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ABSTRACT. Let R be aring and M a right R- module. We extend the definition of supplemented module by
replacing "small submodule” with "up-small submodule” as we introduced in [1]. We show that any finite sum of

p-supplemented module is p-supplemented

, on the other hand we define and study the notion of amply , weakly ,

and cofinitely p-supplemented modules . A module M is called @ -p-supplemented module if every submodule of M
has a p-supplement which is a direct summand. The purpose of this work is to generalize supplemented modules and

introduce various properties of these modules.

Keywords. p-supplemented, amply p-supplemented , weakly p-supplemented |, cofinitely p-supplemented and @ - p-supplemented .

1. INTRODUCTIONn.

Throughout this paper ,R is an associative ring with
unity and all modules are unital right R- modules. A
Submodule A of a module M is called small in M ,
written A<<M , if whenever M = A+B for any

submodule B of M, we have M = B. See [2]. In [1],
we defined the notion of p-small submodules
as follows. A submodule A of M is called p-

small submodule , written A<<, M if whenever M = A+B
with % is cosingular , we have M = B. In this paper ,
we define a p-supplemented module as a
generalization of supplemented module as follows. A
submodule A of M is called a p-supplement of B in M
if M = A+B and AN B<<, A, if every submodule of M
has M-supplement , then M is called -
supplemented module.

In section 2, we give some properties of p-supplements ,
we prove that any factor module of -
supplemented module is p-supplemented and any finite
sum of p-supplemented modules is p-supplemented.

In section 3, we introduced the notion of amply

weakly , and cofinitely p-supplemented as
a generalizations of amply ,weakly, and cofinitely
supplemented modules. Recall that M is

called amply supplemented if for any submodules A and
B of M with M = A+B , A contains a supplement of B in
M , see [3]. We call a module M is amply p-
supplemented if for any submodules A and B of M with
M = A+B , A contains a p-supplement of B in M.
A module M is called weakly supplemented if for every
submodule A of M , there isa submodule B of M
such that M = A+B and ANB<< M, see [3]. We call
a module M is weakly p-supplemented if  for
every submodule A of M , there is a submodule B of M
such that M = A+B and AMB<<, M. Recall that
a module M is called cofinitely supplemented if every
cofinite submodule of M has a supplement submodule ,
[4]. We define the notion of cofinitely p-supplemented
as follows , a module M is called cofinitely p-
supplemented if every cofinite submodule of M has a
p-supplement.

In section 4, we introduced the concept of @ -p-

supplemented module as a generalization of @ -
supplemented [5] as follows . The module M is called
@ -p-supplemented if every submodule of M has a p-
supplement which isa direct summand of M. Clearly ©

-u-supplemented modules are p-supplemented and @ -

supplemented are @ -p-supplemented.

The aim of this work is to introduce p- supplemented
modules as a generalizations of supplemented modules ,
and some of it's generalizations , we state the
main properties of -  supplemented modules and
introduced the main properties of - supplemented modules
and supplying examples and remarks for these concepts.
In this note, we answer the following natural question.
Is any factor module of @ -p-supplemented module is

@ -pu-supplemented? In  addition , we investigate
direct summand of these modules.

2. u-supplemented modules.

Definition 2.1. Let M bean R-module andletA, B be
submodules of M, B is called p- supplement of Ain M,
ifM=A+Band AN B <<, B. If every submodule of M
has a p- supplement , then M is called p- supplemented
module .

Recall that a module M is called p-hollow
if every proper submodule of M is p-small in M, see [1].
Examples and Remarks2.1.

(1) Clearly that every p-hollow module is p-
supplemented. For example Z; as Z-module. The
converse is not true in general , for example , Z¢ as Z-
module.

