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ABSTRACT: A quartic B-spline collocation method is proposed for numerical solution of partial integro-differential equations
with a weakly singular kernel. The scheme is developed by discretization of the time derivative using backward difference
formula while the spatial derivatives are approximated using quartic B-spline functions. Numerical solution of five test
problems is provided to validate the scheme. Accuracy of the method is assessed in terms of L, and L, error norms. Excellent
accuracy is obtained and the results are compared with cubic B-spline collocation method.
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1. INTRODUCTION

Partial integro-differential equations with weakly singular
kernels are widely used in various fields of science and
engineering such as fluid dynamics, geophysics, plasma
physics, viscoelastic  mechanics, civil and aerospace
engineering  [1-7]. This paper is concerned with the
solution of a parabolic type partial integro-differential
equation (PIDE) having a weakly singular kernel. Several
methods have been introduced in the literature for the
approximate solution of such equations (see [5, 7-13]).
Yanik and Fairweather [13] used finite element methods to
obtain the solution of parabolic type integro-differential
equations. Le Roux and Thomee [12] solved parabolic
PIDEs using finite element methods with non-smooth data.
Lin and Zhang [9] used finite element methods for the
stability of Ritz-Volterra projections and error estimates for
a class of integro-differential equations. Pani et al. [11]
obtained the numerical solutions of parabolic and
hyperbolic integro-differential equations using energy
methods. Tang [5] solved a second order PIDE by finite
difference method. Lopez-Marcos [8] solved a nonlinear
PIDE by a finite difference technique. Dehghan et al. [8,
15] obtained the numerical solution of one-dimensional and
three-dimensional advection-diffusion equations using fully
explicit, fully implicit and weighted finite difference
methods. Nawaz et al. [10] used variational iteration
method and Homotophy perturbation method for the
solution of fourth-order fractional integro-differential
equation. Yang et al. [7, 16] used quasi-wavelet based
numerical methods for approximate solution of fourth-
order partial integro-differential equations with weakly
singular kernel.

In this paper we use quartic B-spline collocation method
for the numerical solution of a class of partial integro-
differential equations with a weakly singular kernel. Spline
was introduced by Schoenberg [17] in 1946 for smooth,
piecewise polynomial approximation with applications in the
aircraft and shipbuilding industries. Isaac Jacob Schoenberg
used the term B-spline as short for basis spline. In 1975,
Prenter [18] provided a theoretical background for stable
computation using polynomial B-splines and their
derivatives. The main feature of a B-spline function is its
minimal support with respect to a given degree, smoothness,
and domain partition [18-19]. This feature leads to a band

structure of matrices which appears in interpolation and
collocation problems using B-splines. Furthermore some of
the characteristics of B-splines give total positivity. As a
result, Gaussian elimination without pivoting using
computers can be applied for invertibility of the matrices
obtained from B-splines methods. Recently, the B-spline
techniques are extended for the solution of several partial
differential equations and PIDEs including regularized long
wave (RLW) equation [20], equal width wave (EW) equation
[21], modified regularized long wave (MRLW) equation [22],
fourth order PIDE [23], parabolic type PIDE [24] and PIDEs
using sixth-degree B-spline function technique [25].

2. CONSTRUCTION OF PROPOSED METHOD
Consider the following partial integro- differential equation

[4]:
ue(x, £) + mu, (x,t) — Wi, (x,t) = fotK(t —

s)u(x,s)ds + f(x,t), x € [a,b], t >0, 1)
subject to the initial condition:
u(x,0) = g(x), x € [a,b], )

and boundary conditions:

u(a, t) = B1(t),

uy(a,t) = B,(t), 3

u(b,t) = B5(t), t > 0.

