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ABSTRACT: In this paper, we consider the class of geometrically-arithmetically s-convex functions. A
generalized integral identity for differentiable functions is obtained. Then using this new integral identity
we establish our main results which are Hermite-Hadamard inequalities for geometrically-arithmetically
s-convex functions. Some special cases are also discussed.
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1 INTRODUCTION

Convexity plays an important role in different fields of pure
and applied sciences. Consequently classical concepts of
convex sets and convex functions have been extended and
generalized in different directions using novel and
innovative ideas, see[1, 2, 3,4, 7, 8,9, 10, 11, 12, 13,14,15].
It is known that theory of inequalities and theory of convex
functions are interrelated to each other, as a result
researchers have extended classical inequalities for different
generalizations of classical convex functions, see [2, 3, 4, 5,
6,7, 8,09, 10, 11, 12, 13, 14,16, 17,18]. Shuang et al. [16]
introduced the notion of geometrically-arithmetically S -
convex functions and obtained various Hermite-Hadamard
inequalities for this newly introduced class.

Let a,bel with a<b. Then the following double

inequality is known as Hermite-Hadamard inequality in the
literature

a+b 1" f(a)+ f (b)
f(Tjsméﬁ(x)dxs#.

Inequality (1.1) is as a necessary and sufficient condition for
a function to be convex. For different generalizations and
extensions of Hermite-Hadamard inequalities, see [2, 3, 4, 5,
7,8,9, 10, 11, 12, 13, 14].

In this paper, we consider the class of geometrically-
arithmetically S -convex functions and derive some new
Hermite-Hadamard inequalities. Some special cases are also
discussed. This is the main motivation of this paper.

(1.1)

2 PRELIMINARIES

In this section, we discuss some preliminary concepts and
obtain a new result which plays a key role in deriving our
main results.

Definition 2.1 [7]. Let | = R, . A geometrically convex set
is defined as

ty,1-t

xy el, Vx,yel,te[01].

Definition 2.2 [7]. Afunction f :1 c R, - R issaidto
be geometrically-arithmetically convex function, if

f(a'b*) <tf (@) + (1-t) f (b),
Va,bel,te[0,1].

Definition 2.3 [16]. For some S € (0,1], a function

f:1 cR, >R issaid to be geometrically-
arithmetically S -convex function, if

f (@b <t*f (a)+ (1-1)* f (b),

Va,bel,t€[0,1].

Now we derive an identity, which plays an important role in
establishing our main results.

Now we derive an identity, which plays an important role in
establishing our main results.

Lemma2.1 Let f:l =[a,b]c R, >R bea
differentiable function on 1° (the interior of | ) with
a<b.Let ¢:[a,b] > R, be differentiable function. If
f’eL[a,b] and £ €N, then

p(0) T (b)-p(a)f(a)- Jj(ﬂ'(x) f(x)dx

. E+t 1t E+t 1t E+t 1t

_InbIna | [37 0@ b ) /@b )t

&+1 Lttt 1t st 1t gt
+Ea5+lb‘f+lgp(a§+lb“) f'(a="b=*)dt

Proof. Let
[0t (x)x
ab)ﬁ 2.1)
= [ g0 fdx+ [ L (0 (R
(ab)§+l
Now
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ab)§+1
[ 90 f (x)ax

S+t 1t S+t 1t
‘[)f (a§+1b§+1)d¢)(a§+1b§+1)
ezt et

- _w(agﬂba) f (a§+lb§+l)

0

S+t 1t S+t 1t S+t 1+t
_ Ing I]I:]a L ‘+1b§+1 (a§+lb§+l)f (a§+1b§+1)dt
= (ﬂ((ab)“l) f ((ab)“l) p(a)f(a)
Inb—-Ina
— " x (2.2)
&+l
S+t 1-t S+t 1-t g+t 1t

.[)a§+lbcf+l¢(a§+lbcf+l) f (a§+1b§+l)dt

Also

[ o0 (dx

(ab)éﬂ

-t &+t -t S+t

J; f (a§+1b§+1)d (a§+1b§+1)