(2) Let A and B be submodules of an R- module M
, iIf A'is a p-supplement of B , then B need not be a p-
supplement of A. For example , Z, as Z-module , Z, is

a M- supplement of {6,2} but {6,5} is not a p-
supplement of Z,.
(3) M=A®B,then Ais p-supplement of Band B is

p-supplement of A, for example in Zg as Z- module {(_),

é} is p-supplement of {0,2,4%} and {0,2,4%} is p-

supplement of {0,3}.

(4) p-supplement submodule need not be exists
For example, in Z as Z- module 2Z has no p-supplement.
(5) It is clear that every supplemented module is a
p-supplemented. The converse is not true in general as

the following example shows, Let Q = H Fi, where F;
i-1

= Z,. Let R be the subring of Q generated by _G-)lFi and
i=

lg. Since Rg is p-hollow module, hence it is p-
supplemented but not supplemented , see[1] and [6].
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Proposition2.1. Let A be a p-hollow submodule
of the module M. Then A is a p-supplement of
each proper submodule B of M such that M = A+B.
Proof. Let B be a proper submodule of M such that M
= A+B. Note AnNB#A if AmMB =A | then A < B
implies that M = B which is a contradiction. Since A is
p-hollow , then AMB <<, A. Thus Ais a p-
supplement of B in M.

The following theorem gives a characterization of p-
supplement submodule.

Theorem2.1. Let A and B be submodules of an R-
module M, then the following statements are equivalent.
(1) Bis ap-supplement of Aiin M.

(2) M = A+B and for every proper submodule X of B

with g is cosingular , then M # A+X.

Proof. (1)= (2) Assume that B is a p-supplement of A
in M and M = A+X , where X is a proper submodule of B

such thatg is cosingular, then B = BN M = B (A+X)
= X+(AMB) , by modular law. Since B is a p-
supplement of A in M and )'3{ is cosingular , then A M B<<,

B, hence B = X , which is a contradiction, because X
is proper submodule of B. Thus M # A+X.

(2)= (1) Suppose that M = A+B , to prove that B is a
p-supplement of Aiin M, it is enough to show that A
M B<<, B, let U be asubmodule of B such that B =
(AmB)+U | % is cosingular. If U is a
proper submodule of B, then by our assumption M #
A+U. But M = A+B = A + (ANB) + U = A+U ,
which isa contradiction. Thus B is a p-supplement of
Ain M.

The following propositions gives some properties of p-
supplements.

Proposition2.2. Let A and B be submodules of an R-
module M such that B is p- supplement of Aiin M. Then
(1) IfM=X+B, for some submodule X of A, then B is
p-supplement of X in M.

(2) 1fC<<y M, then B is a p-supplement of A+C.

(3) For any submodule Y of A, (B+Y) is a p-supplement
A. M

of v n pt

Proof. (1) Assume that M = X+B , for some submodule

X of Aand B is a pu-supplement of A in M. Since X N B

< AMB << B, this implies that X B <<, B, by [1,

Prop. 2.14]. But M = X+B , therefore, B is a p-

supplement of X.

(2) Let B be p-supplement of A in M and C<<, M.

Clearly M = A+C+B. We show that (A+C) M B<<, B, let

B =[(A+C) N B]+X , for some submodule X of B ,

is cosingular. Then M = (A+C) + B = (A+C)+[(A+C)m

B]+X = C+ A+X. Since M _ (A+X)+B ~
A+X (A+X) Bﬁ(A+X)

m , by the second isomorphisim theorem
i i M.

m is cosingular by [1, Coro. 2.6], then — 1S

cosingular. But C<<, M, therefore M = A+X. But B is a -
supplement of A and f;( is cosingular , therefore B = B

(A+X) = X+(ANB) = X. Thus, B is a p-supplement of
A+C.
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(3) LetY be a submodule of A, then % = WTB) = é +
A\ B)+Y
(B+Y)  Also A A B+Y) _ AMB+Y) _ ( ) .
Y Y Y Y
(Am B)+Y (B+Y)

by modular IaW Now to show that Y <4

Let ¢: B —>E N pea map defined by ¢(x) = x+Y, for each
x e B. Clearly that ¢ is an epimorphisim. Since A M B<<,

, then (p(Am B) = (AmB)J'Y (B+Y) , by [1, Prop.

