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ABSTRACT.:  Let R,be an associative,ring with identity,and let M be a right,R- module,. Let A be a submodule,of M , we 

say that A is µ- small,(denoted by A<<µ M) if whenever M = A + X , 
X

M
is cosingular,, then M = X. In this article,, we 

give some properties,of µ- small submodules. We say that A is a µ-coclosed submodule of M denoted by (A≤µcc M)  if 

whenever 
X

A
 is cosingular,and 

X

A
 <<µ 

X

M
 for some,submodule X of A , we have X = A. In this paper , several 

properties of these submodules are given. As a generalization of hollow,module, a nonzero,R- module M is called µ- 

hollow module if every proper,submodule of M is µ-small submodule of M. Also ,  we give a characterization,of µ- hollow 

modules and gives conditions under which the direct sum,of µ- hollow modules is µ- hollow. 
 

Keywards. µ-small submodule , µ-coclosed,submodule  , µ-hollow module. 

 

INTRODUCTION. 

Throughout,this paper , rings are associative, with 

unity,and modules are unital right,R- modules , where R 

denotes such a ring and M denotes such a module. A 

submodule A of M is called a small,submodule, of M if 

whenever A + B= M for some submodule B of M , we have 

M = B ; and in this case,we write A <<M, See [1]. 

We write E(M) , Rad(M) and Z(M) for the 

injective,envelope,, the Jacobson,radical,and the 

singular,submodule of M, respectively.  

For a right R- module M , Ozcan [2] , defined the 

submodule Z*(M) as a dual, of singular submodule to be 

the set of all elements mM such that mR is a small 

module. 

Z*(M) = { mM :  mR<< E(M) }. A module, M is called 

cosingular,(non cosingular) module if Z*(M) = M (Z*(M) 

=0). It is clear that Rad M ≤ Z*(M). 

A submodule,A of M is called coclosed,submodule,of M 

denoted by (A≤cc M) if whenever 
X

A
 << 

X

M
 for 

some,submodule,X of A , we have X = A. See [3]. A 

nonzero,module M is called hollow,module,, if 

every,proper submodule,of M is small,in M. See [1]. 

     As a generalization,of small submodules , we 

introduced,the concept,of µ- small submodules. A 

submodule A of M is called µ- small submodule of M 

(denoted by A<<µ M) if whenever M = A + X , 
X

M
 is 

cosingular , then M = X. 

We state,the main,properties of cosingular,modules and 

introduced the main properties of µ- small submodules and 

supplying examples,and remarks,for this concepts. Also, 

we define,µ- coclosed submodules of M and µ-hollow 

modules as a generalizations of coclosed submodules,and 

hollow modules respectively and give the basic properties 

of these concepts and prove a characterization of µ- hollow 

modules and give certain conditions,under which the 

direct,sum of µ- hollow modules is µ- hollow. 

2. Cosingular modules and µ-small submodules 

        In this section  , we give the basic properties of 

cosingular modules , also we added some results,about 

cosingular modules which are needed later. we introduced 

µ- small submodules as a generalization,of small 

submodules which illustrated by examples and remarks and 

give the properties of µ- small submodules. 

Lemma 2.1: [2] Let M be an R- module. Then 

(1)  If f : M   M' is a homomorphism,of R- modules 

M , M'. Then f (Z*(M)) ≤ Z*(M'). 

(2) Let A be a submodule,of M. Then Z*(A) = A
Z*(M). 

(3) Let Mi (iI) be any collection,of R- modules and 

let M = 
Ii
 Mi . Then Z*(M) =

Ii
 Z*(Mi). 

Lemma 2.2.[2] For any ring,R , the class of cosingular R- 

modules,is closed,under, submodules , 

homomorphic,images,and direct sums but not (in general) 

under essential, extensions,or extensions. 

Corollary 2.3 [2] . Let R be a right cosingular,ring. Then 

any (right) R- module is cosingular. 

Corollary 2.4. Every Z- module is cosingular. 

    We need to prove the followings. 

Proposition 2.5. Let A ≤ B ≤ M such that 
A

M
 is 

cosingular , then 
B

M
 is cosingular. 