Eqg. (1) is used to describe convection-diffusion phenomena.
The coefficients m and w are positive constants which are
used to quantify the advection (convection) and diffusion
process, the integral term is called memory and the weakly
singular kernel is given by
Kit—s)=(t—-s5)*% 0<a<l
The time derivative in Eq. (1) is discretized by first order
forward difference formula at time level n + 1 and quartic B-
splines will be used to approximate the space derivatives.
Let t" = ndt, where &t is the time step and t™*! = ¢ +
6t,n = 0,1,2 ... Approximation of time derivative in Eq. (1)
yields

ut(x’ tn+1) ~ 5
Substituting Eqg. (4) in Eq. (1) we get

u(x, t")-u(x, t")

4)

u(x, t")-u(x, t™)
ot

ftnﬂ K™ — s)u(x, s)ds + f(x, t™*1). (5)

0

+ mu, (x, t™1) — w, (x, t"1) =
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The integral part in Eq. (5) is evaluated as follows [4-5]:
n+1

fot K™ — s)u(x, s)ds

n+1

= fot sT%u(x, t"! — s)ds

—_\n it g n+1
=j=0)  sTMu(x, t" —s)ds

. j+1
~ S ou(x, v [ 57 ds. (6)
Substituting Eq. (6) in Eq. (5), we obtain
u(x, ™) —u(x,t™)

(501 S5t

1-a

+ mu, (x, t"1) — wuy, (x, t"1) =
1}}=0u(x’ tn—j+1)[(]- + 1)1—0: _jl—a] + f(x,t"“).
)

Eqg. (7) can be rearranged as
u™1(x) + mStu, "1 (x) — wotu,,"t1(x) —
(Gl u™(x) = u(x) + GO*7% $n bu™ I+ (x) +
1-a 1-¢ “J=17
Stf"1l(x), n=1, (8)
where u™*1(x) = u(x, t™*1), M1 (x) = f(x, t"*1) and
b=+ D=1 j=123..
To find the numerical solution of problem (1)-(3) using the
scheme (8), the interval [a, b] is partitioned into N finite
elements of consistently equal length h by the grid points
x;, 1 =123,..N, such that a=1x,<2x; <x3.....<
xy=b and h= b_Ta. The Quartic B-splines function
B;(x),i = —2,—1,0,.....N + 1 at these knots are given by
Bi(x) =
(a1 = (x — x;_5)%,
| a = a; — 50 —x;_4)% x € [x;—q, %],
i{ az = a, +10(x — x;)*, x € [x;, X441,
P (s — 0% = 5(ig2 — 2)% X € [Xi4p, Xiga),
(xie3 — %)%, x € [xi42,Xi43],
0, otherwise.

X € [x;_2,X;-4],

©)

The set of quartic B-splines {B_,,B_4,By, ..., By, By+1 }
forms a basis for the functions over the interval [a,b]. A
global approximation U(x,t) to the exact solution u(x,t)
takes the form

Ulx,t) = B vi(©)Bi(x), (10)
where y;(t) are unknown time dependent quantities to be
determined from collocation, boundary and initial
conditions. The nodal values U;, the first and second
derivatives U; and U; " at the knots are obtained from Eqs. (9)

and (10) in the following form
Ui =U@) =y + 1y + 11y + i,
’ ’ 4

Ui =U(x) = ;(—Vi—z = 3¥i—1 + 3V +Vis1), (11)

U"=U"(x) = %(Vﬁ—z —Yie1 — Vi +Vis1)
where dashes represent differentiation with respect to space
variable. To develop the general scheme consider Eq. (8) and
substituting the approximate values of u™**(x), u,"**(x)and
U "1 (x) atx =x;, i =0,1,2,...,N, using Eq. (11), we get

Cﬁ)’in—gl + Cz]/in—+11 + C3Vin+1 + C4Virﬁr+11 =F, (12)
whnhere
C, = 1—im8t—£W6t—M

1 h h2 1-a ’

=11-2 12 _ 110
C; =11 ——mét + Zwdt — 11—
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C; = 11+ Zmst + st — 27
h h 21_—aa
C,=1+ %m&t —Zfll—iw& - (&)_ )
Fr=un () + S8, b () + St (xy).
Eqg. (12) represent a system of N + 1 equations in N + 4
unknowns y;,i = —2,—1,...,N + 1. In order to get a unique
solution; we eliminate the parameters {y_,,¥_1,¥n+1}. The
values of these parameters can be calculated from the
boundary conditions (3) and (11). The linear system can be
solved by a four-diagonal solver successively once initial
time solution is obtained from Egs. (2)-(3). Finally the the

approximate solution will be obtained from Eqg. (10).