2.14]. Thus 22 s a - supplement of in 7 .

Proposition2. 3 Let M be an R- module and let A, B and
C be submodules of M. Then.

(1) Assume that M = M; @ M.. If A is a p-supplement of
A'in M; and B is a p-supplement of B' in M,, then A@ B

is a p-supplement of A' @ B'in M.

(2) If Ais a p-supplement of B in M and B is a p-
supplement of C in M , then B is a p-supplement of A in
M.

Proof. (1) By assumption, we have M; = A+ A'and AN
A' <<, A. Moreover, M, =B + B'and BMB' <<, B, then
M= (ADB) + (A'@ B'). By [1, Prop. 2.14], (AN A)D
(B MB) <<, A®@B.One caneasily show that (A@® B)
NA @B) ANAY® (B NB) <, ADB,
it follows that A& B is a p-supplement of A'@ B' in M.
(2) Let M = A+B = B+C , Am B<<, A and B C<<, B.
We prove that A B <<, B. Let U be a submodule of B

such that B = (AMB)+U , g is cosingular , M = B+C =
AN B)+U+C. Since AN B<<, A, then AN B<<, M.
M p
Note that M _ B+C+U B B
U+(B(M C)

vrc © u+c T BN W+0)
is cosingular. Since A B<<, M , then M = U+C. Now ,
B=BNM=BN(U+C)=U+(BNC). BuuBNC<<, B
and % is cosingular , therefore B = U. Thus B is a -
supplement of A in M.
To show thatthe sum of p-supplemented modules is p-
supplemented , we need the following lemma.
Lemma2.1. Let M; and M, be submodules of M such that
M; is p-supplemented and M; +M, has a p-supplement in
M. Then M, has a p-supplement in M.
Proof. By assumption, there exits a submodule A of M
such that Mi+Mx+tA = M and (Mi+Mp)) MA <<, A
Moreover , since M, is p-supplemented, (M,+A) M M, has
a J-supplement in My , there exists B < M; such that M, =
[(M+A) MM ]+B and (M, + A) M B<<, B. Then we
have M = M]_ +M2+A = [(Mz‘l' A) mM M1]+ B+ MZ +A=
M, + (B + A). One can easily show that M, (B + A)<
[(M; +B)NA] + [(M2 + Ay B] < [(M2 + M) MA] +
[(M; + A)MB]<<, A+B , Dby [1,Prop. 2.14] , it
follows that M, — (B + A)<<, (B + A). Hence, B + Aiisa
p-supplement of M, in M. Thus M, has a p-
supplement in M.
Proposition2.4. Let M; and M, be M-
supplemented modules. If M =M; +M,, then M is a p-
supplemented module.
Proof. Let A be a submodule of M. Since M; +M, +A =M
trivially has a p-supplement 0 in M, M, +A has a p-
supplement in M , by Lemma (2.6). Now, since M,+A
has a p-supplemnet and M, is p-supplemented , then A
has a p-supplement in M by Lemma (2.6) again. So M is a
p-supplemented module.

<<y
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By induction , one can easily show that Any finite
sum of p-supplemented modules is p-supplemented.
Proposition2.5. Epimorphic image of -
supplemented module is p-supplemented.

Proof. Let f : M—M" be an epimorphisim and let M
be a p-supplemented. To show that M' is a p-
supplemented , let A be a submodule of M' , f *(A) is a
submodule of M. But M is a p-supplemented , therefore
f 1(A) has a p-supplement say B in M, hence M = B+ f~
Y(A) and f (A) MB<<, B. Claim that  f (B) is p-
supplement of A. Since M = B+ f(A) and f /(A) M B<<,
B, then M' = f (B)+A ,and AT (B) <<, f(B) ,so f (B) is
p-supplement of A. Thus M'is a p-supplemented.
Corollary2.1.  Every factor module of a p-
supplemented module is p-supplemented .

