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1. INTRODUCTION
The term “convex’’ stems from a result obtained by
Hermite in 1881 and published in 1883 as a short note in
Mathesis, a journal of elementary mathematics. In a letter
sent on November 22, 1881, to the journal Mathesis (and
published there two years later), Ch. Hermite noted that
every convex function f : [a, b] — R satisfies the
inequalities

(a +b

1 b
2 )S(b—a)f feodx
(L.1)

The left-hand side inequality was rediscovered ten years
later by J. Hadamard. Nowadays, the double inequality
(1.1) is called the Hermite-Hadamard inequality. The
interested reader can find its complete story in [2,3,7,8].
Number of articles are published on generalization,
refinements and extensions of inequality (1.1).
We include some basic definitions which will be necessary
in the forthcoming theorems.
Definition 1.1[4] Let X be a convex set in a real vector
space. A functionf : X — Ris said to be convex if
fltxy + (1 —0)x) < tf () + (1= O)f (x2)

Vxy,x, € Xand t € [0,1].
Definition 1.2[4] A function f : [0,0) = R is said to be
s — convex(in second sense) if,

flx + (A =t)x) <t°f(x) + (1 —0)°f(x2)
holds Vx,, x, € [0,%), t € [0,1] and some fixed s € (0,1].
The class of s-convex (in second sense) functions are
usually denoted byk?2. It can be easily seen that fors = 1,
s — convexity reduces to ordinary convexity.

Sf(a)-;f(b)

Dragomir [1] has extended inequality (1.1) as:
Theoreml.l.let f:I°CR->R bhe a differentiable
function on 1°, and a, b € I°with b > a. If |f'(x)|is convex
n [a, b], then
fl@+fm) 1 (P
I 2 b-— af feydx
a

b— . ,
=D (@l + IF e

Another result has been published in [1] as:
Theorem 1.2.Let f:I°C R-> R be a differentiable
function on 1°,a,b € I° with b > a and p > 1. If mapping

<

_p
|f'(x)|P~* is convex on [a, b]for q > 1, then

b 1 b
f(a);rf()_b_af foodx

SCE)

N I
< (IF@PT+lr@p) " a3
2(p+
U. S. Kirmaci in [5] refine inequality (1.1) as:
Theorem 1.3.Let f: I < [0, ) be a differentiable mapping
on%and a,b € I withb > a, then
(a +b

5 )—ﬁfabf(x)dx

<o) [&] (If @|* +|f ®|")e

2 2 (s+1)(s+2)

(1.4)
And also in [5]:
Theorem 1.4. Let f:1 c[0,0) be a differentiable
mapping on I1° and a,b € I with b > a .If |f'(x)|" is s-
convex on [a, b] for some fixed s € (0,1] and q > 1, then

b 1 b
f(a);rf()_b_af s

b-a -1 1 1 : ' ' (a+b\ |4 3
<) T @+ ()
) q ) :

I 0+ ror ] as
In this paper, we find new inequalities for those functions
whose absolute values of first derivative are s-convex and
apply these inequalities to discover inequalities for special
mean.
2. MAIN RESULT
We use the following lemma, to introduce our main
results.
Lemma 2.1 ([6]): Let] be an interval and f:1 - Rbe a

differentiable on I1°, a,b € Iwith a < b and A, u € R. If
f' € L[a, b] then the following inequality holds:

(1= Wf@ +Af®) + = Df (52) = 5 [ F)dx

= b~ {f,/20~ Of (ta+ 1 - DOb)dt +
fi) (= Of (ta + 1 = Ob)dt]

(2.1)
Theorem 2.1: Let f:1 £ [0,0) » R be a differentiable

mapping on 1°, a,belwithb>a,12u21/22220
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andf’ € L*[a, b]. If |f'(x)]| is s-convex on [a, b], then the
following inequality holds.

