies that X B <<µ B , by [1, 

Prop. 2.14]. But M = X+B , therefore, B is a µ- 

supplementvof X. 

(2) LetmB be µ-supplement ofnA in M and C<<µ M. 

Clearly M = A+C+B. We showmthat (A+C) B<<µ B, let 

B =[(A+C) B]+X  , for someksubmodule X of B , 
 

 
 

isocosingular. Then M = (A+C) + B = (A+C)+[(A+C)

B]+X = C+ A+X. Since 
 

   
 = 

       

     
   

 

       
 

 

(   )  
 , bykthe secondkisomorphisim theorem , 

 

(   )  
 is cosingular by [1, Coro. 2.6], then 

 

   
 is 

cosingular. But C<<µ M , therefore M = A+X. But B is a µ-

supplementkof A and 
 

 
 isccosingular , therefore B = B

(A+X) = X+(AB) = X. Thus, B is a µ-supplement of 

A+C. 

(3) Let Y be amsubmodule of A , then 
 

 
 = 

     

 
 = 

 

 
 + 

     

 
 . Also 

 

 
 

     

 
 = 

       

 
 = 

(   )  

 
 , 

byumodular law. Now towshow that 
(   )  

 
 <<µ 

     

 
 . 

Let φ: B
     

 
 be a map defined by φ(x) = x+Y, for each 

xB. Clearlykthat φ is angepimorphisim. Since A B<<µ 

B , then φ(A B) = 
       

 
 <<µ 

     

 
 , by [1, Prop. 

2.14]. Thus 
     

 
 is a µ-supplementmof 

 

 
 in 

 

 
 . 

Proposition2.3. Let Mkbe an R-modulehand let A , B and 

C bensubmodules of M. Then. 

(1) Assumehthat M = M1M2. If Aois a µ-supplementnof 

A' in M1 and B is a µ-supplementgof B' in M2, then A B 

is a µ-supplementdof A'   B' in M. 

(2) If A is a µ-supplementmof B in M and B is a µ-

supplementoof C in M , then B is a µ-supplementkof A in 

M.  

Proof. (1)  By assumption, we have M1 = A + A' and A
A' <<µ A. Moreover, M2 = B + B' and B B' <<µ B , thene 

M = (A B) + (A' B'). By [1, Prop. 2.14],  (AA')  

(B  B') <<µ A B. Onewcan easilykshowmthat (A B)

 (A'  B') = (AA')  (B  B') <µ A B, 

itkfollows thatuA B is a µ-supplement of A' B' in M. 

(2) Let M = A+B = B+C , A B<<µ A and B C<<µ B. 

We prove that A B <<µ B. Let U bena submodule of B 

suchgthat B = (A B)+U , 
 

 
 isgcosingular , M = B+C = 

(A B)+U+C. Since A B<<µ A , then A B<<µ M. 

Note that  
 

   
 = 

     

   
   

 

       
 = 

 

       
 

iskcosingular. Since A B<<µ M  , then M = U+C. Now , 

B = BM = B (U+C) = U+(B C). But B C<<µ B 

and 
 

 
 isocosingular , therefore B = U. Thus B is a µ-

supplementhof A in M.   

Towshowmthat thensum of µ-supplementedmmodules is µ-

supplemented , we needmthe followingxlemma. 

Lemma2.1. Let M1 and M2 bexsubmodules of M suchbthat 

M1 is µ-supplemented and M1 +M2 has a µ-supplementnin 

M. Then M2 haswa µ-supplementqin M. 

Proof. Byqassumption, theremexits aqsubmodule A of M 

suchmthat M1+M2+A = M and (M1+M2)A <<µ A. 

Moreoverr, since M1 is µ-supplemented, (M2+A)M1 has 

a µ-supplementqin M1 , therexexists B ≤ M1 such that M1 = 

[(M2+A)M1]+B and (M2 + A) B<<µ B. Thenwwe 

havewM = M1 +M2+A = [(M2 + A) M1]+ B + M2 + A = 

M2 + (B + A). Onemcan easilymshowmthat M2 (B + A)≤ 

[(M2 +B)A] + [(M2 + A)  B] ≤ [(M2 + M1)A] + 

[(M2 + A) B]<<µ A+B , by [1,Prop. 2.14] , it 

followsmthat M2  (B + A)<<µ (B + A). Hence, B + A is a 

µ-supplementoof M2 in M. Thus M2 hasma µ-

supplementmin M. 