Proof. Let f : 
A

M


B

M
 be defined,by , f (m+A) = m+B , 

mM. It is clear that that f is ,epimorphisim. Since 
A

M
 

is cosingular , 
B

M
 is cosingular , by lemma (2.1) 

Corollary 2.6. Let A and B be submodules of an R- 

module M. If  
A

M
 is cosingular , then 

BA

M


 is 

cosingular. 

Proof. Clear from previous,proposition. 

Proposition 2.7. Let M be an R-  module and let A be a 

submodule of M , if M is cosingular module , then 
A

M
 is 

cosingular. 
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Proof. Let M be a cosingular module , let π : M   
A

M
 

be the natural,epimorphisim,, π (Z*(M)) ≤ Z*(
A

M
) , by 

lemma (2.1) , hence π (M) ≤ Z*(
A

M
) , 

A

M
≤ Z*(

A

M
). 

But we know that  Z*(
A

M
 ) is a submodule,of 

A

M
 , 

therefore 
A

M
= Z*(

A

M
). Thus 

A

M
 is ,cosingular. 

Proposition 2.8. Let f : MM' be a homomorphisim,and 

let A be a submodule of M such that 
A

M
 is cosingular , 

then 
)(

)(

Af

Mf
 is,cosingular. 

Proof. From the first and third isomorphisim,theorems,, 

)(

)(

Af

Mf
   

Kerf

A

Kerf

M

  
A

M
which,is cosingular. Hence  

)(

)(

Af

Mf
 is,cosingular. 

Definition 2.9. Let M be an R- module,and let,A be a 

submodule of M , we say,that A is µ- small submodule of 

M (denoted by A<<µ M), if whenever M = A + X , 
X

M
is 

cosingular , then M = X. 

Examples,and Remarks2.10. 

(1)  It is clear that if A is small,submodule,of M , then 

A is µ-small submodule of M. Thus,0<<µ M. Also, in Z4 as 

Z – module,{ 0 , 2 } <<µ Z4. 

(2) The converse,of (1) is not true,in,general. For 

example, Consider Z6 as Z6- module. Note,that Z*(Z6) = {x

Z6: x.Z6<< E(Z6} ={xZ6: x.Z6<< Z6} = 0 , because, Z6 

is injective Z- module and the only, small submodule of Z6 

is 0, then every, submodule of Z6 is noncosingular. Hence, 

}3,0{

6Z
 { 0 , 2 , 4 } and 

}4,2,0{

6Z
  { 0 , 3 } are 

noncosingular. Thus { 0 , 3 }and { 0 , 2 , 4 } µ-small 

submodules of Z6 but not, small in Z6. 

(3) 2Z is not µ- small submodule of Z. 

    In the following, proposition, we consider, condition, 

under which µ-smallness is smallness. 
Proposition 2.11.Let M be a cosingular R- module and let 

A be a submodule of M , then A<<µ M if and only if 

A<<M. 

Proof. ( ) clear. 

( ) Let A<<µ  M , and let U≤ M such that M = A + U , 

since M, is cosingular module , then 
U

M
 is cosingular  , 

(by proposition, (2.7)). But A<<µ  M  , therefore M = U. 

Thus, A<<M. 

Corollary 2.12. Let M be a small R- module and let, A be a 

submodule, of M , then, A<<µ  M if and only if A<<M. 

Proof. ( ) clear. 

( ) Since M is a small module , then by [2] M is 

cosingular module. Thus, A<<M. 

Corollary 2.13. Let M be an R- module and let A be a 

submodule of M . If M does not contain, any maximal, 

submodule ,  then A<<µ  M if, and only if, A<<M. 

Proof. Let A<<µ  M , since M does not contain any 

maximal submodule , then M = Rad M ≤ Z*(M) , hence M 

is cosingular which implies,that A<<M. The converse, is 

clear. 

      Now , we give some properties, of the µ- 

smallksubmodules. 

Proposition 2.14. Let M be an R- modulex  

(1) Let A ≤ B ≤ M. Then B<<µ M if and onlyz if, 

A<<µ M and 
A

B
 <<µ

A

M
. 