-t g4t -t et [

(o(a§+1b§+1) f (ag+lb5+l)

0

1t E+t 1t S+t -t £+
_ Inb Ina Lasﬂb:ﬂ (a§+lb§+l)f (a§+1b§+1)dt
E+1
= p((ab)*™) f ((ab)*"!) - p(a) f (a)
Inb-Ina
—_X
c+1 (2.3)

g Lt gt

.[)a§+lbcf+l¢(a§+lb§+l) f (a§+1b§+l)dt
Summation of (2.1), (2.2) and (2.3) completes the proof.

1-t &+t

Remark 2.1. If £ =1, then Lemma 2.1 reduces to Lemma
3.1 [5].

3 MAIN RESULTS
In this Section we, derive our main results and this is main

motivation of this paper.
Theorem3.1 Let f: I =[a,b]c R, >R bea

differentiable function on 1° (the interior of 1 ) with
a<b.Let ¢:[a,b] > R, be differentiable function. If

f'el[a,b], £eN and| f'|" is geometrically-
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arithmetically s -convex function on | where s € (0,1]
and =1, then, we have

lo(b) f(b)-e(a)f(a)- E@’(X) f(x)dx |

&1 1
< (lnb In a)S;¢7 w[( 5+1L[as+l b5+1]) q %
(§+1) °
{9 b;&n)| (@) +9,(a,bi&0) | £/(b) )}
£ 0 1 g1

+(b* L[as" b)) 9x

{(%(a,b:&0)| F'@) [ +9,(ab;&t) | £/(B)[)3],
where P@ P, = sup ¢(x) and

xe[a,b]
$+t 1-t

9 (a,b;&t) = La§*1b5*1(§+t) dt;
E4t 1t

9,(a,b;&t) = _[)a"f*lbf*l(l t)*dt;
-t £+t

9,(a,b;&5t) = La‘f“bf*l(l t)dt;
-t S+t

9,(a,b;&t) = Laf*lbf*l(g +t)°dt,

respectively.
We would like to mention here that one can evaluate the

integral  values of 9(a,b;&it),  9,(a,b;éit),
g (a,b;&t) and 9,(a,b;&;t) using mathematical
softwares such as maple.

Proof. Using Lemma 2.1, power-mean inequality and the

fact that | f'|" is geometrically-arithmetically2g)convex
function, we have

|0 T (0)- (@) T (8)~ [/ f (x)x]
S+t 1t S+t 1t S+t 1+t
= %{L §+1b§+1(p(a§+1b§+1)f (a§+lb§+l)dt
-t S+t -t &+t 1t S+t

+ La5+1b5+1§0(a5+1b5+1) f r(a5+1b5+1)dt}|

Inb—Ina
S—
E+1

E+t 1t E+t 1t g+t 1-t

[Lagﬂbgﬁrl(o(agﬂrlbgﬂ) | f (a§+1b§+l) | dt

1-t &+t 1-t &+t 1t S+t

+La5+1b$+1¢(a$+lbs+l) | f (a$+1b5+1) | dt]
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S+t 1t S+t 1t
(In b In a) P¢7 [L §+lb§+l I f (a§+lb§+l) | dt
E+1
1t Tt
+Ea§+1b§+1 | f r(a§+lb§+l) | dt]
< (Inb—Ina)PpP, y
E+1
+t 1t 1 S+t 1t S+t 1t
[( Ea5+lb5+ldt) q(£a§+lbcf+l | f (a§+lb§+l) |q dt)q
-t &+t ll -t &+t 1t S+t 1

+( Laéﬂbfﬂdt) (Eagﬂb;ﬂ | f (a§+1b§+1) |q dt) ]
< (Inb—Ina)PeP, y

E+1
Sii l+t1 q ::i l+t1 g+l q
[( [a"b*dt) {j;a b T @)
+<él%t>s | (b))t}
1t &+t 1 1-t &+t

+(fasbdt) °{[a f“bfﬂ« @

S | £ )]

&+1
_(Inb—lna)P(prx
ﬂ
¢+1)°
< 11 g1

[(a§+1 L[a<§+l ’ b§+l]) q

{(ab;&0| @ +9,a,b;&t) | (b))}

£ 1 1,1

+(bL[as" b)) ¥ x

1
{(& @b 5] @ +9,(ab;&t) | F/(0) [)}].
This completes the proof.
Note that, if =1, then Theorem 3.1 reduces to the
following result.