Proposition2.4. Let M1 and M2 be µ-

supplementedmmodules. If M =M1 +M2, then M isva µ-

supplementedfmodule. 

Proof. Let A be a submodule of M. Since M1 +M2 +A =M 

triviallyghas a µ-supplement 0 in M, M2 +A has a µ-

supplement invM , by Lemma (2.6). Now, since M2+A 

hasqa µ-supplemnet andmM2 is µ-supplemented , then A 

has a µ-supplement in M by Lemma (2.6)  again. So M is a 

µ-supplementedmmodule.  
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Byminduction , onewcan easilymshow that Anymfinite 

sumyof µ-supplementedmmodules is µ-supplemented. 

Proposition2.5. Epimorphicrimage of µ-

supplementedrmodule is µ-supplemented. 

Proof. Let f : MM' be anpepimorphisim andmlet M 

besa µ-supplemented. To showothat M' is a µ-

supplemented , let A beoa submodulepof M'  , f
 -1

(A) is a 

submodulekofmM. ButwM is a µ-supplemented , therefore 

f
 -1

(A) has a µ-supplementksay B in M, hence M = B+ f
 -

1
(A) and f

 -1
(A) B<<µ B. Claimhthat    f (B) is µ-

supplement of A. Since M = B+ f
 -1

(A) and f
 -1

(A)  B<<µ 

B , then M' = f (B)+A ,and A f (B) <<µ f (B) , so f (B) is 

µ-supplementdof A. Thus M' is a µ-supplemented. 

 Corollary2.1. Everymfactor modulemof a µ-

supplementedmmodule is µ-supplementedn. 

Proof. LetmM be a µ-supplementedmmodule andglet A 

bena submodulegof M , let  π: M
 

 
 behthe 

naturaloepimorphisim. Since M is µ-supplementedg, then 
 

 
 

isla µ-supplemented. 

Remark.s Thenconverse ofoprevious corollarymis 

notmtrue inmgeneral asmthe followingnexamplenshows. 

ConsideruZ as Z- module , 6Z ≤Z . Since 
 

  
   Z6 is µ-

supplementedbbut Z isbnot µ-supplementedzmodule. 

3. Amplys, weakely andkcofinitely µ-

supplementedmmodules. 

Definition3.1. LetmM be anmR- module. M is 

calledmamply µ-supplemented if foryany submodulesyA 

and B of M with M = A+B , therexexists a µ-supplement X 

of A containedgin B. 

ExamplesdanduRemarks3.1. 

(1) Z6 askZ- module isxamply µ-supplemented. 

(2) Z as Z- modulexis notcamply µ-supplemented. 

(3) Clearlyvthat everygamply supplementedmmodule is 

amply µ-supplemented. Themconverse ismnot true 

inmgeneral , see [1,Example 3.17]. Themconverse hold 

whenmthenmodule isncosingular. 

(4) Everynamply µ-supplementedbis µ-supplemented. 

Proposition3.1.  Homomorphicwimage ofwamply µ-

supplementedmis amply µ-supplemented. 

Proof. LetmMmbekamply µ-supplementeddand let f : M

M' be a homomorphisim , let A , B be submodules of 

M' suchmthat M' = A+B , then M =  f 
-1

 (A)+ f 
-1

 (B). 

SincemM is amplymµ-supplemented , theremexists µ-

supplement X of f 
-1

(A) in Mmwhich ismcontained in f 
-1

 

(B) , M = f 
-1

 (A)+X and f 
-1

 (A)X<<µ X. Therefore , M' 

= A+ f (X) and A f (X) = f (f 
-1

(A)X) <<µ f (X) , by 

[1, Prop. 2.14]. Thus M' isbamply µ-supplemented. 

Corollary3.1. LetmMmbe anmamply µ-

supplementedmmodule andylet A bexa submodulemof M 

,rthen 
 

 
 is amplymµ-supplemented. 

Note. Themconverse ofpprevious corollarymis notwtrue 

inmgeneral. Forrexample , considermZ as Z- module 
 

  
   

Z6 ismamply µ-supplementedmbut Z is notmamply µ-

supplemented. 