(2) Let A , B be submodules, of M , then A+B<<µ M, 

if and only if A<<µ M and B<<µ M. More general, if A1 , 

A2 , ….., An are submodules M with Ai<<µ M , 

i=1,….,n, then, 


n

i

Ai
1

 <<µ M. 

(3) Let A , B be submodulesqof M with[A ≤ B , if 

A<<µ B  , thenlA<<µ M. 

(4) Let fj : MM' be a homomorphisim suchfthat 

A<<µ M , thenbf (A)<<µ M'. 

(5) Let M = M1M2 be anhR- module andh let A1 ≤ 

M1 and; A2 ≤ M2 , then A1  A2<<µ  M1M2 if and only if 

A1<<µ  M1  and A2<<µ M2. 

Proof. (1) ( ) Suppose that B<<µ M and let U be a 

submodule of M such that M = A +U , 
U

M
is cosingularc, 

sinceaA ≤ B , then M = B + U , but B<<µ M , thereforemM 

= U. Thus A<<µ M. Now assumekthat 
A

M
 = 

A

B
 + 

A

L
 , 

for somegsubmodule Lfof M and 

A

L
A

M

  
L

M
isecosingular 

, byrthirdlisomorphisimmtheorem. ThenxM = B + L ,kbut 

B<<µ M , shence M = L , thus 
A

B
 <<µ 

A

M
. 

( ) Supposeethat A<<µ M and 
A

B
 <<µ 

A

M
. Torprove 

that B<<µ M , Let M = B + U , 
U

M
 isfcosingular , hencex

A

M
 = 

A

B
+

A

AU 
, 

A

AU
A

M


    

AU

M


is,cosingular , 

byz corollaryw(2.6). But 
A

B
 <<µ 

A

M
 , then 

A

M
 = 
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A

AU 
 whichuimplies that M = U + A , sinceqA<<µ M ,   

U

M
 is cosingulark, then M = U. It followshthat A<<µ M. 

(2) ( ) eSuppose that A+B<<µ M and letrM = A + U , 

U

M
 is cosingular , then M = A+B +U, but A+B<<µ M , 

thereforevM = U , then A<<µ M.wSimilarly , B<<µM. 

( ) kAssume that'A<<µ M andgB<<µM , togprovefthat 

A+B<<µ M , let M = A + B + L,   
L

M
 is cosingular for 

some submodule L of M , then 
LB

M


is cosingular , since 

A<<µ M , thenqM = B + L , butd B<<µ M , thereforeaM = L 

,twhich meansathatkA+B<<µ M. By inductionkonelcan 

easilypprove thatxit isrtrue forjany 

finiteonumberuoftsubmodules. 

(3) Suppose=that+A<<µ B andmlet M = A + U , 
U

M
is 

cosingular. Since B = BM = B ( A + U) = A + (B

U) , (by modular law). Now 
UB

B


   

U

UB 
 = 

U

M

whichcis cosingular , hence 
UB

B


 isfcosingular. But 

A<<µ B, therefore B = BU, thatxis A ≤ B ≤ U , then M = 

U. Thus A<<µ M. 

(4) Letvf : MM' be+a homomorphisim]and letpA<<µ M. 

By thedfirst isomorphisim theorem 
Kerf

M
   f (M) and 

Kerf

A
   f (A). Since=A<<µ M , then 

Kerf

A
 <<µ 

Kerf

M
 

, by (1), hence f (A) <<µ  f (M) ≤ M'. Therefore f (A) <<µ 

M'  , by (3). 

 (5) ( ) Suppose that A1A2<<µ  M1M2 , letwP : M1

M2 M1 bebthe+projection map , since+A1A2<<µ  

M1M2, then P(A1A2) <<µ P(M1M2), that is A1<<µ  

M1. Similarly+, A2<<µ M2. 

( ) Suppose+that A1<<µ  M1  and A2<<µ M2. 

Consider0the following8injection
5
maps J1: M1   M1

M2 and J2: M2   M1M2 , since=A1<<µ  M1  and A2<<µ 

M2 , then  A1  {0}<<µ  M1M2 and {0}  A2<<µ  M1

M2 , whichkimplies that A1  A2<<µ  M1M2. 