Proof. Let M be a p-supplemented module and let A

be a submodule of M , let T M—)% be the

natural epimorphisim. Since M is p-supplemented , then %

is a p-supplemented.
Remark. The converse  of previous corollary is
not true in general as the following example shows.

Consider Z as Z- module , 6Z <Z . Since 612 = Zg is M-
supplemented but Z is not p-supplemented module.

3. Amply , weakely and cofinitely -
supplemented modules.
Definition3.1. Let M be an R- module. M is

called amply p-supplemented if for any submodules A
and B of M with M = A+B , there exists a p-supplement X
of A contained in B.

Examples and Remarks3.1.

(1) Zgas Z- module is amply p-supplemented.

(2) Zas Z- module is not amply p-supplemented.

(3) Clearly that every amply supplemented module is
amply p-supplemented. The converse is not true
in general , see [1,Example 3.17]. The converse hold
when the module is cosingular.

(4) Every amply p-supplemented is p-supplemented.
Proposition3.1. Homomorphic image of amply p-
supplemented is amply p-supplemented.

Proof. Let M be amply p-supplemented and let f : M
—> M' be a homomorphisim , let A, B be submodules of
M' such that M' = A+B , then M = f* (A)+ f * (B).
Since M is amply p-supplemented , there exists p-
supplement X of f (A) in M which is contained in f *
(B), M =f" (A)+X and f * (A) M X<<, X. Therefore , M'
= A+ f(X)and AT (X) = (f (A) N X) <<, F (X), by
[1, Prop. 2.14]. Thus M"is amply p-supplemented.
Corollary3.1. Let M be an amply M-
supplemented module and let A be a submodule of M

, then % isamply p-supplemented.

Note. The converse of previous corollary is not true
. - VA

in general. For example , consider Z as Z- module o =

Zs is amply p-supplemented but Z is not amply p-
supplemented.

A module M issaid to be m-projective module, if for
every two submodules A and B of M with M = A+B
there exists f € End(M) such that Im f < A and Im (I-f) <
B. See[3].

Proposition3.2. Let M be an R- module. If M is =n-
projective p-supplemented , then M is amply p-
supplemented module.
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Proof. Let M be a n-projective p-supplemented and let A
, B submodules of M such that M = A+B. Since M is -
projective , then there exists f € End(M) such that Im f <
A and Im (I-f) < B, A has a p-supplement in M say C,
then M = A+Cand AN C <<, C. It canbe seenthat M
= f (M)+(I-f) (M) < A+ (I-f) (A+C) < A+(I-f) (C) and A M (
I-f )(C) < (I-f)(AMC) <<, (I-f) (C) , therefore ( I-f) (C)
is p-supplement of A which is contained in B. Thus
M is amply p-supplemented.

Corollary3.2. Let M be an R- module. If M is
projective p-supplemented , then M is amply u-
supplemented module.

Proposition3.3. Let M be an R- module. If every

submodule of M is p-supplemented. Then M is an
amply p-supplemented.

Proof. Let A and B be submodules of M with M = A+B.
By our assumption A is a p-supplemented , A B has a
p-supplement say C in A, hence (AMB)+C = A and (A
M B)MC=BMC<<,C. Since A=(ANB)C <B+C,
hence M = B+C. Then C is a p-supplement of B which
is contained in A. Thus M is amply p-supplemented.

Immediately , one can easily prove
the following corollary.
Corollary3.3. Let R be anyring , then the

following statements are equivalent.

(1) Every R- moduleis an amply p-supplemented.

(2) Every R- module is p-supplemented.

Definition3.2. Let M be an R- module. M is
called weakly p-supplemented module , if for
each submodule A of M, there exists a submodule B of
M such that M = A+B and AN B <<, M.