3. NUMERICAL TESTS AND PROBLEMS

In this section we present some examples in order to test the
scheme (12) for the solution of the problem defined in Egs.
(1)-(3). All the computations are carried out through Matlab
using Intel Core i5 processor with 4 GB RAM. For the sake
of comparison all the examples are taken from those given in
reference [4].

Example 1: Consider Eq. (1) with the parameters m =

0.05,w =0.4,a = § and choose f(x,t) so that the exact

solution is

u(x,t) = (t + 1)?sinmx.
The initial and boundary conditions are given as:
u(x,0) =sinmx, 0 < x <1,
u(0,t) =0, u,(0,t) = w(t + 1)? and u(1,t) = 0.
Numerical simulations are performed with
h =0.01,0.02,6t = 0.0001,0.00001,m = 0.05, w =04
and the error norms L, and L, at various time levels are
recorded in Tables 1-2 along with the results of cubic B-
spline collocation method given in [4]. Better accuracy of the
present method than cubic B-spline collocation method [4] is
evident from Tables 1-2. Fig.l presents exact and
approximate solutions obtained through the present method
corresponding to M = 500 whereas Fig. 2 shows the error
plot at M =500. Fig. 3 represents the quartic B-spline
solutions at various time levels.

Example 2: In this example we consider Eq. (1) with the
parameters m = 0.005,w = 0.5,a = § and f(x,t) is chosen

so that the exact solution of Eq. (1) is given by

u(x,t) = (t + 1)%(1 — cos 2mx) + 2m2x(1 — x). (13)

The initial and boundary conditions are extracted from Eq.
(13). Computations are carried out using the parameters
values h = 0.01, 0.02, &6t = 0.0001, 0.00001, m = 0.005,
w = 0.5and the error norms L., and L, at various time levels
are noted in Tables 3-4 along with the results of cubic B-
spline collocation method given in [4]. Higher accuracy of
the present method than cubic B-spline collocation method is
observed form Tables 3-4. Fig. 4 shows exact and
approximate solution obtained through the present method at
M = 500.

July-August



Sci.Int.(Lahore),27(4),2953-2958,2015

Table 1: Error norms produced by Quartic B-spline collocation
method along with the results of [4] corresponding to Example-1

form = 0.05,w = 0.4, a = =, 5t = 0.0001.
Quartic B-spline Cubic B-spline [4]

h M Lo L, L, L,
0.0 10 9.30x 6.51x 9.43% 1.32%x
1 1078 107° 1076 1077
50 5.27x 3.69x% 1.14% 3.31x
1077 1078 107° 1077

10 1.09% 7.66% 1.19% 5.73%

0 10°¢ 1078 1075 1077

50 5.92x 4.15% 3.53x% 2.43x%

0 10°° 1077 107° 10

00 10 9.32x 9.14x 2.64% 5.62x%
2 1078 107° 107° 1077
50 5.28x 5.18x% 3.98x% 1.08x
1077 1078 107° 10

10 1.09x% 1.07x 4.40% 1.39%x

0 10°¢ 1077 107° 10

50 5.94x 5.82x 5.36x 2.86x%

0 10°° 1077 107° 107

Example 3: Consider Eq. (1) with the parameters m =

0.5,w = 0.005,a = % The initial and boundary conditions

for the given problem are defined as:

u(x,0) =cosmx,0 <x <1,

u(0,t) =t+1,u,(0,t) =0,u(l,t) = —(t + 1).