Note. Infinitezsumlof µ- small submodulesjof a modulebM 

needfnot be µ- small insM as the 

followinggexamplemshows: 

Consider Q as Z- module < 
 

 
 > <<µ Q , p , q Z , but 


Q

q

p q

p
=  {

q

p
} = Q whichdis not µ - small in Q. 

Remark. Letwf :M 'M be amhomomorphisim fromlR-

modulegM in M' the inverse image of µ- small submodule 

of M' need not be µ- small in M , as the following example 

shows: 

Consider π : Z 
Z

Z

2
   Z2 the naturaldepimorphism , 

note that 0 <<µ Z2  , but f 
-1

 ( 0 ) = 2Z is not µ- small in f 
-

1
(Z2) =Z. 

Proposition 2.15. Let M be an R- moduleaand let A ≤ B be 

submoduleskof M , if B is a directgsummand of+M and 

A<<µ M , then A<<µ B. 

Proof. Supposewthat A<<µ M and let B be a 

directksummand of M , M = B B' , for somedsubmodule 

B' of M, tobshow that A<<µ B , let B = A + U , 
U

B

isncosingular , then M = B + B' = A + U +B'. Nowvby the 

secondaisomorphismjtheorem 
'BU

M


 = 

'

'

BU

BUA




   

)'( BUB

B


 = 

)'( BBU

B


 = 

U

B
which is 

cosingular , (by modularg law). Since A<<µ M , then M = 

U + B'. Now B = BM = B ( U +B') = U+ (BB') =U 

, (by modularzlaw). Thus A<<µ B.   

Proposition 2.16. Let M be an R- module and let A , B and 

C be submodules of M with A≤ B≤ C≤ M , if B<<µ C , then 

A<<µ M. 

Proof. Supposeqthat B<<µ C and let M = A + U , 

U

M is 

cosingularkfor some U ≤ M , since A≤ B , then M = B + U. 

Now, C = CM = C ( B + U) = B + (CU) , by 

modular law. Note that 
UC

C


   

U

UC 
=

U

M
 

whichjis cosingular , then 
UC

C


 is cosingular , but 

B<<µ C , therefore C = CU, then A≤ C ≤ U, that is M = 

U. ThusfA<<µ M. 

NOTE. The5conversekofgproposition (2.16) is 

notbtruegindgeneral. Formexample. Consider Z12 as Z- 

module , 0≤ { 0 , 4 ,8 } ≤ { 0 , 2 , 4 , 6 ,8 ,10 } ≤ Z12 . It is 

clear that 0<<µ Z12 , but w{ 0 , 4 ,8 } is not µ-small in { 0 ,

2 , 4 , 6 ,8 ,10 }, since { 0 , 4 ,8 }+ { 0 , 6 } = { 0 , 2 , 4 , 6

,8 ,10 } ,  
 0  2  4  6  8  10  

 0  6  

 is cosingular but { 0 , 6 } {

, , , , , } 

Proposition 2.17. Let A , B and C be submoduleshoflM 

with A ≤ B ≤ C ≤ M. Then 
A

C
 <<µ  

A

M
 if anddonly if  

B

C
 

<<µ 
B

M
 and 

A

B
 <<µ 

A

M
 . 

Proof.  ( ) Supposegthat 
A

C
 <<µ  

A

M
 and let 

B

M
 = 

B

C
 + 

B

U
 , 

U

M
is cosingular, M = C + U , then 

A

M
 = 

A

C
 

0 2 4 6 8 10
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+
A

U
. Since 

A

C
 <<µ 

A

M
 , then 

A

M
 = 

A

U
 , M = U and 

hence 
B

M
 = 

B

U
 , thus 

B

C
 <<µ 

B

M
. Now since 

A

B
 ≤ 

A

C
 

<<µ  

A

M
 , then 

A

B
 <<µ 

A

M
 , bycproposition (2.14-1). 