      A modulewM is saidwto be π-projectiveumodule , ifffor 

everyttwo submodules A and B ofyM with M = A+B  , 

therexexists f End(M) suchmthat Im f ≤ A and Im (I-f) ≤ 

B. See[3]. 

Proposition3.2. LetmM benan R- module. IfmM is π-

projectivenµ-supplemented , thenyM is amplymµ-

supplementedomodule. 

Proof. LetyM be a π-projectivemµ-supplementedxand let A 

, B submodulesxof M suchzthat M = A+B. SincecM is π-

projective , thenmtherenexists f End(M) such thatzIm f ≤ 

A and Im (I-f ) ≤ B, Avhas a µ-supplementbin M say C, 

then M = A+C and A C <<µ C. Itmcan bewseen thatmM 

= f (M)+(I-f) (M) ≤ A+ (I-f) (A+C) ≤ A+(I-f) (C) and A ( 

I-f )(C) ≤ ( I-f )(A C) <<µ ( I-f ) (C) , therefore ( I-f ) (C) 

is µ-supplementuof A whichmis containedmin B. Thus 

Myis amplyrµ-supplemented. 

Corollary3.2. LetmM be annR- module. IfmM is 

projectivenµ-supplemented , thenoM is amply µ-

supplementedomodule. 

Proposition3.3. LetwM beman R- module. Ifmevery 

submodulemof M is µ-supplemented. ThenmM isman 

amply µ-supplemented. 

Proof. LetyA and Bnbe submodulesgof M with M = A+B. 

Byoouruassumption A isza µ-supplemented , A B hasya 

µ-supplementksay C in A, hence  (A B)+C = A and (A

 B) C = B C<<µ C. Since A = (A B)+C ≤ B+C , 

hence M = B+C. ThenmC is a µ-supplementmof Bwwhich 

iskcontained in A. Thus Mmis amply µ-supplemented. 

    Immediatelyo, onencan easilyoprove 

themfollowingocorollary. 

Corollary3.3. Let Rybe anykring , thenhthe 

followinggstatements areqequivalent. 

(1) EveryrR- module isnanyamply µ-supplemented. 

(2) EveryrR- moduleois µ-supplemented. 

Definition3.2. LetmM be anmR- module. Mmis 

calledmweakly µ-supplemented moduler, ifofor 

eachnsubmodule Azof M , therexexists a submodulecB of 

Mnsuch thatxM = A+B and A B <<µ M. 

ExamplesrandrRemarks3.2. 

(1) Z4cas Z- module isxweaklyxµ-supplemented. 

(2) Clearlymthatmevery µ-supplementedmmodule 

ismweakly µ-supplemented , thenconverse isonot truegin 

general. Forxexample Qcas Z- modulee. 

        LetzM be anxR- moduleyand letzA beca 

submodulemof M , recallzthat A is calledba µ-

cocloseddsubmodulefof M denotedmby (A≤µcc M) 

ifqwhenever 
 

 
 is cosingulardand 

 

 
 <<µ 

 

 
 

forksomeosubmodule X of A , weahave X = A. Seeq[1]. 

Proposition3.4. LetgA bexawsubmodule ofban R- 

modulemM. Considergthe followinggstatements. 

(1) Azis µ-supplementbsubmodule of M . 

(2) Azis µ-coclosedvin M. 

(3) Foreevery submodule X of A , if X<<µ M , then X<<µ 

A. Then (1) (2) (3) 

If Msis weaklyvµ-supplementedk, then (3) (1)  

Proof. (1)  (2) Let Azbe azµ-supplementzof B in M , 

then M = A+B and A B<<µ A. Tooprove thatoA is µ-

coclosed , assumehthat 
 

 
 isocosingular and 

 

 
 <<µ 

 

 
 , 

forosomepsubmodule X of A. Since M = A+B , 
 

 
 = 

 

 
 + 

   

 
. We have 

 

   
 = 

     

   
   

 

       
 = 

 

       
 , 

whichmis cosingularhby corollary [1]. But 
 

 
 <<µ 

 

 
 , 

therefore 
 

 
 = 

   

 
 whichkimplies that M = B+X. Notekthat 

A = AM = A (B+X) = X+(A B) , but A B<<µ A 

and 
 

 
 iszcosingular , therefore A = X. Thus Axiska µ-

coclosed. 

