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ABSTRACT: In this paper, by making use of fuzzy differential subordination results of G. I. Oros and Gh. Oros [5,6], we
study certain suitable classes of admissible functions and investigate properties of analytic functions in the open unit disk

involving generalized differential operator.

KEYWORDS. Fuzzy set, Fuzzy differential subordination, Analytic functions, Admissible functions, Fuzzy best dominant.

1. INTRODUCTION

Let H (U) denote the class of analytic functions
in the open unit disk U = {z € C : |z| < 1} and let
U={z€eC :|z| <1}.

For a positive integer number n and a € C, we
denote by

Hla,n]
={feHW):f(z) =a+az"+ap 2"+ ,z€ U}
and

Ap =

{(fEHW):f(2) =z+ a1zt + apz"2 + -,z € Ul

Let A denote the class of functions f that are
analytic in U and having the form:

f(2) = Z+Zanzn , (zeU).
n=2
For me Ny =NU{0} «,6§ 20,4,14,8 >0 and
a # A, we consider the differential operator
AYs(@p): A— A was introduced by
Amourah and Darus [2], where

A,Ta,(s (a,B)f(2)

- DA - é
T [FCLICELIEL R

It is readily verified from (1.1) that
u+a
Am+1
(A—a)ﬁ + né ul&(a'ﬂ)f(z)

+ 4
- (1 —m) Ay s(a, B)f (z)

u+a
_Z+Z(A Df +18

n

anz

[ (n -D[A-a)B + na]]’”“
X
u+a

= u+a
Z( a- a)ﬁ+n6)x

[ (n - DA -a)B+ n6]] N
X anz
u+a

- L+ u+1+m—1D[A-a)p +nd]
Z;((A—a)ﬁ+n6 u+A

A-@p+ns—p=A\[  @-DIA-0f+nol"
A—a)p +1d )[ * PEY ] n?

_Z+Z [1+(n—1)(/1—a)ﬁ+n6]] anz™.

u+a
Thus, we get
+2
(A5 P @) = mflm(mﬁ)ﬂz)
+ A
- (1 B @_P;)W) Aars@Bhf(@.  (1.2)

We may point out here that some of the special cases of the
operator defined by (1.1) can be found in [1,3,7,8].

Definition (1.1): [4] Denote by Q the set of functions q that
are analytic and injective on U \ E(q), where

E(q) = {f € E)U:lirrflq(z) = oo}
and are such that q'(§) = 0 for £ € AU\E(q). Further, let the

subclass of Q@ for which ¢q(0) =a be denoted by
Q(a),Q(0) = Qo and Q(1) = Q,.

Definition (1.2): [9] Let X be a non-empty set. An
application F : X — [0,1] is called fuzzy subset. An alternate
definition, more precise, would be the following:

A pair (A,F,), where F, : X — [0,1] and

A={x€X:0<F,(x) <1} =supp(4,F,)
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is called fuzzy subset. The function F, is called
membership function of the fuzzy subset (4, F,).

Definition (1.3): [5] Let two fuzzy subsets of X,
(M, Fy,) and (N, Fy). We say that the fuzzy subsets
M and N are equal if and only if Fy(x) =
Fy(x),x € X and we denote this by (M,Fy) =
(N, Fy). The fuzzy subset (M, F,) is contained in
the fuzzy subset (N, Fy) if and only if Fp(x) <
Fy(x),x € X and we denote the inclusion relation
by (M, Fy) < (N, Fy).