( ) Assume that 
B

C
 <<µ 

B

M
 and 

A

B
 <<µ 

A

M
 and let 

A

M
= 

A

C
 + 

A

K
 , 

K

M
is cosingular , M = C + K, then 

B

M
 

= 
B

C
 + 

B

BK 
 , 

BK

M


isgcosingular , byfcorollary 

(2.6). But 
B

C
 <<µ 

B

M
 , therefore  

B

M
 = 

B

BK 
 , M = 

K+B , hence 
A

M
 = 

A

K
 + 

A

B
 . But 

A

B
 <<µ 

A

M
 , 

therefore 
A

M
 = 

A

K
 , impliesmthat M = K. Thuss

A

C
<<µ  

A

M
 . 

Lemma 2.18. LetwMwbe ajmodule suchdthat M = A + B 

and M = (AB) + C for submodules A , B and C of M. 

Then M = (BC)+ A = (AC) + B. 

Proof. See [4 , Lemma 1.2] 

       Weaend thisasection by the followingetheorem. 

Theorem 2.19. Let M = A + B be a module with 
 

 
 

cosingular. Let B ≤ C and 
B

C
 <<µ

B

M
. Then 

)(

)(

BA

CA




 

<<µ 

)( BA

M


 . 

Proof. Let 
)( BA

M


 = 

)(

)(

BA

CA




 + 

)( BA

U


 , 

U

M
is 

cosingular , then M = (AC) + U , impliesdthat M = C + 

U. BycLemma (2.18) , M = (AU) + C , 
B

M
 = 

B

BUA  )(
 + 

B

C
 . Since 

B

M
is cosingular , then  

B

BUA  )(
 is cosingular. But 

B

C
 <<µ 

B

M
 , therefore 

M = (AU) + B. AgainabyqLemma (2.18) , M = (AB) 

+ U = U. Thus 
)(

)(

BA

CA




 <<µ 

)( BA

M


 

3. µ - coclosed submodules and µ- hollow modules  

Definition 3.1. LetwM besan R- modulexand letgA be 

agsubmodule ofiM , wejsay that A is a µ-

coclosedhsubmodule of Mfdenoted by (A≤µcc M) 

ifawhenevers
X

A
 is cosingular and 

X

A
 <<µ 

X

M
 

forssomeksubmodule X of A , we have X = A. 

Examples and Remarks 3.2. 

(1) Consider Z12 as Z- module , { 0 , 3 , 6 , 9 } ≤µcc Z12 , 

sincexthe onlydsubmodule xX of m{ 0 ,3 , 6 , 9 } such that 

X

A
 is cosingular and 

X

A
  <<µ 

X

Z12
 is { 0 , 3 , 6 , 9 }. 

(2) Consider Z8 as Z- module , let A = { 0 , 2  , 4  , 6 } , X 

= { 0 , 4 } , noteathat A is not µ- coclosed submodule of Z8 

, since
X

A
 is cosingular and 

X

A
 = 

 0  2   4   6   

 0  4  

   { 0 , 2 } 

<<µ   

}4,0{

8Z
Z4 but A  X. 

(3)  Let M bekan R- modulepand let A be a 

coclosedjsubmodule of M , then A is a µ- coclosed in M. 

To see this , let X be ahsubmodule of A suchgthat 
X

A
 <<µ 

X

M
 , 

X

A
 is cosingular. It isssufficient tokshowlthat 

X

A
 

<< 
X

M
. Let 

X

M
 = 

X

A
+ 

X

B
 , where B is a 

submodulefofkM contains X. Note that 
B

M
 = 

B

XBA )( 
  

)( XBA

A


which is cosingular , by 

corollary (2.6), henced
B

M
 is cosingular , butfwe have 

X

A
 

<<µ 
X

M
 , therefore 

X

A
 << 

X

M
 , then A = X. Thus A is a 

µ- coclosed in M. 

(4)  LetdM be afcosingular R- modulesandalet A be 

submodulegof M , then A is a µ- coclosed if and only if it is 

coclosed in M. 

(5)  Everyddirect summandfof an R- modulenM is µ-

coclosed. 

Proposition3.3. Let A be a µ- coclosed submodule of an R-

module M , if X ≤ A ≤ M and X<<µ M , then X<<µ A. 