L= @)+ AF®) + Ga— DF (22) —
_f f(x)dx (b @) [{ 225+2 A + 2ust2 B

— (s+1) LU(s+2)  2s*1 (s+2)

i 1)+ 5 s+ DN @1+ (=
5‘+2
AUt )~z (e ) -+ -

S+ + w2
Proof: Let

b
1=|a-wr@ e+ w07 (*57)

1 b
- mf f(x)dx

By taking modulus on both sides of (2.1), we get the
inequality

I's(b-a) {f V2|2 - tl|f (ta+ (1 —t)b)| dt +
Ji, Iu = tllf (ca+ (1 - O)b)|de}

As |f ()] is s-convex, so
1<

(b —a) [,/ — el(e]f @] + (@ — °|f ) de +

i o= (e @]+ @ = 0| 1))

=0 -a)lL +1](2.3)
As

, 225+2 A 1
L= |f (a)| {(s+1)(s+2) T 2st(s11) + 25+2(S+2)}

'f;i?' s (14 55) -+ 1) - 2]
|f ( )| {(s+1)(s+2) - s-i—Ll (25_1+1 + 1) + ﬁ (25% +

If(b)I{Z(l Wt _;( L) K }
1)}+ s+1 s+2 25+2 1+s+2 +25+1

Using above values of I; and I, in (3.2), we get the
R.H.Sof (2.3).

_ (-a)[[225t2 2 2ust2 (; )
- (s+1) [{(S+2) 25+1 + (s+2) u 25+1 +1)+

G DY @I+ = (i 55) -
= (=5+ 1)—%+M— S(1+=)+

25%2 \s+42 +2 s+1 25+2 542

L @] (Provea)

Corollary 3.1.1: Let f:I <R — R be a differentiable
mappingon I°, a,b € I with b > q,

1>pu= 1/2 > 1 > Oandf’ € L*[a, b]. If |f'(x)| is convex
on [a, b], then the following inequality holds.

b
(1 - Wf @ +Af (B) + (u— Af (%)

1 b
5, feax

b—a .
< 7{(10 — 31+ 82% — 154 + 8u®)|f (a)|
+ (8 — 94 + 244% — 82% — 21y + 24u?
- 81| f ()}
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Proof :Proof of this corollary is simple, by putting s = 1
in theorem 3.1.
Theorem 3.2: Let f:I1 £ [0,0) » R be a differentiable

mapping on I°, abelwithb>a1>u>1/2>l>0

and '€ L'[a,b]. If |[f'(x)|" for ¢ > 1 is s-convex on
[a, b], then

|(1 —f (@ +2f (b) + (= Df (22) -
=, f()dx|

<
Gl

a) (ﬁ)l ql(ﬂ EE

2q-p—1x 1-
G- )"
(—1)v+13(1——;p+1s+1)]+|f(b)| (1-
D[0P (Lp+ s+ 1) + B (52

2(1—/1)1;
Ls+1)[ + ((M SO - M)zqq-iﬂ) ]
{lF@l'wss*t[B (1= p+15+1) +
orB (Ship+Ls+ )]+ [F B -

P iacas! [(_1)p+1B (21(12M pHls+ 1)

{|f( 2741 [B(s + 1,p + 1) +

p+

Blp+1,s+ 1)]}%]

Where
1

B(p,s) = Jtp‘l(l — )5 1dt

0
and B(v;p,s) = [, tP71(1 — ) 1dt
Proof:By lemma 2.1 and using the properties of modulus,
we have

b
|(1 —f (@) +Af(b) + (= Df (%)

1 b
e RCE

< b —a) {J,/20—tl|f ta+ 1 - Ob)| de +
fi lu = tllf (ea + (1~ ©)b)de}
Using Holder’s inequality,