Definition (1.4): [5] Let D € C, z, € D be a fixed
point, and let the functionsf,g € H(D). The
function f is said to be fuzzy subordinate to g and
write f <g g or f(z) <g g(z) if the following
conditions are satisfied:

1- f(z0) = g(20),
2- Ff(D)(f(Z)) < Fg(D)(g(Z)),Z € D.

where
f(D) = supp(f (D), Frpy)

={f(2): 0 <F(f(2)) <1,z € D}

and
g(D) = supp(g(D), Fy(py)

= {g(z) :0< Fg(D)(g(Z)) <1l,ze€ D}.
Definition (1.5): [6] Lety : C3 x U — C and let

h be univalent in U. If p is analytic in U and
satisfies the (second-order) fuzzy differential
subordination:

Fy(esxv) (@@ (2),2p' (2),2°p" (2); 2))
< Fpn (h(2)),

(1.3)

Y(p(2),2p'(2),2°p" (2);2) <p h(2) ,z € U,

then p is called a fuzzy solution of the fuzzy
differential subordination. The univalent function g
is called a fuzzy dominant of the fuzzy solutions of
the fuzzy differential subordination, or more simple
a fuzzy dominant, if p(z) <r q(2),z € U for all p
satisfying (1.3). A fuzzy dominant g that satisfies
G(z) <p q(2),z € U for all fuzzy dominant q of
(1.3) is said to be the fuzzy best dominant of (1.3).

Definition (1.6): [6] Let Q beasetinC, g € Q and
n be a positive integer. The class of admissible
functions ¥, [Q,q] consists of those functions
Y :C3xU— C that satisfy the admissibility
condition:

Fo(y(r,s,t;2)) =0,
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whenever
r=q(&), s=k&q'¢)
and
Re{§+ 1} > kRe{EZTS)+ 1},

z€U§€IU\E(q)andk =n. We write ¥ [Qq] as
Y[Q,q].

Lemma (L7): [6] Let ¥ € ¥ [Qq] with q(0) =a. If
p € H[a,n] satisfies

Fy(eoxu) (@), 2p'(2), 2" (2);2)) < Fo(2), z €U,
then
Foy (D) < Fowy(a(2))
ie. p(2) <pq2), z€U.

2. MAIN RESULTS
Definition (2.1): Let Q be a setin C and g € Qo N H . The

class of admissible functions @, [Q,q] consists of those
functions ¢ : C3 x U — C that satisfy the admissibility
condition: F(¢p(u, v, w; z)) = 0, whenever

, U+
_ _ kéq (f)‘(l—m)ﬂf)
u= Q(f), v = M +A
A—-—a)B+nd
and
[ (,u+/1)2w+((/1—0:)[3+n6—/,t—/1)2u
Re
((/1 —a)B + nd)[(u +ADw—-—u)+ ((/1 —a)p + n5)u]

”(1‘%)}

§q"(§)
q'(%) * 1}'

> kRe{

where z € U, & € JU\E(q) and k > 1.

Theorem (2.2): Let ¢ € @,[Q, q]. If f € A satisfies

F¢((C3><U) (¢(A[Tl,6(a! ﬂ)f(z)v AZ}/{%‘ ((X, B)f(z)v AZ}/{%‘ ((Z, B)f(z)v Z))
< Fo(2), (2.1

then

Flam, samr)) (Aras@ B @) < Fuw(a(2)

Aias(a B)f (2) <r q(2).

Proof: Assume that
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p(z) = A s(a, B)f (2) . (2.2)

In view of the relation (1.2), it follows from (2.2)
that

A5 (@, p)f (@)

) u+a
2@~ (1- g )P g
- ut2 ' (23)

A—-a)B+nd

Further computations show that
A3(a, B)f (2)

2(u+A)

, p+a
_(A—a)ﬁ+n5>2p (Z)‘<1_(,1

- i

ISSN 1013-5316;CODEN: SINTE 8 299

Fy@xo) @@ (2),2p'(2), 2p" (2); 2)) < Fo(2).