The exact solution of the problem is given by

u(x,t) = (t + 1) cosmx.

Numerical simulations are done using h = 0.01,6t =
0.0001, 0.00001,m = 0.5,w =0.00 . The error norms
Lo, L, at various time levels are reported in Tables (5)-(6)
along with the results of cubic B-spline collocation method.
Excellent accuracy of the present method than cubic B-spline
collocation method [4] is seen form Tables (5)-(6).

h=300

[UR=N

S 0B

0.4r

ozb #+  Cluartic Solution
Exact Solution

0

o EI.IZ D.IA EI.IE D.IB
X

Figure 1: Quartic B-spline and exact solution for Example-1 for

h= 0.02,6t=0.0001.

Example 4: Consider Eqg. (1) with the parameters m =
0.L,w=01a= i. The initial and boundary conditions for

the given problem are defined as

u(x,0) =0,0 < x < 4m,

u(0,t) = 0,u,(0,t) =0,u(1,t) = 0.

The exact solution of the problem is given by
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u(x,t) = 2(t + 1sin’x, 0 < x < 4m.

Numerical simulations are done using N = 10,50,

6t = 0.0001,0.00001. The error norms L., L, at various
time levels are reported in Tables (7)-(8) along with the
results of cubic B-spline collocation method. Better accuracy
of the present method than cubic B-spline collocation method
is seen form Tables (7)-(8).

Example 5: In this example we take parameters m =

0.5,w =0.001,a = % The initial and boundary conditions

for the problem are given as

u(x,0) = 2sin’mx, 0 < x < 1,

u(0,t) = 0, u,(0,t) =0and u(1,t) = 0.

The exact solution of the problem is given by

u(x, t) = 2(t? + t + 1)sin?nx.

Computations are performed using h = 0.01, 0.1, 0.02,

6t = 0.0001,0.00001. The error norms L, L, at different
time levels are recorded in Tables (9)-(10) along with the
results of cubic B-spline collocation method. From Tables
(9)-(10) comparable accuracy of the present method than
cubic B-spline collocation method can be observed. Fig. 7
shows exact and approximate solution using the present
method at M = 500.

Table 2: Error norms produced by Quartic B-spline collocation
method along with the results of [4] corresponding to Example-1
for m = 0.05, w = 0.4, @ = 7,5t = 0.00001.

Quartic B-spline Cubic B-spline [4]

h M Lo L, Lo Ly
0.0 10 9.11x 6.38% 4.37x 4.41x
1 10-10 10~11 10-¢ 1078
50 5.03x% 3.62% 8.25% 9.59%
10~° 10710 10-¢ 1078
100 1.02x 7.20x 9.55x 1.24x
10~8 10710 10-° 1077
500 5.40x 3.78x% 1.15%x 2.25%x
1078 107° 1075 1077
0.0 10 9.32x 9.14x 6.79x 1.37x
2 10-10 10-11 10-° 1077
50 5.15% 5.05x% 2.00x 4.11x
107° 10-10 1075 1077
100 1.05x 1.03x 2.69x 5.87x
10~8 107° 10°3 1077
500 5.52x 5.41x 4.02x 1.25%
10~8 107° 105 107°
% 10°
=]
=500
4_
Es
2,
1,
o . . . .
o 0.2 0.4 0.6 0.8 1