 (2) (3) See [1, Prop. 3.3] 
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(3) (1) SincekM iskweakly µ-supplementedr, 

therehexists aksubmodule Bjof M suchxthat M =A+B and 

AB<<µ M. By (3) AB<<µ A. ThusxA is µ-

supplementcsubmodule of M.   

Definition3.3. AnnR- modulenM isncalledncofinitely µ-

supplementedn(briefly cof-µ-supplemented) 

ifneachmcofinite submodulenof Mnhas a µ-supplementmin 

M. 

ExamplesrandbRemarks3.3. 

(1) Z6 asrZ- module is cof-µ-supplemented. 

(2) Z asrZ- module is not cof-µ-supplementede, sincek2Z 

is a cofinitebsubmodule of Z whichkhaskno µ-supplement. 

(3) Itkiskclearmthat everynµ-supplementedmis cof-µ-

supplemented. Butwthe conversewis nothtrue inhgeneral as 

thenfollowingnexamplegshows , Qqas Z- modulenis cof-µ-

supplemented , sincemthe onlymcofinitebsubmodulebof 

Qqis Q whichnhas anµ-supplement , butwwe knowmthat 

Qmis not µ-supplemented eZ- module. 

     Theqfollowing propositionggives aocondition 

undermwhich the µ-supplementednand cof-µ-

supplementedgareuequivalent 

Proposition3.5. LetwM bewa finitelyngenerated R- 

module. ThenmM is µ-supplementedmif andnonly ifkM is 

cof-µ-supplemented. 

Proof. Tokshow thatgM is µ-supplementede, letgA beca 

submoduleyof M. SincenM iswfinitelymgenerated , then 
 

 
  

ismfinitelymgenerated , hencemA ismcofinite 

submodulemof M. ButmM iswcof-µ-supplemented , 

thereforehA has µ-supplementginmM. Thus Mxis µ-

supplemented. Thexconverse isxclear. 

    Nexte, weggive someoproperties of cof-µ-

supplementedomodules. 

    Towshow thatnarbitrary sumkof cof-µ-supplementedhis 

cof-µ-supplemented , weyneed theofollowing 

standardolemma. 

Lemma3.1. LetxA,B bemsubmodules ofha modulewM 

suchwthat A is cof-µ-supplemented, Bwis cofinitegin 

Mgand A+B hasga µ-supplementxC in M. Then A   (B + 

C) hasma µ-supplementgX in A. Moreover, C + X is µ-

supplementkof B in M. 

Proof. LetmC a µ-supplementmof A + B in M. Thus M = C 

+ A + B and C   (A + B)<<µ C. Now 
 

       
   

     

   
 

= 
 

   
   

 

 
   

 

 , whichkis finitelykgenerated, hence A (C + 

B) is cofinite in A. ButkA is cof-µ-supplemented, 

therebexists a submodulegX of Ajsuchgthat X is a µ-

supplement of A (C + B) in A. Thus A = X +[A
(C+B)] and XA (C +B) = X (C+B)<<µ X , sonX is 

a µ-supplementzof (B+C) in A. Nowt, tohshowgthat C +X 

isga µ-supplementoof B in M, weohave M = C +A+B = C 

+X +[A (C +B)]+B = C +X + B, andoone 

canoeasilyoshow that B (C +X) ≤ [C (B +X)]+[X
(C+B)]<<µ C +X. Thereforer,C + X isza µ-supplementvof 

B in M. 

Proposition3.6. Anwarbitrary sumwof cof-µ-

supplementedwmodules is cof-µ-supplemented. 

Proof. Supposemthat {Mi}i∈I is a familyoof cof-µ-

supplementedbmodules, andnlet M =
Ii

Mi . LetmA beva 

cofinitensubmodule of M, so M = A+Mi1 +· · ·+Min for 

some n ∈ N, ik ∈ I. SincebA is cofinite in Mqand Mqhas a 

zeroqµ-supplement , thenvby previousxlemma, (Mi1 +..… 

+Min) (0+A) hasxa µ-supplementysay X in A, 

Moreover,vX is a µ-supplementvof A invM. ThusmM is 

cof-µ-supplementede module. 

Proposition3.7. Homomorphicwimagewof awcof-µ-

supplemented ismcof-µ-supplemented. 