A computation using (2.5) yields

£+1_ (u+/1)zw+((A—a)ﬂ+n6—/4—/1)2u
s B ((/1— a)B +n6)[(u + D)W —-u)+ ((/1— a)B +n6)u]
u+a
+2(1_(/1—a)ﬁ+n5>'

Thus the admissibility condition for ¢ € ®,[Q,q] in
Definition (2.1) is equivalent to the admissibility condition
for 1 as given in Definition (1.6). Hence ¥ € ¥[Q, q] and by
Lemma (1.7),

Fow) () < Faw (a(2)),

2
a)p + n5> plz %_r equivalently,

_ ()
(2.4)

Now define the transformations from C3 to C by

A-a)p+ns
W
i Gy ) e Ay ) M

(rs)

(2.5)
Let
Y(r, s, t;z) = p(u,v,w; 2)
u+A
~ S‘<1 (/I—a),8+n6)
=\ 7 u+A ’
A—a)B+nd
2(u+ A) U+ z
t‘<1‘(/1—a)ﬂ+n5) (1 (A—a)B+n6)
' u+a z ’
((/1 —a)p + n(S)
(2.6)

The proof shall make use of Lemma (1.7) Using
equations (2.2), (2.3) and (2.4), it follows from
(2.6) that

W(p(2),20' (2), 2%p" (2); 2)
= ¢(AT 5 (e, ) (@), AT §(a, B f (2), ATF 3 (e, B f (2); 2).

Therefore, by making use (2.1), we obtain

Flam, sapr)w) (Aias@ B @) < Fow(4()

i.e.
A5, B)f(2) <F q(2).
We consider the special situation when Q = C is a simply
connected domain. In this case Q = h(U), where h is a

conformal mapping of U onto Q and the class @, [h(U), q] is

written as @, [h,q]. The following result is an immediate

consequence of Theorem (2.2).

Theorem  (2.3): Let ¢€®,[hq]l. If fE€EA,
o (A 5@ Bf (@), A 5(a, B f (2), Aza*é (a,B)f (2);2) is

analytic in U and
Focoxu ($(A7,5 (e, B)f @), AT e, B)f (2), ATHE (@, B)f (2); 2))
< Fywy (h(2), (2.7)

then

Flam, samr)w) (Arns(@ B @) < Fown(a()

At s, B)f (2) <p q(2).

By taking ¢(u,v,w;z) =1 +§
obtain the following corollary :

in Theorem (2.3), we

Corollary (2.4): Let

!
(A—a)B+né Z(Aﬂa,s(a,ﬁ)f(z))
puta Aﬂg_g(“‘ﬁ)f(z)

peD,[hq]l If fEA 2+

— 1) is analytic in U and

- 1) <r h(2),

a4 QA—a)p+né(Zz (A;Tz,a(a' ﬁ)f(Z)),
p+a A;T/l,a (a,p)f (2)

then
A, B)f (2) <p q(2).
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Our result is an extension of Theorem (2.2) to the
case in which the behavior of g on the boundary of
U is unknown.

Corollary (2.5): Let Q € C and g be univalent in U
with q(0) = 0. Let ¢ € @, [k, q,,] for some € (0,1)
, Where q,(z) = q(pz). If f € A satisfies

Foeexu) (¢(A,T/1,5(ar Bf (2), A 5(a, B f (2), Ay (e, B f (2); Z))
< Fo(2),

then

F(A;Ta,a(“’ﬁ)f)(l/) (A;T/Ls(a' B)f(z)) < Fq(U)(q(Z))

1.€.

Aias(@ B)f (2) <r q(2).

Proof: From Theorem (2.1), we obtain

Flam, s@or)w (A;TA,& (@.B)f (Z))

< Fo,a0 (4,),

Since q,(2) = q(pz), we have Fy (qp(z)) =
Fyouy(a(pz)) and q,(0) = q(0). Hence,

F(A;Ta,a(a.ﬁ)f)(u) (A;Tl,z; (a, ﬁ)f(z))
< Faouy(q(p2)

A,Tz,a(a"ﬂ)f(z) <r q(pz).

By letting p—1, we obtain

Apas(@ B)f (2) <r q(2).