X
Figure 2: Error Plot of Example-1 for h = 0.02, 8t = 0.0001.
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method along with the results of [4] corresponding to Example-2 =f h=E00 T
for m = 0.005,w = 0.5,a = 3,6t = 0.0001.
Quartic B-spline Cubic B-spline [4] 15} .
h M Loo Lz Loo LZ = 1k .
0.0 10 7.17% 4.32% 2.42x 2.00x
2 1077 1077 1075 10°° 05l 1
50 3.606>< 2.186x 1.OO4>< 8.886>< ¥ Quartic B-spline
10° 10~ 10~ 10° Exact Solution
100 7.21x 4.38x% 1.71x 1.57x O 05 02 05 05
1076 1076 10~* 1075 ’ Cox ’
500 3'595X 2.1_75x 4'6?:( 4'1_75X Figure 4: Plot of quartic B-spline and exact solution
10 10 10 10 corresponding to Example-2 for h = 0.02,8t = 0.0001.
0.0 10 6.98% 4.31x 6.62% 5.07x
1 1077 1077 107 1077 _ :
50  3.51x 2.17x 3.13x 2.41% *+  Quartic B-spline
106 10~ 105 106 Exact Solution
100  7.03x 4.36x 5.92% 4.63x 25 - ' ' ' ' '
107 107 1075 107
500 3.43x 2.15% 2.28% 1.93%
10~5 10-5 107 10-5

2

4

Figure 5: Plot of Quartic B-spline and exact solution
corresponding to Example-4

Table 5: Error norms produced by Quartic B-spline collocation
method along with the results of [4] corresponding to Example-3

Figure 3: Quartic B-spline solutions at various time levels

corresponding to Example-1 for h = 0.02, 6t = 0.0001.

Table 4: Error norms produced by Quartic B-spline collocation

form=0.5w = 0.005,a = ;,& =0.0001.

Quartic B-spline

Cubic B-spline [4]

method along with the results of [4] corresponding to Example-2 g 7 2’(') 5 gé'w 7 33{'2 5 9500 5 48LZ
1 . .99x .33x .92x A8x

form = 0. 0(-)5,w —_0. 5 a= 3 ot = 0. 00901 10-9 10-2 10-6 10-7
Quartic B-spline Cubic B-spline [4] 50 4.50% 2.18x 1.25% 1.19%

1078 108 1075 10
h M Lo Ly Lo Ly 10 9.01x 4.39x 2.47% 2.35%
00 10 1.01 1.20 375 x 146 x 0 108 108 1075 10-¢
1 10712 1013 1077 1078 50 4.49x 2.25% 1.19%x 1.06x
50 1.62 6.52 500 x 254 x 0 1077 1077 10~ 105

10-11 1013 10-¢ 1077 0.01 10 7.07x 4.29% 1.90x 4.54%

10 5.25 1.31 168 x 920 x 10~° 10—° 106 10-8

0 10-11 10712 103 1077 50 3.54x 2.15% 3.09% 2.01x

50 7.67 6.83 284 x 190 x 10°8 108 10-° 1077

0 10710 10712 10~ 1075 10 7.10x 4.32x 5.96x 3.91x

0 108 108 106 1077

50 3.57x 2.18x 2.61x 1.75%

0 10~7 1077 10~ 10~°
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Table 6: Error norms produced by Quartic B-spline collocation Table 9: Error norms produced by Quartic B-spline collocation
method along with the results of [4] corresponding to Example-3 ~ method along with the results of [4] corresponding to Example 5

for=0.5w=0.5a = %,& =0.00001.

ISSN 1013-5316; CODEN: SINTE 8 2957

form = 0.5,w = 0.001,a = i,é‘t =0.0001.

Quartic B-spline Cubic B-spline [4] Quartic B-spline Cubic B-spline [4]

N M L L, L., L h M L I L I
10 10 1.14% 6.88% 1.80x 3.65% 00 10 1.03x 5.167>< 7.067>< 5.87x
10-+ 10-6 104 10-5 2 10-° 10~ 10~ 1078

50 574x  350x  817x  1.66x 50 3.74x 187 3.93x  2.94x
10 105 10 107* 10 10 10 10

100 115x  7.08x  150x  3.01x 100 6.14x 3.07x 7.08x 589
1073 105 1073 1074 10 10 10 10

