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ABSTRACT:The subclass S(A,B,a,8,y) of N, the class of analytic and univalent functions defined on unit disk of the

form:

f(2) =z + Yy ,a,z" ,have been considered .Sharp results concerning Coefficients, Distortion and Growth theorem,
Radii of starlikeness and Convexity, Hadamard product property, Convex set , Arithmetic mean , Neighborhood and
convolution operator of function belonging to the subclass S(A,B,a,f,y).
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1. INTRODUCTION

Let N denotes a class of functions f of the form
f@) =z + X, a,2", (1.1

which are univalent and analytic in open unit disk

U={z € C: lzl< 1}. Assume S denotes a subclass of N

consisting of functions f of the form :

f(z)=z—- ¥3_,a,2", a, 0. (1.2)
If a function f is given by (1.2) and g defined by
9(2) =z— Yy, byz", b, 20, (1.3)

hence convolution ( or hadamard product) of

f and g is defined by

(fFx9)(2) =z—-Xppanbp2z" ,z€U.  (14)

We must recall that a function f is called univalent if
Z; # Z, , then f(z,) # f(z,), and f is said to be starlike

zf1(2)
(@

and convex if Re { } > pand

zfr(z)
f1(2)
Our aim of this pape is to study the subclass

S(A,B,a,p,y) consisting functions f of the form (1.2)

Re {1+ZX2b > pwhere 0 < p < 1,[4,5].

which is satisfying

zf"(2) |
@
7 77 < ,B,Z € U, (15)
-y [ LB (1-a) |+ 2

where -ISA<B<1 ,0< a<1 ,0< f<1,0<y<l.
Many scholars have discussed functions which are
univalent and analytic in the unit disk and getting many
geometric properties like, 'Aouf' and 'Mostafa'[2], 'Darus'
[3], 'Kharnar and Meena' [6,7] and'Ruscheweyh' [10] .
2. COEFFICIENT INEQUALITY

Now,we obtain a necessary and sufficient conditions for
function f to be in the class S(A,B,a,5,y) as follows.
Theorem(2.1). Let the function f be defined by (1.2)
.Then f € S(A,B,a,p,y) if and only if

Yn=2n[(n =11+ BB) + (B - Ay(n—a)lay, <
BB —-Ay (1-a)
where-ISA<B<1,0<a<1,0<pB<1,0<y<1

(2.1)
The result is sharp for the function

_ ., BB-A)Y(1-a) no s
f@ =2 = e se-armar - 22

where -1<A<B<1,0<a<1,0<f<1,0<y=<1(2.2)
Proof.Assume that f € S(4,B,«a,B,y)and |z| = 1. So ,
we want to prove

lzf"(2)| = BI(B — Aylzf"(2) + (1 — a)f'(2)]
—Bzf"(z)| = 0, where

-I< A<B<10<a<1,0<B<1,0<y<L1l
Therefore,

[Xaezn(n — Dapz" | = Bl — (B — Ay Li_zn
n-1Da,z" '+ B-Ay(1—-a)z—(B-Ay
A-a)Xy,nazt 1 =BYS ,n(n—1a,z" |

= |Znzn(n— Da,z" | = BI(B — A)y(1 — a)z
—2n=2n[(B-Ay(n-1)+ B -Ay(1-a)
+B(n— D] a,z" | <

Yn=an[(n— 1)1+ BB) + f(B - Ay —a)] an

—B(B — A)y(1 — a) < 0,by hypothesis. Therefore by
principle maximum modulus, we get the result.
Conversely, suppose that the inequality (1.5) holds.
Since Re(z) < |z| and letting z— 1 — , then
Trean(n—1a, <B(B-A)y(1—-a)-X 7 ,n[(B—
Ayn-D+B-Ay1-a)

+B(n—1)]

So, we get the condition (2.1).

Corollary(2.1).Let the function f be defined by (1.2)
and f € S(4,B,a,f,y)- Then

B(B-A)y(1-a)
a, <
T = n[(n-1)(1+6B)+BB-A)y(n-a)] ’

where

-ISA< B <l 0<a<l,0< B<1,0<y<l.

The following property has studied by 'Silverman' [11].
3. DISTORTION AND GROWTH THEOREM
Now,we present the distortion and growth theorems for
functions f in the subclass S(4, B, a, 8,v).