<(b-a [(fol/zu — ¢ dt)l__ (f A — tP|f (ta +

(= o) + (5 - e ) (1

tIP|f (ta + (1 - t)b)|th)5}

By using the beta and incomplete beta function, we have
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.
{|f’(a)|q,15+l’+1 [B(s +1,p+1)+ (-1)P+B (1 -
%;p +1,s+ 1)] +

PO =D | 0rre (Sip + s+ 1) +

B (21(:;),}9 +1,s+ 1)]}a (2.5)

and
11 2q-p-1
e (=
2= \2q—p-1 k=3
1
2q-p-1
+(@—p) o2

x{|f’(a)|qu5+p+1 [B 1—1/2 ;p+1,s+1)
+ (- 1)”“3(”/1 1,p+1 s+1>]
S AOINE!

— p)sHPHL [(_1)p+IB ( 1-2p

2(1—_11)1;17
+ 1,5+ 1) +B(p+1,5 + 1)]}5] (2.6)

Using (2.5) and (2.6) in (2.4). We get the desire result.
Corollary 3.2.1:Letf:1 < [0,0) - R be a differentiable

mapping on 1°, abelwithb>a1>u>1/2>l>0
and f' € L'[a,b]. If |[f'(x)|" for ¢ =1 is s-convex on
[a, b], then

b
|G—Mﬂ®+ﬁ@ﬂﬂtlﬁ<+>

—EL f(x)dx
< %[(8&2 — 4+ 1)1‘5{|f'(a)|" [g

(s+1)492 q

12;—3:+ 1 (,15+2 2s1+z)]+|f(b)| [/1__{1_

s+2

0= gha(i-2) Sl -
(8u? —12M+5) K
r@l' G- Ger1-2w ) +1-u]+

s+2
1
, al 1 1 1 1 q
oI [F(n—3) - malmm—20- W”W]
Proof: Putting p = 1 in theorem 3.2.
Corollary 3.2.2: Let f:1 < [0,%0) — R be a differentiable
mapping on I° a,b €I with b>am>0m=>2l>

0and £ € L*[a,b]. If |f'(x)|" for ¢ = 1 is s-convex on

[a, b], then

l m—2l (a+b
|5Umw¢@n+ —~r(*5)
1 b
- mj f(x)dx
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,1

1
< (b—a)( 1 )a (812—4ml+m2) 1 y
- 8 (s+1)(s+2)mS+22s5-1 m2

[{If @|"[(s + )Ym™+2 = 21(s + 2)ms*1 4 25+315+2] 4
IF ') 1253 (m — D2 + 21(s + 2)(1 + 25T Hm+! —

1
(S +34 25+2)m5+2]}a + {|f'(a)|q[zs+3(m _ l)s+2 +
2l(s + 2)(1 + 25" )mS*t — (s + 3 + 25t2)mS+2] +

I &))" [(s + Yms+2 = 21(s + 2)m>* + zs+3zs+2]}5]

Proof:By puttingA=1—u = i in corollary 3.2.1.
Corollary 3.2.3:Let f:1 < [0,%0) - R be a differentiable
mapping on I°, a,b € I with b > a and f' € L*[a,b]. If
|f'¢o)| for ¢ = 1 is s-convex on [a, b], then

IF (52) - 55 01 £ Godx| < 252 (Groev 1) [{s+
1)|f'(a)| + (25%2 -3 — s)|f1'(b)| }q + {(25+2 —

anW+@+nvwWP] 2.7)
f(a):f(b) _ Lfb f(x)dx| <
(b—a)

8 ((s+1)(s+2)2S 1) [{|f (a)| +

(25*1s +11)| A0 }q +{@* s+ D|f (@] +
VwWP] (2.8)
E{f@+£®) +4f (S2)} 55 1, Fndx| <
. [5(s+1)(si2)3525‘1]a {13 @s + D+ 2| @] +
[2.55%2 4 35+1{25*1(s — 4) — 25 — T}]|F '(b)|*}7 +
{[2.55%2 + 35%1{25%1(s — 4) — 25 — 7}]|f (@)|" +
[35+1(2s + 1) + 2| f'(b)|"}5] (2.9)

Proof: By putting(l,m) = (0,1), (1,2)and(1,6) in
corollary 3.2.2.