50 10  112x  6.12x  639x  7.52x 500 1.75x 8.77x 359 2.98x
10—6 10—7 10—6 10—7 10 10 10 10

50 422x  235x  178x 148 00 10 163x 4.81x 3.93x  1.50x
e e oo s 1 10 10 10 10

100 7.11x  404x  682x  561x 50 681X 1.71x L7 3.76x
10-6 106 10~ 105 10 10 10 10

100 1.22x 2.80x 3.56x 7.54%

105 10 105 10

Table 7: Error norms produced by Quartic B-spline collocation

method along with the results of [4] corresponding to Example-4 500 jrl’oz_ssx %)96)( 1(?_2‘? igf‘sx
form=0.1,w=0.1,& = 3,5t = 0.0001.
Quartic B-spline Cubic B-spline [4] Table 10: Error norms produced by Quartic B-spline collocation
method along with the results of [4] corresponding to Example-5
N M Leo Lz Lo L for m = 0.5, w = 0.001,a = %, 5t = 0.00001.
1 10 1.14x 7.29% 1.90x 3.78%x - - : -
0 10-5 10-7 10-5 10-6 Quartic B-spline Cubic B-spline [4]
50 5.72x 3.65% 9.32x 1.86x
M
1075 1076 1075 1075 Lo L2 Lo L2
10  1.14x 7.32% 1.82% 3.68x 00 10 1.99x 9.96x 6.61x 3.94x
0 10 1076 10~ 1075 2 107 107 107 10710
5 50 1.34x 1.07x 9.46x 7.29% 50 7.44x 3.72x 3.30x 1.97x
0 0 10—8 10—8 10—7 10—8 10_8 10_8 10_8 10_9
10 5.99% 4.11% 4.22% 2.89% 10 1.25x 6.25% 6.61x 3.94%
10-8 10-8 106 107 0 1077 10°8 1077 10~°
50 1.17X% 7.05% 6.13X 6.35X% 50 3.95% 1.97x 3.31x 1.97x
1077 108 10-6 1077 0 107 1077 1077 10°8
0.0 10 1.99x 9.96x 7.17% 5.89%
Table 8: Error norms produced by Quartic B-spline collocation 1 10°° 107° 107° 10710
method along with the results of [4] corresponding to Example-4 50 7-438>< 3-718>< 3-518>< 2-949X
1 10~ 10° 10° 10~
form=0.1, =0.1,a=-,6t=0.00001.
m w ‘=5 10 125x 625  7.8x  5.89x
Quartic B-spline Cubic B-spline [4] 0 107 10°8 108 10—°
50 3.95x 1.97x 3.59% 2.95%
H M Lo Ly Lo L, 0 1077 1077 1077 108
001 10 448 X 989 2.92 X 4% 1076
10-10 x 10713 1075
50 734X 107° 544 X 125 X 119X 1075
10-12 10~
100 226X 1078 4g X o7 X 3% 1073
1071 1073
s00 300X 1077 55X 1077y X 106X 1073
102

Figure 6: Plot of Quartic B-spline solutions at various times in
the interval [0, 0. 05] for Example-4 using N = 50, §t =
0.0001.
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H - Quartic B-spline ||
FA=500 Exact Solution
0.5
= ]
-0.5
-1
o 0.2 0.4 0.6 0B H

Figure 7: Quartic B-spline and exact solution for Example-5
using h = 0.02,8t = 0.0001.

4. CONCLUSION

Quartic B-spline collocation method is used to obtain the
approximate solution of parabolic type partial integro-
differential equations with a weakly singular kernel. The
proposed method is implemented with five test problems
from literature for its validity. The accuracy of the method is
examined through two error norms L., L, and by comparison
with cubic B-spline collocation method. It has been observed
that the errors are sufficiently small. Simple applicability and
excellent accuracy of the quartic B-Spline collocation method
provide that this method can be employed for numerical
approximation of integral equations, partial differential
equations and partial integro-differential equations of such

type.
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