Theorem (3.1).Let f € S(4,B,a,8,y). Then
_ B(B-A)y(1-a) 2 <
2l = S smrepE-myaay 2 = /()] and

B(B-A)y(1-a) 2
If @) < |zl + 2[(1+pB)+B(B-A)y (2-a)] 2] @1)

The result is sharp and attained

_ B(B-Ay(1-a) 2
f@) =2+ qmese-nre-ar 2 (3.2)

Proof. Assume f(z)=z+ Yp,a,2", a, =0. By
taking the absolute value for f, we get

lf @I < |zl + X3=z an 127

< |zl + |z|* ¥, a,.By theorem (2.1) , we get
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B(B-A)y(1-a) )
<
If @I <2+ S rse-aya—ar | 2!
Also ,
lf@| = |zl = X an |21* = |z] — 2| 2 X0, an
> | | _ B(B-A)y(1-a) |Z| 2

2[(1+8B)+B(B-A)y(2-a)]
Hence, we get the result.
Theorem (3.2). Let f € S(4,B,a,B,y). Then

B(B-A)y(1—a) ,
— <
s p-aya—ay 121 = If (2)] and

BB-Ay(1-a)

F@DI <1+ o Ba-ara-ar 1! (3.3)
4. RADII OF  STARLIKENESS  AND
CONVEXITY

In the following theorems , we obtain the radii of
starlikeness and convexlity for the subclass
S(A,B,a,B,y).

Theorem(4.1). Let f € S(4,B,a,B,y).Then f is
univalent starlike function of order 4 (0 <1 < 1) inthe
disk |z| < r;where

1
_ n[(n-1)(1+5B)+B(B-A)y(n—a)](1-1) \n-1
n = inf ( B(B-A)y(1-a)(n-2) ) y n22

(4.1)

Proof. Itis sufficient to show that
szé—iz)) -1 | <1—A,for|z| < .Therefore,
2f@ | _ |H@-f@)| _ |Zananz"-I3,anz"
f(@) RO I TS

1 Zra(n = Dayz®| _ Eas(n— Day|z|™
|z — oz anz™| 1-Xranlz|™?
The last expression must bounded by 1 — A if
S, S e,z < 1 (42)
The last inequality (4.2) will be true if
n_—llzln_l < n[(n-1)(1+§B)+B(B-A)y(n-a)]
1-21 B(B-A)y(1-a)
Hence ,

1
2| < (n[(n—l)(;J(rgljgf((f_—;);(fﬂ—)a)](1—1))n—i )
n = 2.
Putting |z| < 7y , we get the result.
Theorem (4.2). Let f €S(4,B,a,B,y). Then f is

univalent convex function of order 4 (0<41<1) ,
noDAHEB) BBy () (-
nf(B—Ay(1-a)(n—2)
4.3)

where 7, = inf (2L

Proof. It is enough to show that
zf11(2)
f1(2)
zf11(z)
f1(2)
_ERen(n-1)ayz™?
T -3, nagz|
Therefore
o2 [yB(B-A) (1-a)][(n—DA+BB)]y/
([(n—1DA+BB) + BB - Ay(n—a)]
[(n =D+ BB)+B(B - Ay —a)])
—[vBB -4 (1 -a)BB - AN —a)y]

< 1-—A,for|z| <r . Therefore,

T ,n(n-1)ayz"t

1-Y 0 ,napz™1

ez n(n—1)an|z|"?
1-Y2, nap|z|?1
The last expression must bounded by 1-A if

S, a2 < 1. (4.4)

Hence by theorem (2.1) , will be true if
n(n—/l)lzln_l < n[(n-1)(1+8B)+B(B-A)y(n—a)]
1-1 B(B-A)y(1-a)
which implies that
n[(n—l)(1+ﬁB)+ﬁ(B—A)y(n—a)](l—l))ﬁ n>2
np(B-A)y(1-a)(n-21) e