Examples and Remarks3.2.

(1) Z, as Z- module is weakly p-supplemented.

(2) Clearly that every M-supplemented module
is weakly p-supplemented , the converse is not true in
general. For example Q as Z- module .

Let M be an R- module and let A bea
submodule of M , recall that A is called a p-
coclosed submodule of M denoted by (A<, M)

M

. A . . A
if whenever s cosingular and T <<v 3

X
for some submodule X of A, we have X = A. See [1].
Proposition3.4. Let A be a submodule of an R-
module M. Consider the following statements.
(1) A isp-supplement submodule of M .
(2) A isp-coclosed in M.
(3) For every submodule X of A, if X<<, M, then X<<,
A. Then (1)= (2)=(3)
If M is weakly p-supplemented , then (3) = (1)
Proof. (1) = (2) Let A be a p-supplement of B in M ,
then M = A+B and AN B<<, A. To prove that A is p-

A . - A
coclosed , assume that — is cosingular and + <<,

for some submodule X of A. Since M = A+B , +

B+X M A+B+X A
——. We have — = = = ,
X B+X B+X A (B+X) X+(A(M B)

which is cosingular by corollary [1]. But % <<, % ,

therefore % = BXLX which implies that M = B+X. Note that
A=ANM=AN(B+X) = X+(ANB),but AMB<<, A
and % is cosingular , therefore A = X. Thus A is a u-

coclosed.
(2)=(3) See [1, Prop. 3.3]

STESSE
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3)=(Q) Since M is weakly p-supplemented ,
there exists a submodule B of M such that M =A+B and
AMB<<, M. By (3) AMB<<, A Thus A is p-
supplement submodule of M.

Definition3.3. An R- module M is called cofinitely p-
supplemented (briefly cof-p-supplemented)
if each cofinite submodule of M has a p-supplement in
M.

Examples and Remarks3.3.

(1) Zgas Z- module is cof-p-supplemented.

(2) Z as Z- module is not cof-p-supplemented , since 2Z
is a cofinite submodule of Z which has no p-supplement.
(3) It is clear that every p-supplemented is cof-p-
supplemented. But the converse is not true in general as
the following example shows , Q as Z- module is cof-p-
supplemented , since the only cofinite submodule of
Q is Q which has a p-supplement , but we know that
Q isnot p-supplemented Z- module.

The following proposition gives
under which the p-supplemented and
supplemented are equivalent
Proposition3.5. Let M be a finitely generated R-
module. Then M is p-supplemented if and only if M is
cof-p-supplemented.

Proof. To show that M is p-supplemented , let A be a

submodule of M. Since M is finitely generated , then %

is finitely generated , hence A is cofinite
submodule of M. But M is cof-p-supplemented ,
therefore A has p-supplement in M. Thus M is p-
supplemented. The converse is clear.

Next , we give  some properties  of
supplemented modules.

To show that arbitrary sum of cof-p-supplemented is
cof-pu-supplemented : we need the following
standard lemma.

Lemma3.l. Let AB be submodules of a module M
such that A is cof-p-supplemented, B is cofinite in
M and A+B has a p-supplement Cin M. Then A m (B +
C) has a p-supplement X in A. Moreover, C + X is p-
supplement of B in M.

Proof. Let Ca p-supplement of A+Bin M. ThusM=C

+A+BandC N (A+B)<<, C. Now —-— = Z2%¢
A (B+C) B+C

a condition
cof-p-

cof-p-

M
= BM? = &+, which is finitely generated, hence A (C +

B

B) is cofinite in A. But A is cof-p-supplemented,
there exists a submodule X of Asuch that X is a p-
supplement of AN (C + B) in A. Thus A = X +[AN
(C+B)Jand XM AN (C +B) = XM (C+B)<<, X, s0 Xis
a p-supplement of (B+C) in A. Now , to show that C +X
is a p-supplement of B in M, we have M =C +A+B =C
+X +[AN(C +B)][+tB = C +X + B, and one
can easily show that B (C +X) < [CM (B +X)]+[X M
(C+B)]<<, C +X. Therefore ,C + X is a p-supplement of
Bin M.