Theorem (2.6): Let h and g be univalent in U with
q(0) =0 and set h,(z) = h(pz) and q,(z) =
q(pz). Let ¢ :C3*x U — C satisfy one of the
following conditions:

1- ¢ €d,[h,q,| forsome p € (0,1),
2- there p, € (0,1)
@A[hp,qp] forall p € (p,, .

exists such that

¢ €

Iff €A,

P (AT 5(a, BYf (2), A3 (o, B)f (2), AT 3(a, B)f (2); 2)

is analytic in U and if f satisfies (2.7), then

Flam steprron (Aias@BF (@) < Fay (4(2)

1.€.

Apas(a B)f (2) <p q(2).

Proof:
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Case (1): The proof is similar to that of Corollary (2.2) and

hence we omit it.

Case (2): Let p(z) = A 5(a. £)f (2) and p,(2) = p(p2).
Then

Fiex) (0(pp (2,202, 2%p; (2); p7) )
= Fy(c3x0) (@ (0(p2), 20" (p2), 2p" (p2); p2))
< th(U) (hp(Z)>

By using Theorem (2.2) and the comment associated with
Foxu (6(p(@), 20'(2), 2" (2); w(2))) < Fo(2),

where w is any function mapping U into U, with w(z) = pz,
we obtain p,(z) <r q,(z) for p € (p,,1). By letting p — 1,
we get p(z) <r q(2).

Therefore
As(a, B)f(2) <p q(2).

Our next theorem vyields the best dominant of the fuzzy
differential subordination (2.7).

Theorem (2.7): Let h be univalent in U and ¢ : C*> X U —
C. Suppose that the differential equation

2q'(@) - (1- —EEE 4
s 4, ( L ) ,
A—a)B+né

" 2(u+ ) ’ u+ z
7q"(2) - (1 “U-wf+ n6)zq @ - (1 T n6) q(2) .Z>

(%)2

= h(2) (2.8)

has a solution g with q(0) =0 and satisfy one of the
following conditions:

1- q€eQoand ¢ € @,[h,q],

2- q is univalent in U and ¢ € ®,[h,q,] for some p €
(0,1),

3- g is univalent in U and there exists p, € (0,1) such that

¢ € CDA[hp,qp] forall p € (p,, D.
If f € A,
P (AT 5(a, B (2), AT 5 (o, B)f (2), A3 3(a, B f (2); 2)

is analytic in U and if f satisfies (2.7), then

Flam s@mr)w (AATA»S (@ B)f (Z)) < Foun(4(®)

Ais(@ B)f (2) <r q(2)

and q is the fuzzy best dominant.
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Proof: By using Theorem (2.3) and Theorem (2.6),

we deduce that g is a fuzzy dominant of (2.7).
Since q satisfies (2.8), it is also a solution of (2.7)
and hence q will be dominated by all fuzzy
dominants of (2.7). Therefore g is the fuzzy best
dominant of (2.7).

Definition (2.8): Let Q beasetin Cand g € Q; N
H. The class of admissible functions @ ,.[Q,q]
consists of those functions ¢ : C3 X U — C that
satisfy the admissibility condition:
Fo(¢(u,v,w; 2)) = 0, whenever

[(A = a)B +nblkéq' (§)
(u+Dq()

u=q(), v=q@)+

and

{(u + MD[vw —uBv — Zu)]}
Re
(v— u)[((/l —a)p + né‘)]

§q" ()
> kRe{ ) +1},

where z € U, € QU\E(q) and k > 1.

