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ABSTRACT: In this work, we apply the reduced differential transform method (RDTM) to solve the shock wave equation 

that describes the flow of most gases. The new approach provides the solution in a form of rapidly convergent series with 

easily computable components and not at grid points. The reported numerical results reveal a reliability of the proposed 

algorithm. 
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1. INTRODUCTION 
The notion of conservation laws plays an important role in 
the study of differential equations which are of great 
importance in many areas of physics and engineering. They 
are essential since they allow us to draw conclusions of 
physical system under study in an efficient way. The 
mathematical idea of conservation laws comes from the 
formulation of familiar physical laws of conservation of 
energy, conservation of momentum and so on. 
Consider the one-dimensional scalar conservation law with 
source term h (called balance laws) and flux f : 

   ,t x
u f u h x t  ,    , 0,x t T  . (1) 

Subject to initial condition 

   0,0u x u x , x , (2) 

Recently, many methods were developed for solving 
nonlinear partial differential equations. The homotopy 
analysis method (HAM) [1-4], the homotopy perturbation 
method (HPM) [5-10], the variational iteration method 
(VIM) [11-14], the Adomian decomposition method 
(ADM) [15-20] the differential transform method 
(DTM)[20-25] and the RDTM [25-31]are some examples 
of the methods. 
In this paper, we discuss the analytic-numeric solutions of 
the one-dimensional scalar equation of conservation law 
(1), which is known as shock wave equation and describes 
the flow of most gases, and given by [16] 
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where 
0c ,   are constants and   is the specific heat. For 

the study case under consideration, we take 
0 2c   and 
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2
   correspond to the flow of air which results in the 

following shock wave equation: 
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and the initial condition is assumed to be 

 
2 /2,0 ,xu x e x , (5) 

The series solution for Eq.(4) subject to initial condition (5) 

can be obtained if  0
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is given by 
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where   2

01 / 2B c   and 
nH  is the Hermit polynomial 

of order n . 
Several numerical techniques were employed to solve Eq. (4). 

The ADM [16], and the HAM [33] in comparison to the VIM 

[34]. Approximately, same errors were obtained. In this work, 

we compare a relatively new technique, the RDTM, with 

some existing method as ADM and VIM using more terms of 

series solutions for each method.  

This paper is organized as follows: In section two, we begin 

with some basic definitions, theorems and explain the use of 

the proposed method for solving one-dimensional scalar 

conservation law (1). An analytic solution and numerical 

simulation for shock wave equation (3), to show the 

effectiveness of proposed method, are given in Sections 3 and 

4 respectively. Conclusions are drawn in section 5. 

 

2. REDUCED DIFFERENTIAL TRANSFORM METHOD 
Recently, the RDTM is presented to overcome the demerit of 

complex calculations of the DTM for solving nonlinear 

partial differential equations. The basic definitions and 

operations of RDTM [26-27] are defined as follows: 

Definition 2.1. If the function  ,u x t  is analytic and 

differentiated continuously with respect to time t  and space 

x  in the domain of interest, then let, 
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where the t  dimensional spectrum function  kU x  is the 
transformed function. 
In this work, the lowercase  ,ku x t  represent the original 
function while the uppercase  kU x stand for the 
transformed function. 
Definition 2.2. The differential inverse transform of  kU x  
is defined as follows: 
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Combining Eq.(7) and (8) yields 
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One can easily obtained that the reduced differential 
transform is derived from the power series expansion. Next, 
some basic theorems and generalized formulas of reduced 
differential transform are listed. 
Theorem 2.1. The reduced differential transform is linear. 
Theorem 2.2. If  , m nu x t x t  then, 

   m

kU x x k n  ,  
1 , 0

0 , 0

k
k

k



 


. (10) 

Theorem 2.3. If    , ,m nu x t x t v x t  then, 

   m

k k nU x x V x . (11) 

Theorem 2.4. If    , ,
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Az-Zo'bi and Al Dawoud [25-26] proved the following 
generalized reduced differential transforms: 
Theorem 2.6. If    , ,nu x t v x t , n ,  then, 
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Theorem 2.8. If    , ,
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To illustrate the methodology of the proposed method, we 
consider the first order equation of conservation law (1) in 
the standard operator form 

     , ,L u N u h x t   (17) 

where L
t





 is a linear partial differential operator, N  is 

a nonlinear analytic operator, and  ,h x t  is the 

inhomogeneous term. 
Operating the reduced differential transform to Eq.(10), 
we get the following recurrence relation: 

        11 ,k k kk U x H x N U x    (18) 

where   kN U x  and  kH x  are the transforms of the 
functions  N u  and  ,h x t  respectively. 
From initial condition (2), we write 

   0 .U x f x  (19) 

Substituting Eq.(19) into Eq.(18) and using straight forward 
recursive calculations, we get the following  kU x  values. 
The approximate solution of order n  
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  (20) 

can be found using the inverse transform of the set of 

values   
0

n

k k
U x


. Therefore, the exact solution is given 

by 

   , lim , .n
n

u x t u x t


  (21) 

Provided the series solution converge. 

3. Solution of the shock wave equation 
To construct the analytic solution of Eq. (4), we apply the 
RDTM as presented in the previous section. The 
transformed of Eq.(4) is 
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Using starting value 
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Substituting (23) into (22) and using the symbolic 
computation software Mathematica, the first few terms of 
the series in Eq.(22), are as following: 
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For calculations at hand, we have calculated the first 20 
terms of Eq.(22). The differential inverse transforms of 

 kU x  gives the approximate solution 

   
20

0

, .k

appr k

k

u x t U x t


  (24) 

To demonstrate the accuracy of RDTM, we calculate the 
first 20 terms of the exact solution  ,u x t  at Eq. (6), 7 
iterations of the VIM and 20 iterations of the ADM.  Figure 
1 show the surface plot of the exact solution (6), the 
approximate solutions using RDTM, ADM and VIM 
respecively. The absolute errors which is defined at any 
point as 

   , ,Abs apprE u x t u x t   (25) 

using mentioned methods, for 8 8x   and [0,2]t  are 
shown in Figure 2. Numerically, Table 2 show the 
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comparisons of absolute errors for Eq.(4) using 20-terms of 
the ADM [16], 7 iterations of the VIM [34]  and 20 
iterations of the RDTM. These results reveal that, with less 
and an easier computation, the RDTM is effective, accurate 
and convenient, has the same results as ADM and better 
than the other method. 
 

5. CONCLUSIONS 
In this paper, we consider the non-linear shock wave 
equation that describes the flow of air for finding an 
analytic solution via Reduced Differential Transform 
Method (RDTM). In this example, a high accuracy analytic 
approximate solution was obtained. It may be concluded 
that the RDTM methodology is very powerful and efficient 
technique in finding analytical solutions for wide classes of 
problems and can be also easy to be extended to other non-
linear evaluation equations, with the aid of Mathematica. 

 

 

Fig.1. Behavior of: (a) the exact solution, approximate solutions using 

(b) RDTM, (c) ADM  and (d) VIM  for 8 8x   , 0 2t  . 

 

 

 

 

 

Fig.2. Surface plot of absolute error of solutions obtained by: (a) 

RDTM, (b) ADM  and (c) VIM  for for 8 8x   , 0 2t  .. 
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