Proposition3.6. An arbitrary sum of
supplemented modules is cof-p-supplemented.
Proof. Suppose that {M}i is a family of cof-p-

supplemented modules, and let M =z Mi. Let Abe a
iel

cofinite submodule of M, so M = A+M;; +- - -+M;, for

some n € N, ik € I. Since A is cofinite in M and M has a

zero p-supplement , then by previous lemma, (M +.....

cof-p-
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+M;,) N (0+A) has a p-supplement say X in A,
Moreover, X is a p-supplement of A in M. Thus M is
cof-u-supplemented module.
Proposition3.7.  Homomorphic image of
supplemented is cof-p-supplemented.

Proof. Let f :M—>M" be a homomorphisim and M be a
cof-u-supplemented. To show that f (M) is cof-p-
supplemented , let A be a cofinite submodule of f (M) ,
hence f (A) is cofinite submodule of M. But M is cof-
p-supplemented , therefore f *(A) has a p-supplement say
Bin M,then M = f}(A) +B and f *(A) N B<<, B.
Hence f (M) = A+ f(B) and AT (B) <<, f(B), that is A
is p-supplement of f (B). Thus f (M) is a cof-p-
supplemented.

Corollary3.4. Let M be a cof-p-supplemented , let A

be asubmodule of M, then % is cof-pu-supplemented.
Proof. Let M be a cof-p-supplemented and let m: M —>
%be the natural epimorphisim , by previous proposition

a cof-p-

M .
s cof-pu-supplemented.

The converse is not true in general , for example ,
consider Z as Z- module 612 = Zs is cof-p-
supplemented but Z is not cof-p-supplemented.
Corollary3.,5. Let M be a cof-u-supplemented |,
then any direct summand of M is cof-p-suplemented.
Proof. Let M be a cof-p-supplemented , D be a
direct summand of M and let P: M—>D be the
projection epimorphisim. By proposition (3.17) D is cof-
p-supplemented.

4. ® -p-supplemented modules

Definition4.1. A module M is called @ -pu-
supplemented module if every submodule of M has a
p—supplement which is a direct summand of M.
Examples and Remarks4.1.

(1) Every semisimple is @ -p-supplemented.
For example, Z¢ as Z- module is @ -p-supplemented.
(2) Z as Z- module is not @ -p-supplemented.

(3) Clearly that every @ -p-supplemented is  p-
supplemented and every @ -supplemented is @ -p-
supplemented.

But the converse is not true in general. See example
(2.2-5)

Now , consider Z, as Z- module clearly that Z, is p-
supplemented but not @ -p-supplemented.

An R— module M is said to have property (D3), if
M; and M, are direct summands of M with M =
M;+M,, then M; M, isalso adirect summand of M
[5].

Proposition4.1. Let M be a @ -p-supplemented module
with (D3). Then every direct summand of M is a @ -p-
supplemented module.

Proof. Let M be a @@ -p-supplemented with (D3)
and let A be adirect summand of M. To show that A
is a @ -p-supplemented, let X be a submodule of A.
Then there exists a direct summand Y of M such that Y
is p-supplement of X, then M = X+Y and XY <<, Y.
Since X < A, M = A+Y . Since A and Y are
direct summands of M and M = A+Y , AN Y is a direct
summand of M and hence it is a direct summand of A ,
because M satisfy D3. By modularity, we have A = A
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MM = AN (X+Y) = X+(AMY). Note that X (AN
Y)=XNMY<<, Y. But, AMY isadirect summand of M
, therefore XM Y<<, AMY , by [1, Prop. 2.15]. Thus A
isa @ —p-supplemented module.