Proof. Supposeathat A is a µ- coclosed in M and X<<µ M, 

let A = X + K , 
K

A
 is cosingular. Since A is µ- coclosed in 

M ,  it isxsufficient to showfthat 
K

A
 <<µ 

K

M
 , let 

K

M
 = 

K

A
 + 

K

B
 , 

B

M
is cosingular , then M = A + B = X + K + 

B = X + B. But X<<µ M and 
B

M
 is cosingular , therefore 

M = B. So we get thebresult. 

    The followingnproposition gives the basic propertieskof 

µ-coclosed submodules. 

Proposition3.4. Let M be an R- module and let A ≤ B ≤ M 

. Then : 
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(1)  If B is µ- coclosed in M, then 
A

B
 is µ- coclosed in 

A

M
 . 

(2)  If A is µ- coclosed in M , then A is µ- coclosed in B. 

The conversejisntrue if B is µ- coclosedgin M. 

(3)  Let C be a µ- coclosed submodulenof M , then 

fornany A ≤ B ≤ C, 
A

B
 <<µ 

A

M
 ifnand onlykif  

A

B
<<µ

A

C
.  

(4)   If A<<µ B and 
A

B
 is µ- coclosed in 

A

M
 , then B is 

µ-coclosed in M. 

Proof. (1) Assume that B is µ- coclosed in M , let 

A

X
A

B

 <<µ 

A

X
A

M

and 

A

X
A

B

 is cosingular , where A ≤ X ≤ B ≤ M. By 

thecthird isomorphisimvtheorem 
X

B
   

A

X
A

B

 <<µ 

A

X
A

M

   

X

M
  and 

X

B
 is cosingular. SincekB is µ- coclosed in M , 

then B = X , so 
A

B
=

A

X
. Thus 

A

B
 is µ- coclosed in

A

M
. 

(2) Supposebthat A is µ- coclosed in M and let X be a 

submodule of A suchhthat 
X

A
 <<µ 

X

B
 , 

X

A
 is cosingular 

, then 
X

A
 <<µ

X

M
, byhproposition (2.14-3). But A is µ- 

coclosed in M , therefore A = X. Thus A is µ- coclosednin 

B 

Fornthefconverse , assumegthat A is µ- coclosed in B and 

B is µ- coclosed in M. Let X be a submodulenof A such 

that 
X

A
 <<µ 

X

M
 , 

X

A
 is cosingularmand. By (1) 

X

B
 is µ- 

coclosed in 
X

M
 and bynproposition (3.3) , 

X

A
 <<µ 

X

B

But A is µ- coclosed in B, thereforegA = X . Thus A is µ- 

coclosed in M. 

 (3) Clear. 

 (4) Assume that 
K

B
 <<µ 

K

M
 , 

K

B
 isgcosingular , theng

AK

B


    

K

AK
K

B


 <<µ 

K

AK
K

M


   

AK

M


 , 

AK

B


 

is cosingular ,bbynpropositions (2.5) and (2.14-1). Since 

A

B
 ≤µcc

A

M
by (1) , then 

AK

B


 ≤µcc 

AK

M


 , then B = 

K+A. But A<<µ B, therefore B = K. Thus B is µ-coclosed 

in M. 

Definition3.5. A nonzero R- module M is called µ- Hollow 

module if every proper submodule of M is µ-small 

submodule of M. 

Examples and Remarks3.6. 
1- Z4v asnZ- modulemis µ- hollow. 

2- Z6 askZ- moduleNis not µ- hollow , since { 0 , 3 } and 

{ 0 , 2 , 4 } arennot µ- small in Z6. 

3- Zfas Z- module is not µ- hollow , since 2z is not µ- 

small in Z. 

4- Everyjsimple module is a µ- hollow. For examplenZ2 

asnZ- module. 

5- It is clear thatbevery hollownmodule is µ- hollow. 

Butmthekconversekis notjtrue in general. For example Z6 

as Z6- module. 

6- Let M be a cosingular R- module. ThennM is 

hollowbif andnonly if M is µ- hollow. 

     The followingbtheorem givesaancharacterizationnof µ- 

hollow module. 

Theorem3.7. LetdM be an R- module. ThenbM is µ- 

hollowmif andkonly if everykproper submodule Ahof M 

such that 
A

M
 is cosingular is small in M.  