Proof. Letnf :MM' beva homomorphisimcand M be a 

cof-µ-supplemented. To showmthat f (M) is cof-µ-

supplemented , letnA bexa cofinitexsubmodule of f (M) , 

hence f 
-1

(A) is cofiniteusubmodule ofmM. ButwM is cof-

µ-supplemented , therefore f 
-1

(A) hasna µ-supplementmsay 

B inmM , then M = f 
-1

(A) +B and          f 
-1

(A) B<<µ B. 

Hencerf (M) = A+ f (B) and A f (B) <<µ f (B) , thatnis A 

is µ-supplementgof f (B). Thus f (M) isma cof-µ-

supplemented. 

Corollary3.4. LetmM bena cof-µ-supplemented , letmA 

bema submoduleoof M , then 
 

 
 isocof-µ-supplemented. 

Proof. Let Mmbe a cof-µ-supplementedmandmlet π: M
 

 
 bemthemnatural epimorphisim , by previousmproposition 

 

 
 is cof-µ-supplemented. 

    Themconverse is notmtrue inmgeneral , formexample , 

considernZ asmZ- module 
 

  
   Z6 is cof-µ-

supplementednbut Z ismnot cof-µ-supplemented. 

Corollary3.5. LetmM be amcof-µ-supplemented , 

thenyany directusummand of M isocof-µ-suplemented. 

Proof. LetwM befa cof-µ-supplemented , Ddbe a 

directgsummand ofgM and let  P: MD bekthe 

projectionoepimorphisim. Byoproposition (3.17) D is cof-

µ-supplemented. 

4. -µ-supplemented modules 

Definition4.1. Aomodule Mois called  -µ-

supplementedomodule ifoevery submodule ofoM has a 

µ−supplementowhich isoa directosummand ofoM. 

ExampleseandeRemarks4.1. 

(1) Everytsemisimple is  -µ-supplemented. 

Forxexample ,  Z6xas Z- module is  -µ-supplemented. 

(2) Zcas Z- module isbnot  -µ-supplemented. 

(3) Clearlymthat everym -µ-supplementedmis µ-

supplementedmand everym -supplementedmis  -µ-

supplemented. 

Butbthe conversenis nototrue inegeneral. Seehexample 

(2.2-5)  

Now , considernZ4 as Z- modulebclearly thatmZ4 is µ-

supplementedmbut not  -µ-supplemented.  

AnmR− modulemM is saidmto havemproperty (D3), if 

M1mand M2 aremdirect summandsmof M withmM = 

M1+M2, thenmM1M2mis alsoma directmsummand of M 

[5]. 

Proposition4.1. LetmM be a  -µ-supplementedmmodule 

with (D3). Thenmevery directmsummand of M is a  -µ-

supplementedmmodule. 

Proof. LetmM be a  -µ-supplementedmwith (D3) 

andmlet Anbe a directmsummand ofnM. Tomshow thatnA 

is a  -µ-supplemented, letnX beba submodulecof A. 

Then therexexists avdirect summandcY of Mbsuch thatmY 

is µ-supplementxof X, then M = X+Y and XY <<µ Y. 

Since X ≤ A , M = A+Y . SincemA and Yuare 

directksummands of M and M = A+Y , AY isna direct 

summandyof Muand hencerit is amdirect summanddof A , 

becauseqM satisfybD3. Bymmodularity, weghave A = A
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M = A (X+Y) = X+(AY). Notekthat X (A
Y) = XY<<µ Y . But , AY is a direct summandnof M 

, therefore XY<<µ AY , by [1, Prop. 2.15]. ThuskA 

is a  −µ-supplementedmmodule. 

LetmMnbe an R- modulemand letmA beua submodulewof 

M, A ismcalled fully invariantmsubmodule of M if f (A) ≤ 

A , formeach f   End(M). Let Mxbe anvR- modulee. 

Recallvthat Mvis calledva duoqmodule ifnevery 

submodulevof Mvis fullyxinvariant. See [7]. 

Proposition4.2. LetmM be a  -µ-supplementedmmodule 

andmA be a fully invariantmsubmodule ofmM. IfwA is 

awdirect summandwof M, thenwA is a  -
µ−supplementedwmodule. 

Proof. LetzA bexa directcsummand ofmM andmX be a 

submodulebof A. SincemM isza  -µ-supplementede, 

theremexist amdirect summandmY of M, such thatmM = X 

+ Y , X Y <<µ Y and M = YY' , Y'≤M. wezhave A = 

AM = A (YY') = (AY) (AY') , 

becausezAmis avfullyminvariant submodulemof M. 