Let M be an R- module and let A be a submodule of
M, Ais called fully invariant submodule of M if f (A) <
A , for each f € End(M). Let M be an R- module .
Recall that M is called a duo module if every
submodule of M is fully invariant. See [7].
Proposition4.2. Let M be a @ -p-supplemented module
and A be a fully invariant submodule of M. If A is
a direct summand of M, then A is a ©@-
u—supplemented module.

Proof. Let A be a direct summand of M and X be a
submodule of A. Since M is a @ -p-supplemented ,
there exista directsummand Y of M, suchthat M =X
+Y, XNY<<,YandM=Y@Y', Y<M. we have A =
ANM = ANKNYAY) = ANY)®ANY) ,
because A is a fully invariant submodule of M.
If we show that ANY is p-supplement of X in A,
then the proof is complete. Since M = X + Y, we have
A=ANM=AN(X+Y)=X+ (ANY). Now , XY
<<, M. Due to A MY is a direct summand of M,
we obtain X M Y<<, AMY by [1, Prop.2.15]. Hence A
MY is a p-supplement of X in A which is
a direct summand of A. So it implies that A isa @ -
p-supplemented module.

The following theorem shows that the direct sum of
@ -p-supplemented modules is @ -p-supplemented.
Theorem4.l. Let M; and M, be a®-u-

supplemented modules. If M = M; @ M,, then Misa @
-u-supplemented module.

Proof. Let A be any submodule of M. Then M = M, +
M, + A and so M;+M,+A has a D -p-supplement 0

in M. Since M, is a @ -p-supplemented module, M,
M (My+A) has a p-supplement X in My, then we have
M; = [M; M (Ma+A)]+X and My M (Ma+A) M X = (M+A)
M X <<, X such that X is direct summand of M;.
Claim that X is a p-supplement of My+A in M. Since M,
= [Mlﬁ(l\/l2+A)]+X ' then M = M1+M2 = [Mlﬁ
(Mp+A)][+X+A+M, = X+A+M, and X M (Mp+A) = M; M
(Ma+A) N X<<, X , hence X is a p-supplement of
My+A in M. Now , since M, M (A+X) <M, and M, is @D -
p-supplemented , then M, M (A+X) has a p-supplement Y
in M, and Y is a direct summand of M, , then we have,
M,=YDY',Y' <M, , M, = My (A+X)+Y and M, M
(A+X) MY = (A+X) MY <<,Y. Since M = Mp+A+X =
Y+M, N (A+X)+(A+X) = Y+A+X and XM (Y+A) < X
N [Y+[M; M (A+X)]+A] < XN (M+A) <<, X and M,
NAEX)NY = YNA+X) <<Y. One can
easily show that A M (X+Y) < XM (Y+A) + Y M (A+X)
<<, X+Y. So , X+Y is p-supplement of A in M.
Thus Mis @ -p-supplemented.

Corollary4.1. Any finite direct sum of @ -p-

supplemented modules is @ -p-supplemented module.
Proof. By induction.

Let M; and M, be R- modules. Recall that M; is M,-
projective if for every submodule A of M, and
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M
any homomorphisim  f :M1—>Tz, there is a

homomorphisim g : M; — M, such that zo g = f, where & :
M
M, —> TZ is the natural epimorphisim , see [8].

M, and M, are said to be relatively projective if M is
M,- projective and M, is M;- projective.
Theorem4.2. Let M; (1 <i<n)be any finite collection
of relatively projective modules. The module M = M; ®
M, @ ... ®M, is a D -u-supplemented module if
and only if M; is a @ -p-supplemented module for each
1<i<n.
Proof. The necessity part is proved in Theorem 4.5 .
Conversely , it is sufficient to prove that M; is @ -p-
supplemented. Let A be any submodule of M;.
Then there exist a direct summand B of M such that M
=A+B=B®B'and ANB <<, B. Note that M = A +B