Proof.  ( ) Let A be abproper submodule ofjM such that  

A

M
 is cosingular , wekhave togshow that A<<M. 

Assumenthatnthere exists BM suchgthat M = A+B. 

SincejM is a µ- hollow , then B<<µ M andhwe have 
A

M
 is 

cosingular , then M = A which is a bcontradiction. Thus 

A<<M. 

( ) Tohshow thatjM is a µ- hollow , let A be a 

propernsubmodulejof M. Assumenthat A ishnot µ- small in 

M, thatfis therejexists a properjsubmodule B of M 

suchkthat 
B

M
 is cosingular and M = A+B. By 

ournassumption B<<M , then A = M , whichnis a 

contradiction. 

Proposition3.8. A nonzero epimorphicnimagevof µ- 

hollow is µ- hollow. 

Proof. Let f : MM' be an epimorphisim and letgM be a 

µ- hollow module, wekhave to showkthat M' is µ- hollow ,  
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let A bega properjsubmodule of M' , then f 
-1

(A) is asproper 

submodule of M , if f 
-1

(A) = M , then A = M' which is 

afcontradiction. SincegM is µ- hollow , then f 
-1

(A) <<µ M , 

andnhence A<<µ M' , by proposition(2.14-4). 

Corollary3.9. Let M be a µ- hollowdandblet A be a 

submodule of M. Then 
A

M
 is µ- hollow 

Proof. Let π: M 
A

M
 be the naturalpepimorphisim. 

SincepM is µ- hollow , then by previousoproposition 
A

M
  

is µ- hollow. 

The converseoof previousgcorollary isbnot truesas the 

following examplehshows: ConsidernZ as Z- module , 

notenthat 
Z

Z

4
   Z4 is µ- hollow , but Z is not µ- hollow. 

Proposition3.10. LetnM be an R- modulemand let A be 

annonzero µ- hollow submodule ofgM, thenneither A<<µ 

M or A is µ- coclosed submodule of M butynot both. 

Proof: Supposeuthat A isra nonzero µ- hollowksubmodule 

of M andgA is not µ- coclosed , wekhave toeshow that 

A<<µ M. Since A is not µ- coclosed , thenrthereiexists L

A such that 
L

A
 <<µ 

L

M
 and 

L

A
 is cosingular. 

Touproveythat A<<µ M , let M = A+K , 
K

M
is cosingular , 

then 
L

M
 = 

L

A
 + 

L

KL 
 , 

KL

M


is cosingular , 

byucorollary (2.6). But 
L

A
 <<µ 

L

M
, therefore M = L+K. 

Now A = AM = A (L+K) = L+ (AK) , by 

modularhlaw.
KA

A


 

K

KA 
= 

K

M
, which is 

cosingular. But A is µ- hollow and L is properhsubmodule 

of A , therefore L<<µ A , hence A = AK , A ≤ K , M = 

K. Thus A<<µ M. 

If A<<µ M and A is µ- coclosed , then 
0

A
 <<µ 

0

M
 

,byoproposition (2.14-1) , impliesuthat A = 0 , which is 

agcontradiction. 

Proposition3.11. Everynnonzero µ- coclosednsubmodule 

of µ- hollow is µ- hollow. 

Proof. LetgM be a µ- hollow module and let A be a 

nonzero µ- coclosed submodule of M , let L be a proper 

submodule of A , since M is µ- hollow , then L<<µ M. But 

A is µ- cocloed , therefore L<<µ A , bykproposition (3.3). 

ThusfA is µ- hollow. 

Corollary3.12. Everyydirectysummandyof µ- hollow is µ- 

hollow. 

Proposition3.13. Let M be a cosingular R- module , let 

A<<µ M if  
A

M
is finitely generated , then M is finitely 

generated. 