Ifmwemshowmthat AY is µ-supplementmof X inmA, 

then themproof ismcomplete. Since M = X + Y, wemhave 

A = AM = A ( X +Y) = X+ (AY). Nowe, XY 

<<µ M. Dueqto A Y isza directmsummand ofmM, 

wemobtain XY<<µ AY by [1, Prop.2.15]. HencemA

Y isma µ−supplementmof X in A whichmis 

amdirectmsummand of A. Somit impliesmthat Abis a  -

µ-supplementedmmodule. 

Themfollowing theoremmshows thatmthe directmsum of 

 -µ-supplemented modulesnis  -µ-supplemented. 

Theorem4.1. Let M1 and M2 be a -µ-

supplementedmmodules. If M = M1M2, thenmM is a 
-µ-supplementedmmodule. 

Proof. LetmA bemany submodule ofmM. Then M = M1 + 

M2 + A andmso M1+M2+A hasma  -µ-supplement 0 

inmM. SincemM1 is a  -µ-supplementedmmodule, M1 

 (M2+A) hasxa µ-supplementmX in M1, thenowe have 

M1 = [M1 (M2+A)]+X and M1 (M2+A)X = (M2+A)

X << µ X  such thatmX is directmsummandmof M1. 

Claimmthat X isxa µ-supplementzof M2+A in M. Since M1 

= [M1 (M2+A)]+X  , then M = M1+M2 = [M1
(M2+A)]+X+A+M2 = X+A+M2band X (M2+A) = M1
(M2+A)X<<µ X , hencemX isxa µ-supplementmof 

M2+A in M. Now , since M2 (A+X) ≤ M2 and M2 is  -

µ-supplemented , then M2 (A+X) has a µ-supplement Y 

in M2 and Y is a direct summandmof M2 , thenmwemhave , 

M2 = Y Y' , Y' ≤ M2 , M2 = M2 (A+X)+Y and M2
(A+X)Y = (A+X)Y <<µY. SincemM = M2+A+X = 

Y+M2 (A+X)+(A+X) = Y+A+X andmX (Y+A) ≤ X

 [Y+[M2 (A+X)]+A] ≤ X (M2+A) <<µ X and M2

 (A+X)Y = Y (A+X) <<µY. Onemcan 

easilymshow that A (X+Y) ≤ X (Y+A) + Y (A+X) 

<<µ X+Y. So , X+Ymis µ-supplement ofmA in M. 

ThusmM is  -µ-supplemented.  

Corollary4.1. Anymfinite directmsum of  -µ-

supplementedmmodules is  -µ-supplementedmmodule. 

Proof. Byminduction. 

Let M1 and M2 be R- modules. Recallbthat M1 is M2-

projective if forbevery submodule A of M2 and 

anyNhomomorphisim f :M1
A

M 2
, there is a 

homomorphisim g : M1M2 such that π  g = f, where π : 

M2
A

M 2
is the natural epimorphisim , see [8]. 

     M1 and M2 are saidnto be relativelynprojective if M1 is 

M2- projectivenand M2 is M1- projective. 

Theorem4.2. LetmMi (1 ≤ i ≤ n) bemany finitemcollection 

ofrrelativelyeprojective modules. Themmodule M = M1

M2   …. Mn is a  -µ-supplemented modulenif 

andmonly if Mi is a  -µ-supplementedmmodule forgeach 

1 ≤ i ≤ n. 

Proof. Theonecessity partois provedoin Theorem 4.5 . 

Converselye, itoisosufficient topproveothat M1 is  -µ-

supplemented. LetzA be anyvsubmodulenof M1. 

Thenothere existoa directosummand Boof M suchmthat M 

= A+B = B B' and A B <<µ B. Notemthat M = A +B 

= M1 + B. Bym[8,Lemma 4.47], therenexists a submodule 

B1 of B suchmthat M = M1 B1. Now , B = BM = B

 (M1 B1) = B1 (BM1) , thenu(BM1) isza 

directbsummand of Mmand hencemit is amdirect 

summandoof M1. Nowo, weohave M1 = M1M = M1
(A+B) = A+(BM1) andoA BM1 = A B <<µ B , 

A BM1 <<µ BM1 , becauseoBM1 isoa 

directosummand ofoM. Thereforeo, BM1 is µ-

supplementpof A in M1 whichois a directpsummand. Thus 

Apis  -µ-supplemented. 