Corollary3.1Let f: 1 =[a,b]c R, >R bea
differentiable function on 1° (the interior of 1 ) with
a<b.Letp:[a,b] > R, be differentiable function. If
f'el[a,b], £eN and | f'| is geometrically-
arithmetically s -convex functionon | where s € (0,1],
then

lp(b) f(b)-e(a)f(a)- Jj@’(x) fF x|
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< (Inb—Ina)PyP,

- (ég+1)s+l

[0,(a.b; &) | F'(a)[+O,(a,b; & t) | £(b) ],
whereP @ P, = sup ¢(x),

xel[a,b]
0,(a,b;&t) = 9 (a,b; & 1) + 9 (a,b; &;t), and
0,(a,b;&t) = 9,(a,b;&t) + 9,(a,b; 1),
respectively.
Also, when S =1 then, we have
Corollary 3.2 Let f:1 =[a,b]c R, > R bea

differentiable function on |° (the interior of | ) with
a<b.Let ¢:[a,b] > R, be differentiable function. If
f'el[a,b], £eN and| f'|" is geometrically-
arithmetically convex functionon | for g >1, then, we
have

| p(b)  (b) - (a) f (a) - Jjw’(X) f(x)dx]|
< (Inb—Ina)PpP, y

(€+1)

&1 1

[(a5+1L[a5+1 b5+l]) q X

bt @ +9,ab &t | /() )}

e 11

+(b¥ L[a* b)) @ x

{(%@b;&n)] @[ +4,@ab&n| b))} ],
where P@ P, = sup ¢(x) and

xe[a,b]

St 1t
@bist) = [a b &+t

E+t 1t
9,(a,b;&t) = Laf“bf“(l t)dt;

I-t &+t
9,(a,b;&:t) = Laf*lb“(l t)dt;

-t S+t

9,(a,b; &) = La5*1b4*1(§+t)dt

respectively.
We would like to mention here that one can easily evaluate

the integral values of 9 (a,b;&;t), I, (a,b;&;t),
g (a,b;&t) and 9,(a,b;&5t)  using mathematical
softwares such as maple.

Theorem3.2 Let f:l =[a,b]c R, >R bea
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differentiable function on |° (the interior of | Ywith a<b
and let ¢ :[a,b] > R, be differentiable function. If

f'el[a,b], £eN and| f'|" is geometrically-
arithmetically s -convex function on | where s € (0,1]
and q >1,then, we have

lo(b) f(b)-e(a)f(a)- E@’(X) fFOx)dx|

< (Inb—lsqua)PgoPT y
(£+1) ¢ (s+1)¢
P p p 1

[(a§+1 L[a§+l ’ b§+1]) p %
1

([(€+1 =& '@ +] (D))"
+b L[a" b ] (| /(@)

HE+1) =& () )]
where P@ P, = sup ¢(x) and %+% =1.

xe[a,b]
Proof. Using Lemma 2.1, Holder’s inequality and the fact
that | f'|* s
function, we have

lo(b) f(b)-e(a)f(a)- f@’(x) fFx)dx|
Inb Ina S+t 1t S+t 1t S+t 1+t

:lﬁ L §+1b§+1 (a§+lb§+1)f (a§+1b§+l)dt
_|_

geometrically-arithmetically S -convex

1I-t &+t 1t &+t -t S+t

" La§+1b§+1¢(a§+1b5+1) f (a§+1b§+1)dt}|

In b In a E+t 1t S+t 1t g+t 1-t
< ﬁ['[)agﬂbgﬂgo(agﬂbfﬂ) | f (a§+1b§+l) | dt
+
1t &+t 1t &+t 1t &+t