Proof. Since 
A

M
 is finitely generated , then 

A

M
 = 

R(x1+A)+R(x2+A)+……+R(xn+A) , for some x1,x2,….,xn  

M. Claim that M = Rx1+Rx2+……+RXn  , let mM , m+A 


 

 
 = R(x1+A)+R(x2+A)+……+R(xn+A) , m+A = r1 

(x1+A)+ r2 (x2+A)+……+ rn (xn+A) , ri   R ,  i = 1 

,….,n. Then m+A = r1 x1+ r2 x2+……+ rn xn+A  , m - r1 x1+ 

r2 x2+……+ rn xn A , m - r1x1+ r2x2+……+ rnxn  = a , for 

some aA , M = <x1 , x2 , …. , xn> +A. Since M is 

cosingular , then 
 nxxx

M

,,,,,,, 21

 is cosingular. But 

A<<µM , therefore  M = Rx1+Rx2+……+Rxn . Thus M is 

finitely generated. 

       Immediately , one can easily prove the following two 

corollaries. 

Corollary3.14. Let M be a cosingular R- module and let A 

be a proper submodule of M, if M is µ- hollow and if  
A

M
 

is finitely generated , then M is finitely generated. 

Corollary3.15. Let M be an R- module with any factor of 

M is a cosingular , let A be a proper submodule of M if M 

is µ- hollow and  
A

M
 is finitely generated , then M is 

finitely generated. 

    Recall that an R- module M is called V- module if every 

module is M- injective. R is called V-ring , if the right 

module RR is a V- module, see [5]. 

Theorem3.16: Let R be a V- ring , then every nonzero R- 

module is a µ- hollow module. 

Proof: Let R be a V- ring and let M be an R- module , to 

show that M is µ- hollow , let A be any proper submodule 

of M such that M = A+ B , 
B

M
 is cosingular. Since R is V- 

ring  , then Z*(M)=0 , for any R- module M , by [5 , 

theorem12], hence Z*(
B

M
) = B. But Z*(

B

M
) = 

B

M
 . 

Thus M =B , so the we get the result.  

Example3.17. Q =


1i

Fi , where Fi = Z2. Let R be the 

subring of Q generated by 






1i
Fi and 1Q. Then R is 

commutative regular ring , hence it is V- ring by [6]. Thus 

RR is µ-hollow module. 

Remark. A direct sum of µ- hollow modules need not be 

µ- hollow as the following example shows. The Z- modules 

Z3 < 4 > and Z2  < 6 > are µ-hollow, but Z3  Z2   Z12 is 

not µ- hollow module. 

      Let M be an R- module. Recall that a submodule A of 

M is called a fully invariant if g(A) ≤ A , for every g 
End(M) and M is called duo module if every submodule of 

M is fully invariant. See [7]. 

  Now , we give conditions under which the direct sum of 

µ- hollow modules is a µ- hollow. 

Proposition3.18. Let M1 and M2 be R- modules and let M 

= M1M2 such that M is a duo module. Then M is µ- 

hollow if and only if M1 and M2 are µ- hollow, provided 

that AMi  Mi , i= 1 ,2,   AM. 

Proof. ( ) Clear by corollary (3.12). 

( ) Let A be a proper submodule of M. Since M is a duo 

module , then A = (AM1) (AM2). Hence each of A
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M1 , AM2 is a proper submodule of M1 and M2 

respectively. It follows that AM1 <<µ M1 and A
M2<<µ M2 , since M1 and M2 are µ- hollow. Then by 

proposition (2.14-5) , A<<µ M. Thus M is µ- hollow. 

    Recall that an R- module M is called distributive if for 

all A , B and C ≤M , A (B+C) = (AB)+(AC). See 

[8]. 

Proposition3.19. Let M1 and M2 be R- modules and let M 

= M1M2 such that M is a distributive module. Then M is 

µ- hollow if and only if M1 and M2 are µ- hollow, provided 

that AMi  Mi , i= 1 ,2,   AM. 

Proof. ( ) Clear by corollary (3.12). 

( ) Let A be a proper submodule of M. Since M is a 

distributive module , then A = (AM1) (AM2). 

Hence each of AM1 , AM2 is a proper submodule of 

M1 and M2 respectively. It follows that AM1<<µ M1 and 

AM2<<µ M2 , since M1 and M2 are µ- hollow. Then by 

proposition (2.14-5) , A<<µ M. Thus M is µ- hollow. 
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