Putting |z| < 1, , we get the result.
5. CONVOLUTION PROPERTY

In the following theorem , we obtain the convolution
results for function f belonging to the subclass
S(A,B,a,B,y).
Theorem (5.1). Let f(z2)=z— Y;-,a,z" and
g(z) =z — Yy, b,z" arein the subclass (4, B, a, B,7)
. Then the hadamard product f * g is in the class
S(A,B,a,B,0) ,where
a2 [yBB-A) (1-a)]|[n-DA+Bly/ (n-
DA +BB)+ BB - Ay —a)] *
[(n=1D(A+BB) + BB - Ay —a))
~[YBB—A) 1-a)fB-ADn—-a)y]  (51)
Proof. We must find a smallest o such that

i ML e B la, ), <1 62)
Let f.g € S(A,B,a,B,y) , therefore

e MOl <1 (69

|z] < (

and
o n[(m-1)(1+B)+L(B-A)y(n-a)]
Y=z B (1) by<1. (54)
By using Cauchy — Schwarz inequality , we get
o nl(n-1)(1+BB)+B(B-A)y(n-a)]
Y= ) (1) Janb, < 1.(5.5)
To prove our theorem , we have to show that
n[(n-1)(1+B)+B(B-A)o(n—-a)]
oB(B-4) (1-a) nbn <
n[(n-1)(1+BB)+B(B-A)y(n-a)]
B () (1) a,by,. (5.6)

That is
5 _ [((m-1)(a+BB)+B(B-A)y(n-a)lo
dnbn < [(n-1)(1+BB)+B(B-A)s(n—-a)ly (5.7)
From (5.5) , we have
yB(B-4) (1-a)
Vanbn < n[(n-1)(1+BB)+B(B-A)y(n-a)] ’ (5.8)
It is sufficient to show
YB(B-4) (1-a) <
n[(n-1)(1+BB)+L(B-A)y(n-a)] —
[(n-1)(1+BB)+B(B-A)y(n—a)lo (5.9)
[(n-1)(1+BB)+B(B-A)o(n—a)ly '

Theorem(5.2).Let the function f(z) = z— X5, a,z"
and g(z) =z—-Y7,b,z" be in the subclass
S(A, B, a, B,v). Then the function

h(z) = z — L3-,(ai + bY)z" (5.10)
is in the subclass (4, B, a, 8, 7), where
T2 2(yB(B —A) (1 — a))*(n[(n — 1)(1 + B))/
(n[(n— 1A+ BB) + (B — A)y(n — a)]?
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BB —-4)(1—-a)-pB-A)n—a)
QBB -4)(1-a)?) (5.11)
Proof. By theorem (2.1),and f,g € S(A4,B,,B,y) ,
we have

n[(n-1)(1+B)+f(B-A)y(n-a)]
T (e i ) an

w n-D)A+EB)+BB-Ayn-a)] 2
(Zg, MeEPEE0Dl,) <1 (512)

<

and

n[(n-1)(1+BB)+B(B-A)y(n—a)] 2
L= 2( YB(B-A4) (1-a) ) bn <

o nl(n—-1)(1+BB)+B(B-A)y(n—-a)]
(zn , S i b ) <1  (513)
It follows from (5.12) and (5.13) that

n[(n-1)(1+pB)+p(B-A)y(n-a)] 2 2
Byt (LRG0l (7 4 2y <

(5.14)
But h(z) € S(4, B, a, B, 7) if and only if
n[(n-1)(1+BB)+B(B-A)t(n—-a)] 2
Zn 2 18(B-4) (1-a) (an + bn) <1
(5.15)

The last inequality satisfied if
n[(n-1)(1+BB)+B(B-A)t(n- a)]
p(B-4) (1-a)
1 (nl(n-D)(A+BB)+B(B-Ay (-a)]\?
2 ( yB(B-A) (1-a) ) (5'16)
This implies the result.

6. Convex set
Theorem (6.1). The subclass S(4, B, «, B,y) is convex
set.
Proof . Let functions f and g are in the subclass
S(A,B,a,B,y), then for every 0<t<1 , we must show
that

A-0f(z)+tg(z) eS(A,B,a,B,y).

We have

1 -8f@) +tg(2) = z— Xpo,[(A —t)a, + thy]z"
Therefore by theorem (2.1) we get

Yn=2n[(n =11+ BB) + (B —Ay(n—-a)] [(1 -
t)a, + th,]

=1 -0 Xy n[(n—=1)(1+BB)+B(B -
Ayy(n—a)] a, +tY7,n[(n -1 +BB) +
BB —Ay(n— a)] b,
SA-yBB-AA-a)+typ(B-A4) (A —-a)
=yB(B-A) (1 -a)

7. ARITHMETIC MEAN

Theorem (7.1).Let f1(2) , f2(z) ... f«(z) defined by

fi(2) =z = Y5, an,2" (7.1)
where (a,;>0,i=1,...,k) be in the subclass
S(A,B, a, B,v) , then arithmetic mean of f;(z)