My

M- > —

= M; + B. By [8,Lemma 4.47], there exists a submodule
B, of B such that M = M;®B;. Now, B=B"M=B
m(M].('B Bl) = Bl@(Bli) y then (Bli) is a
direct summand of M and hence it is a direct
summand of M;. Now , we have M; = MiM = M; N
(A+B) = A+(BNMy) and ANBNM; = ANB<<,B,
ANBNM; <<, BMNM; , because BNM; is a
direct summand of M. Therefore , BN M; is p-
supplement of A in M; which is a direct summand. Thus
A is @ -p-supplemented.

Proposition4.3. Let M be a nonzero @ -p-
supplemented module and let A be a
fully invariant submodule of M. Then the

factor module%is a @ -p-supplemented.
Proof. To show that % is @ -p-supplemented , let g

be any submodule of %. Since M is ©D-u-

supplemented module, there exist a direct summand C
and of Msuch thatM=C+B,BMNC<<,CandM=C
@C , C < M. By proposition (2.5) % is -
supplement of

B . M . . . .
< in—. Since A is a fully invariant

submodule of M, then C%A is a direct summand of% .
Thus % is @ -p-supplemented.

Corollary4.2. Let M be a @ -p-
supplemented duo module. Then every factor module of

M isa @ -p-supplemented module.

Theorem4.3. Let M be a module such that M = M; @ M,
is a direct sum of submodules M; and M,. Then M, is a
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@ -p-supplemented module if and only if there exists
a direct summand B of M such that B<M,, M= A + B

and A M B<<, B, for every submodule L of
a M1 MMl
Proof. (=) Let o be any submodule of m.Since AN

M, < M, and M, is @ -p-supplemented , then A M,

has p-supplement say B in M, , where B B'=M,, M, =
(AN My)+Band ANM, B =ANB <<, B.Clearly , B
is a direct summand of Mand M =M; + M, = My +(AM
M,)+B < M;+A+B , but Mi< A, then M = A+B . So we
get the result.

(<)

Let A be a submodule of M, , consider the submodule

A@Ml M

T of 1 By our assumption there exists
a direct summand B of M such that B < M, , M =
(A+My)+B and (A+M;) N B <<, B. Since M, = M, M =
M, N [(A+M)+B] = B+[(A+M;) " M;] = B+A+(MiM
M,) = B+A by modular law and since AMB <
(A+M;) "B <<, B, then B is p-supplement of A in M,
Thus M, is a @ -p-supplemented.

Proposition4.4. Let M be a @ -p-supplemented module.
Then M = M;@® M, , such that Z*(M;) <<, M; and
Z*(Mz) = Mz.

Proof. Since Z*(M) is a submodule of M and M is @ -u-
supplemented module , then there exists M; such that
M =M;@ M, , for some submodule M, of M , M =
Z*(M)+M; and Z*(M) "M, <<, My, hence Z*(M,) <<,
M. Since Z*(M) Z*(M;) @ Z*(M,) , then M = Z*(M;) ®
Z*(My) + M; = Z*(My)) @M, But Z*(M,) < M, ,
therefore Z*(M,) = M,. Thus , we get the result.
Theorem4.4. For a module M with
the following statements are equivalent.

(1) Every direct summand of M is @ -pu-supplemented
(2) M isa @ -p-supplemented.

(3) M=M;® M,, where M, is @ -p-supplemented with
Z*(M;) <<, M; and M, is @ -p-supplemented with
Z*(M,) = M,.

Proof. (1) = (2) Clear by the definition.

(2) = (1) Proposition (4.3)

(2)=(3) Assume that M is a @ -p-supplemented with
(D3) ;then M = M; @ M, , where Z*(M;) <<, M; and
Z*(M,) = M, ,by proposition (4.11) and M, , M, are @ -p-
supplemented , by proposition (4.3).

(3)=(2) Theorem (4.5).

(D3)
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