Corollary 3.2.4:Let f:1 < [0,0) — R be a differentiable
mapping on I°, a,b € I with b > aandf’ € L'[a, b]. If
|f'(x)|is s-convex on [a, b], then

IF (52) =55 ) Feoda| < (1 -

T (s+1)(s+2)
2s+1) [If @|+|f®]] (210

f@+f) (1’7“) s
2 b— af f(x)dx  (s+1)(s+2)2st1 (2 s+

D[If @|+|f®]  (212)
|_{f(a) + f(b) +4f (a+b>} _ﬁf:f(x)dd <
(b-a) [35+1{25+1(s — 4) — 6} + 2(1 +

(s+1)(s+2)25+235+2
5SON[If @] + | ®)]] 2.12)

Proof: By putting g = 1 in corollary 3.2.3.

Remark: By putings = 1 in corollary 3.2.4, we reform the
inequality (1.2) and inequalities of [6] as follows.
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Let f:R — R be a differentiable mapping on I°, a,b € I
with b > aand f' € L'[a, b]. If |f'(x)|is convex on
[a, b], then

r(50) - 52 [ reoas

2
_b-a |
(2.13)
b 1 b
UGETICIERyAAY
_0-a
- 8
(2.14)
1 a+b 1 (b
@y (— ~jma) feoar
5(b

[|f( )|+ £ ®)]]

(2.15)
Theorem 2.3: Let f:1 € [0,0) = R be a differentiable

mapping on I°, a,b € [withh >a,1>u>1/,>21>0

and f' € L'[a,b]. If |[f'(x)|" for ¢ > 1 is s-convex on
[a, b], then

|(1 —f (@) +f (b) + (= Df (22) -
[ f(x)dx|

<0-a (m q+1 ['f (a)|{ ’1‘”1 +

1

G B A)q+1)5 + (2571 — 1)p ((,u _ %)qﬂ N

(1- u)q“f} +|f' ()] {(zsw1 — 1y (/1'“1 +
=A™ (- -]

Proof: Using lemma 2.1, convexity of f'(x) on [a, b] and
Holder’s inequality

|1 = f (@ +2F () + (= Df (52) -

L [P fGdx| < (b - a) {fo/zm— tl|f (ta +

(1= B[ de + fy, u—tl|f (ta + (1 = b de}

< - {20 - t{e*|f @] + @ - | B} de +

fi) lu = el @] + @ = 0°|F )} e
= (b - a){l, + L}(2.16)

Now

BRPETA
11=|f(a)|f t5|1 — | dt
0

e
+ |f’(b)|f (1 —t)%|A—t|dt
0
Using Holder’s inequality
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L
I 1 1
3 s C
<|f @] (f tspdt> (f |/1—t|th>
0 0

1 1

+ |f(b)| (25p+1(1p + 1))E (CI j— 1)5 @ - 1)% {Aqﬂ
. a1y

+(3-2) } ‘

< (o) G [r@tfies+ -

1 1

q+1)g , 1 q+1Y)g

)" Y el wlar - v (-2)" |
Similarly we have

NI @@ - 15 {(u -
)

1
= (o (-
25P+1(sp+1) q+1

q+1

%)lHl + (1 _ M)q+1}5 + |f,(b)| {(,Ll _ %)

(1- u)q“}a]

Using above values of I; and I, in (2.16), the required
result follows.