(i=1 k) is defined by
h(Z) = —Z =1 fi(2) (7.2)
is also in the subclass S(4, B, a, B,7).
Proof. By using equations (7.1) and (7.2) , we can
write

h(@) =13y 2= B aniz™) = 2 = Tio,G Ty an )7
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Since f; € S(4, B, a, B, y) for every (i=1,...,k) , then
by using theorem(2.1) we get
Z?f 2n[(n=1)(1+BB) +B(B - Ay(n —a)]
( Z ~1Qn)

L1Cnman [(n =D+ BB) + BB — Ay(n —
(X)] an.i)

YL YB(B - A) (1-a) = yB(B - A) (1 - a).
The following Neighborhood property has studied by
Owa [9].

8. Neighborhood property
Now, we define the (n, §)-neighborhood of a function
fe S(A,B,a,B,y) by

Nios(f) ={g € S(A,B,a,B,y):g9(2) =z +

Y=z by 2" andY -, nla, — b, < 8,0 <86 <1}(8.1)

For the identity function e(z)=z , we get

Nps(e) ={g € S(A,B,a,B,y): g()=2+ X7 bp 2"
and Yy, n|b,| < 6}.

Definition(8.1). A function fe S(4,B, a,8,y) is said

to be in the subclass S7(4, B, a, 8,v) if there exists a

function g € S(A,B, a, B,v) ,such that

f@
9(2)

Theorem(8.1). If g € S(4,B,a,B,y) and

—1<1-n ,@ev,0<y<1). (8.2)

23[(1+BB)+B(B—A)y(2-a)] (8.3)
2[(1+BB)+B(B-A)y(2-a)]-B(B-A)y(1-a) '

Then N, 5(g) < (A, B, a, B,v).

Proof:Let fe N,, 5(g). We want to find from (8.1) that
Z?::znlan - bnl <4,

Which implies the following coefficient inequality

n=1-

Yn=2|an —bp| <8, (NEN) (8.4)

Since € S(4, B, a, B,v) , we have from theorem(2.1)

[ B(B-Ay(1-a)
Yn=2bn S S rsm i aG-my @] (8.5)
Therefore,
f@ Yaz2lan—bnl 3
9@ |S S {2 Tl

2[(1+B)+B(B—A)y(2-a)]

28[(1+BB)+B(B=A)y(2-a)]
~ 2[(1+BB)+B(B-A)y(2-a)]-B(B-A)y(1-a)

:1—)7

9. Convolution Operator
Definition(9.1)[8].The Gaussian hypergeometric
function which is defined by

Fi(ab,c;z) = ¥ o—(a)(’ng)nz |z| < 1, where
c>b>0,c>a+band
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_ x(x—1)(x+2)....(x+n-1) for n=1,2,3,....
(x)n —u forn=0.

Definition(9.2)[1].For every f € C,we define the
convolution operator W, ,, .(f)(z) as below :

Wa,b,c(f) (Z) =
JFi(@,b,c;2) * f(2) = z — X, 2n®n g gn

()nn! '
(9.1)
Theorem (9.1). Let the function £ is defined by
(1.2) and in the subclass S(4, B, a, 8,y) .Then
convolution operator W, , .(f)(z) € S(4,B,a,5,v)
for |z| < r(y,t),where

1
n-1

[(n-1)(1+BB)+B(B-A)y (n—a)]

r(y,7) = inf yn[(n—-1)(1+BB)+B(B-A)t(n-a)] —(‘?C’;:Lb,),?
(9.2)
The result is sharp for the function
_ BB-A)y(1-a) n
fu(2) =z nl(n—1)(1+6B)+BI(B-Ay (n-a)] * '

n=23,...
Proof. Since f(z) € S(4,B,a,B,v) ,50 we have
n[(n-1)(1+BB)+B[(B-A)y(n—-a)]

Yoy BBy (1) a, <1.ltis
sufficient to show that
(@n(b)
soo n[(n-1)(1+B)+B(B-A)r(n-a)] =3 T a0 <1
B B(B-A)T(1-a)
(9.3)
Note that (9.3) is satisfied if
(@n )

[(n-1)(1+BB)+B(B-A)r(n-a) B =1 2t <

B(B-A)t(1-a)

[(n-1)(1+BB)+B(B-A)y(n-a)]

B(B-A)y(1-a) . Therefore, we get the

result.
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