+La5+1bs+l (a(,+lbs+l)| f (a$+lb$+l) | dt]

Inb—Ina)P e g
<! §+1) P fa i | (2™ b7) dt
gt et
+Ea§+1b§+1 | fr(acf+lb§+l) | dt]
< (Inb—Ina)PpP, y
c+1

E+t 1t S+t 1t

I E(a“lb‘f”)pdt) ([1 @) dy*
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-t S+t 1t g4t
K L(af“bf*l)pdt) ([ @ "
P§ P P l
S(Inb Ina)sjco oo[( §+l|_[a*+l bb+1])p
(E+1) °
D= payp |f(b)|q)q
s+1
p§ P b l
HO L) (] @)

HE 2 ) r*)E].

This completes the proof.

Theorem3.3 Let f:1 =[a,b]c R, >R bea

differentiable function on |° (the interior of | ) with
a<b.Let ¢:[a,b] > R, be differentiable function. If

f'el[a,b], £eN and| f'|" is geometrically-
arithmetically S -convex functionon | where s € (0,1]
and q >1,then, we have

| p(b)  (b) - (a) f (a) - Jjw’(X) f(x)dx]|
(Inb—ln a)PgoP
(& +1)*(sq +1)q

PP p 1

[(a§+l L[a§+1 1 b§+l]) p x

(€ +D)*" &5 | £/(a) [+P f'(b)])

PP P 1

+(0 L[, b= )P (| f'(a) ]

1
+H((E+1) =& (b) D]
where P@ P, = sup ¢(x) and %+% =1.

xe[a,b]
Proof. Using Lemma 2.1, Holder’s inequality and the fact
that | f'|* is geometrically-arithmetically S -convex

function, we have

|p(b) T (b) - p(a) T (a) - Jjw’(x) F()dx|

Ib I S+t 1t S+t 1t g+t 1t
:l no- na L §+lb§+l (a§+lb§+l)f (acf+lbcf+l)dt
c+1
1t &+t 1t &+t 1t S+t

+ La5+1b5+1¢)(a5+1b5+1) f r(a5+1b5+1)dt}|
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Inb_lna S:; gJ:thl z:; ;:l Z;L; 2:1
ST[Ls b¥ip(asbi?)| f/(ashs?) | dt
+
1-t &+t 1-t &+t 1-t &+t

+La$+1b5+1¢(a5+lbs+l) | f (a$+1b5+1) | dt]

S+t 1-t S+t 1-t

[L ‘+lb§+l | f (a§+lb§+l) | dt

(Inb—In a)PpP,
&+l

-t &+t 1t &+t
+Ea§+lb§+l | f/(a§+lb§+l) | dt]
< (Inb—Ina)PeP, »

E+1

S+t 1-t

Etlpy &4l Qg+t 1;ts ’
[J;a b [(g D T@] (§+1) | £'(b) []dt

1-t , S+t .,
En 1) If(a)l+(§—+1) | f'(b) [1dt]

Ina)PpP, y
£+l

1-t
+ -Ea§+lb§+l[(

< (Inb-

S+t 1-t

+1l| E+1 p 1 §+t sq ﬁ ’
[( [@"")°dt) o J;[(g,—ﬂ) di]* | f'(a)|

41—t

+ [
E+1

1t &+t

L Erp P % 1 1-1
+([(a7b*)Pdt) P4 J;[(g—ﬂ)

)*dt]® | f'(b) [}

1
Hdt]? | f'(a)|

S Tl ol
+L[(§+1) dt]? | £'(b) [}]

< (Inb—Ina)PeP,
- (&+1)°
p< P P 1

[(a§+1 L[a<f+l , b<f+l]) p %

(T =T e e I
sq+1

pé p P11 1

+(b* L@ b 1)) ((ﬁ)a | @)

)qu '(b)])

ST = ey
sq+1

This completes the proof.
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