 

Proposition4.3. LetzM be aznonzero  -µ-

supplementedzmodule andzlet A bexa 

fullyzinvariantosubmoduleoof M. Thenmthe 

factormmodule 
 

 
 isma  -µ-supplemented. 

Proof. Tomshowmthat 
 

 
 is  -µ-supplementedu, let 

 

 
 

bemanymsubmodulemof 
 

 
. SincemM is  -µ-

supplementedmmodule, theremexist a directmsummand C 

and ofmM suchnthat M = C + B, B C <<µ C and M = C

 C' , C' ≤ M. By propositionm(2.5) 
   

 
 is µ-

supplementkof  
 

 
 in 

 

 
 . SincebA isza fullyninvariant 

submodulevofvM , then 
   

 
 isva directmsummandnof 

 

 
 . 

Thus 
 

 
 is  -µ-supplemented. 

Corollary4.2. LetvM bexa  -µ-

supplementedcduovmodule. Thenbevery factor modulezof 

Mcis a  -µ-supplementedcmodule. 

Theorem4.3. LetxM beca modulecsuchqthat M = M1M2 

is avdirect sumvof submodules M1 and M2. Then M2 is a 
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 -µ-supplementedmmodule ifuand onlyoif therevexists 

acdirectesummand B ofzM suchnthat B ≤ M2, M = A + B 

and A B<<µ B, forzevery submodulee 
 

  
 of 

 

  
  

Proof. ( ) Let 
 

  
 bezanyzsubmodule of 

 

  
.SinceeA

M2 ≤ M2 and M2 is  -µ-supplementedn, thenzAM2 

has µ-supplementdsay Bbin M2 , where B B' = M2 , M2 = 

(AM2)+B and AM2 B = AB <<µ B. Clearly , B 

is a direct summandzof M andbM = M1 + M2 = M1 +(A
M2)+B ≤ M1+A+B , butbM1≤ A , thenbM = A+B . Sonwe 

getnthenresult. 

( )   

LetzAzbe azsubmodulezof M2 , considernthensubmodule 

    

  
 of 

 

  
 . By ournassumption therenexists 

amdirectnsummandnB of Mnsuchnthat B ≤ M2 , M = 

(A+M1)+B and (A+M1) B <<µ B. Since M2 = M2M = 

M2 [(A+M1)+B] = B+[(A+M1)M2] = B+A+(M1
M2) = B+A ,bymmodularmlaw  andzsince A B ≤ 

(A+M1) B <<µ B , then B is µ-supplementnof Azin M2. 

Thus M2 is a  -µ-supplemented.  

Proposition4.4. LetnM be a  -µ-supplementedqmodule. 

Then M = M1M2 , suchnthatrZ*(M1) <<µ M1 and 

Z*(M2) = M2. 

Proof. SincerZ*(M) isza submodulezof Mzand M isb -µ-

supplementedmmodule , thenntherenexistsmM1 suchhthat 

M =M1M2 , forosomeosubmodule M2 of M , M = 

Z*(M)+M1 and Z*(M)M1 <<µ M1, hence Z*(M1) <<µ 

M1. SinceeZ*(M) Z*(M1) Z*(M2) , thenrM = Z*(M1)

Z*(M2) + M1 = Z*(M2)M1. But Z*(M2) ≤ M2 , 

thereforesZ*(M2) = M2. Thusz, wexget thezresult.  

Theorem4.4. ForzaymodulemMmwith (D3) 

themfollowingmstatementsmare equivalent. 

(1) Everymdirect summandnof Mnis  -µ-supplemented 

(2) Mmis a  -µ-supplemented. 

(3) M = M1M2 , where M1 is  -µ-supplementednwith 

Z*(M1) <<µ M1 and M2 is  -µ-supplementedmwith 

Z*(M2) = M2.  

Proof. (1) (2) Clearnbynthendefinition. 

(2) (1) Propositionr(4.3)  

(2) (3) Assumeothat Mois a  -µ-supplementedowith 

(D3) ,thenyM = M1M2 , where Z*(M1) <<µ M1 and 

Z*(M2) = M2 ,byoproposition (4.11) and M1 , M2 are  -µ-

supplementede, by propositiony(4.3).  

(3) (2) Theoremm(4.5). 
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