Corollary 2.3.1:Let f: I < [0,%0) — R be a differentiable
mappingon I°, a,b € I withb >a,m > 0,m > 21 >0
andf’ € L'[a, b]. If |f'(x)|" for ¢ > 0 is s-convex on

[a, b], then

1f @+f b))+ (m-2Df (422

m

1
(b—a){1+(251’+1—1)5}

)—ﬁfff(X)dx

<

1
20+119+1 4 (m—21)4+1g .
{25p+1(sp+1)}% { (q+1)29+1ma+1 } [|f (a)l-l-

£ ®)]
Proof:The result is obtained, ifwe putA =1 —u = i in
theorem 2.3.

3.  APPLICATION TO SPECIAL MEAN.
For a > 0and b > 0, means are defined as:

Arithmetic Mean:A(a, b) = 2

Geometric Mean:G (a, b) = \/_

Harmonic Mean:H (a, b) = 222

Logarithmic
+b

b b a
Mean:I(a, b) = {i (Z_a> ifa#b
a ifa=>b
and
Generalized logarithmic mean
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bn+1 _ an+1 n
, n#—1,0

n+1bB-a)
b—a
L,(a,b) =4 ——MM— , = _
(@b) Inb—1Ina n 1

1
1(bb\b-a
;<a—a> » n=0

Now, we deduce relations between means.

Theorem 3.1:Letb >a>0,m>0m=2[>0
and0 <s<1,q=1,then

|21A(a5+1, bs*1) + (m — 21)A5*Y(a, b) — mLiti(a, b)
| m(s + 1) ‘

1L

< 050 () () i+

8 (s+1)(s+2)mst22s5-1 m2
1)ms+2 _ Zl(S + 2)m5+1 + 25+3ls+2] + bhsa [25+3(m _
D524+ 21(s +2)(1 + 25t )mS*t — (s + 3 +
1
25T2Yyms*t2)}a + {aS9[25P3(m — D)ST2 4+ 2I(s + 2)(1 +
25+1)ms+1 _ (S + 3 + 25+2)ms+2] + bsq[(s + 1)ms+2 _

1
ZZ(S + 2)m5+1 + 25+3[$+2]}a]

s+1 , A
Proof: Take f(x) = ’;T . As f'(x) =x° is s -convex
function. Appling f(x) on corollary 2.2.2. We get the
desire result.
Corollary 3.1.1: Letb >a > 0,m > 0,m = 21l =
0,and1 > s > 0 then
2lA(a’*L, bS*Y) + (m — 2D A5t (a, b) — mL3ti(a, b)
m(s+1)
< b—a [ZS+2{lS+2
T (s+1)(s+2)25mst2
+ (m — D)S*2} + 25%1(s + 2)ImS+?
_ (S + 25+1)ms+2]A(as’ bs)
Proof: Put g = 1 in theorem 3.1.
Corollary 3.1.2: Letb >a >0,and1>5>0,q = 1,
then
As*1(a,b) — L3*1(a,b)
(s+1)

1

b— a
b [(Gs

=73 ((s DG+ 2)25-11)

+1)a’? + (2572 — 3 — 5)b%4}a
+{(25*2 — s — 3)a®
1

+(s+ 1)bsq}5] 3.1)

A @) _ (0-a) L Narrosa
| (s+1) | = 8 ((s+1)(s+2)25‘1) [{a +
1
(25*1s + )b} +
1
(@%2s + D + b0y (3.2)

|2A(a5+1,b5+1)+A5+1(a,b)—3L§ﬂ(a,b)| <
3(s+1) -

1
5(b—a) 1 q
72a [5(s+1)(s+2)3525—1]q ({3 (s — 1) +277]a* +

1
[225+5 + 3S+1{25+2(s _ 1) —s— 5}]bsq}§ +
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{[225+5 + 3s+1{25+2(s _ 1) — 5 — 5}]asq + [3s+1(s _
1)+ 25+3]b5q}3] 3.3)
A(ast, bSTY) + ASt1(a, b) — 21311 (a, b)’