Theorem (2.9):
satisfies

Let p€D,.[Qq] If fEA

ISSN 1013-5316;CODEN: SINTE 8 301
MB@HI@ OBt
A Bf @ ey

20'(2) 4(/1—a)ﬁ+n6 PO+ T e\

p( ) p+a zp'(z)
’ T=ap+m?D 3w

L2'(@) | 2p"(@) (zp'(z)ﬂ

(2.12)
Now define the transformations from C3 to C by

_ _ [(A—a)B +nbls
u=r, v=r+ TR ,

A_
+( a),B+n6x
u+a

(u+ s s+t (5)\2

(A—a)ﬁ+n6+ T _(F)
r (u+ Dr 45
A—-a)B+né 7

Let

Y, s, t;z) = p(u,v,w; z)

=q,')(r,r+

[(A—=a)B +ndls
(u+Dr
(u+ Vs

s+t [s\?
+ Y i
y (/1 a)B +né r (r) 2). 213)
r (u+ Dr 45
T

(A—a)ﬁ+n6x
u+1

, ) <A;f;g(a, Bf (@) A3 Bf (@) A3(aB)f (@)
0\ P\AT, (@, O @) AT K, B @) A5 a(@ B @)

< Fo(2),
then
m+1
F mt1 M) ()
(%)w)( Al s(a, B)f (z) o (a(@)
i.e.

Apis(a, B)f (z ) |

an @ hfe F 1@

Proof: Assume that

A (e, B)f (2)

P = am @ PG

(2.10)

By making use of (1.2)and (2.10), we have

AZT;*(“: B)f (2)
(A—a)B +né zp'(2) (211)

pt+ A p(z)

=p(2) +

Further computations show that

)) @-a)pf +nd

Using equations (2.10), (2.11) and (2.12), it follows from
(29)  (2.13) that

Y(p(2),2zp'(2), 2°p" (2); )
<Am+§(0¢ B (@) s, B)f(2) A3 Bf(2) >
Ans(@ B (2) Ay 5(a, B)f (2)" A 5(a, B @)’

Hence (2.9) becomes
Fw(c3xu)(1/’(P(Z),Zp'(Z) 22p"(2);2)) < Fo(2).

The proof is completed if it can be shown that the
admissibility condition for ¢ € @ ,.[Q, q] is equivalent to the
admissibility condition for i as given in Definition (1.6). For
this purpose, note that

s u+a

el sy ey ACRl

t u+a
?=”(W_”)((/1—a)ﬁ+n5)

S( u+1 25+1)
r (A—a)ﬁ+n6v T
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E+ 1= (w+ Dvw —uBv — 2u)]
s B (v— u)[((/l —a)p + né‘)]'

Hence y € P[Q, q] and by Lemma (1.7),

Eyy(p(2) < Fyn(a(@)),

or equivalently,

wis(a BYf (2)

F Am+1( — < F (q(z))
St <Am (a,B)f(z ) W)
<ALn,/1.a(“rﬁ)f>(U) uas(e B)f (2)

i.e.
A, B)f (2)

am @@ 1D

In the case Q # C is a simply connected domain
with Q = h(U) for some conformal mapping h of U
onto Q, the class ®,.[h(U),q]
®,.[h,q]. The following result is an immediate
consequence of Theorem (2.9).

is written as

Theorem (2.10): Let ¢ € ®,.[h,q]. If f €A,

AN @I AR @) AT @)
P @ AN @) A @h @)
analytic in U and

wis(@ B)f(2) A3, B)f(2) At3(a,B)f (2)

Foew ("’ <A,’:.‘A,6(a, B @ ani3a B ) A5 B @)
< Fpan (R(2),

then
m+1
F m1 M) p
(AWEZ ﬁiﬁ)(m <A77w(a Bf (2) (@)
i.e.

Apis(a, B)f (z ) |

an @ hf@ F 1@

By taking ¢(u, v, w; z) = uv in Theorem (2.10),
we obtain the following corollary:

Corollary (2.3): Let ¢ €@

A5 p)f(2)
AZ%&&( a,p)f(z)

ol

is analytic in U and

If fedA,

:f;g(a B (2)
ans@hf@
then
m+1
um(“ B)f (2)
an @@ “F 1@
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