2(s+1)

b -a) 1 @

=732 [(s DG+ 2)22<S—1>]
[{[25s + 1]a? + [35%2 4+ 25{25*1(s —=2) — s —
M1b5TYa + {[35%2 + 25(25%1 (s — 2) — 5 — 4}]a7 +
[255 + 1]bsq}3] (3.4)

|2A(a”1,b5+1)+3A5+1(a,b)—5L§1{(a,b)|<
5(s+1) -
1

]5 [{[55+1(3s + 1) + 25+3]a’ +

b-a [ 1
200 L(s+1)(s+2)5525-1

1
[235+7 4 55+1(25+2(s — 3) — 35 — 11}]b%9}7 +
{[235%7 4 55*1{25%2(s — 3) — 35 — 11}]a®® +
1
[55+1(3s + 1) + 2S+3]bsq}5] (3.5)

|4A(a5+1,b5+1)+A5+1(a,b)—SLii:}(a,b)|<
5(s+1) -

17(b—a) 1
200 17(s+1)(s+2)5525~1

1
[25+33s+2 + 55+1{25+2(25 _ 1) — 5 — 7}]bsq}5 +
{[25+33s+2 + 55+1{25+2(25 _ 1) —5s— 7}]a5q +
1
[55+1(S _ 3) + 225+5]bsq}a] (3.6)

A(a5+1,b5+1)+2A5+1(a,b)—3L§1}(a,b)|<
3(s+1) -

]E [{[55+1(s _ 3) + 225+5]asq +

1

|7 {135+ (25 + 1) + 2] +

5(b—a) [ 1
72 5(s+1)(s+2)3525-1
1
[2. 5s+2 4 35“{25“(5 —4)—2s — 7}]b5q}5 +
{[2.55%2 + 35*1{25* (s — 4) — 25 — 7}]a? +
1

[35+1(25 + 1) + 2]b3‘7}5] 3.7)

Proof:By

putting(l,m) =

(0,1),(1,2),(1,3),(1,4), (1,5), (2,5)and(1,6) in theorem
3.1.

Theorem 3.2:Letb >a > 0,m > 0,m = 21 = 0 and

q = 1, then

~[21A(Ina,lnb) + (m — 21) In A(a, b)] — InI(a,b)| <
N BRI S
24m362(a,b) {3m(8l 4ml +m )} q {(Zm 8l +

1
2412m — 9lm?)a? + (m® + 813 — 3lm?)b9}a +
{(m3® + 813 — 3lm?)a% + 2m3 — 813 + 241’m —
1
9zm2)bq}6]
Proof: Take s = 1 and f(x) = Inx in corollary 2.2.3. We
got the desire result.

Corollary 3.2.1: Letb >a > 0,m > 0,and m = 2l = 0,
then

|%[21A(lna,ln b) + (m —2D)InA(a,b)] —Inl(a,b)| <
_bma (g2 _ 2
T2 HaD) (81 — 4lm + m*)

Proof: Byputting g = 1 in theorem 3.2.
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Theorem3.3:Leth>a>0m>0m=>=>2[>0,1=>
s > 0andq > 1, then
|2lA(aS+1,b5+1)+(m—2l)AS+1(a,b)—mLiH(a,b)|<

m(s+1) -

1
2(b—a){1+(251’+1—1)5} L

2q+1lq+1+(m_21)q+1 qA s bS
(q+1)29+t1ma+1 (a®,b%)

{25P*1(sp+1)}
S+1
Proof: Takef (x) = ZT As f'(x) = x* is s-convex
function. Appling f (x) on corollary 2.3.1. We get the
desire result.
Corollary 3.3.1:Letb >a > 0,m > 0,m = 2l = 0,
1>s>0andg = 1, then
2l1A(a’*Y, bStY) + (m — 21) A%t (a, b) — mLSt1(a, b)
m(s+1)
2(b—a) {Z‘V“llqu1 + (m — 21)9*t

s+1 (q + 1)29+1ma+1
Proof:By putting p = 1 in theorem 3.3.

}E A(a’,b%)
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