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ABSTRACT: In this work we aim to find new Hermite-Hadamard inequalities for the functions whose first derivative in

ISSN 1013-5316; CODEN: SINTE 8 5041

absolute value are pre-invex functions, related

a+n(b,a)
j f(x)dx and

a

between 1
n(b,a)

the difference

1 . . .
E{f (4a+'2(b‘a))+ f(4a*3'j(b’a))} . Some interesting consequences of our results are observed as a special cases.
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1. INTRODUCTION

Recently many inequalities have been studied for convex
functions, but Hermite-Hadamard inequality is the
fundamental event due to its geometrical importance and
applications in Mathematical tools. Hanson [6] introduced
the invex functions which is the generalization of convex
functions. Noor in [9] studied the basic properties of pre-
invex function and its significance in Mathematics. The
Hermite-Hadamard inequalities and their variant forms for
convex function was also investigated by Wier and Mond
[15]. Ben-Israel and Mond [7] introduced the pre-invex
functions which is the special case of invexity. In present
paper we investigate some new Hermite-Hadamard type
inequalities for functions whose first derivative are pre-
invex function.

2. PRELIMINARIES
Let f :K->R and g5(,): KxK—>R be

continuous functions, where K — R" is a none empty
closed set. We require the following well known concepts
and results which are essential in our investigations.

Definition 1[10, 15]. Let u < K . Then the set K is said
tobeinvexat ue K withrespectto 7(.,.), if

u+tn(v,u)e K, wvu,ve K,te[0,1]

K is said to be invex set with respect to 77(.,.) if it is

invex at every U e K. The invex set K is also called a
1 connected set.

Geometrically the above definition says that there is a path
starting from the point U which is contained in K . The
point V should not be one of the end points of the path in
general, see [1] . This observation plays a key role in our
study. If we require that V should be an end point of the
path for every pair of points uveK , then

n(v,u)=v—u , and consequently invexity reduces to

convexity. Thus, every convex set is also an invex set with
respect to 77(V,Uu) =V—U , but the converse is not

necessarily true, see [15, 16] and the references therein. For
the  sake of  simplicity, we assume  that
K =[a,a+7(b,a)] , unless otherwise specified.

Definition 2 [15]. The function f onthe invex set K s
said to be pre-invex with respectto 77 , if

f(u+tn(v,u)) < @-t)f(u)+tf (v),vu,ve K,t [0,1].

Note that every convex function is pre-invex but the
converse is not true. For example, the function

f(u)=—|u| is not a convex function, but it is a pre-
invex function with respectto 77 , where

v—u, ifv<0, u<0 or

n(v,u) =

v>0,u=>0,

u-v, otherwise.

The concepts of the invex and pre-invex functions have
played very important roles in the development of
generalized convex programming.

Definition 3 [3, 14]. The well-known Hermite-Hadamard
inequality for a convex function defined on the interval

[a,b] is given by

f(a—-’_bjﬁij. f(x)dng_
2 b-as 2

Noor [11] proved the following Hermite-Hadamard
inequality for the pre-invex functions.
Let f : K= [a,a+77(b,a)]—>(0,oo) be a pre-invex

function on the interval of real numbers K° (interior of
K)and abeK® with a<a+n(b,a) . Then the
following inequalities holds:


mailto:f.ishaq@mu.edu.sa3

5042
f[2a+77(b,a)j 1
2 n(b,a)
Recently M. A. Latif and S. S. Dragomir [8] proved the

following inequalities for the functions whose first
derivative are convex functions.

jf(x)dx_w.

(). Let f : R—>R be a differentiable function on I°
such that f’'eL[a,b] where a,bel with a<b. If

[IF@+ e 2te)

b
96

+4| f '(a+T3b)|+|f'(b)|

(i) Let f : R— R be a differentiable function on |°

suchthat f'eL[a,b] where a,bel with a<b .If

|1”|q is convex for some (¢ >1, then the following
inequality hold:
FERfeP) 1w
- f (x)dx
2 b—aJ‘a )
1 l.:b-a
< j ( )q_
1+p) 2
3a+b|
Uf L) J
a+b 3a+bQE
+
a\a
s f,a+3b ‘(a+b)
4
q 3
o |§r2x30 +Ume)
4
(iiiy Let f : R— R be adifferentiable function on 1°

suchthat f"eL[a,b] where a,bel with a<b .If

|1”|q is convex for some (>1, then the following
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inequality hold:
f(3a2)4 f(a®) 1 @
| (%*) (%% _ J' f (x)dx
2 b—a-a

1 11b a_ 3a+bq%
< (2)E) f'(a
2)(3) (I @[ + 2 ]
a+b , q !
+ f(—) +2/f'(3a+b
q ] q %
+_f,(a+b) +ﬂf(a+$ﬂ
2 4 |
a+3b
‘f( |f®NJ
(iv) Let T : R— R be adifferentiable function on 1°

suchthat f'eL[a,b] where a,bel with a<b .If

|f'|q is concave for some (>1, then the following
inequality hold:
f(3ab) 4 f (2 1 ¢
| (%%?) (% _ j f (x)dx
2 b—a-a

H

g-1 [u)
2q -1 16
[ F52)[+ | F (o252 +[ f G2+ [T (=)}

14,1
where i 1.

Motivated from the above works, we aim to find new
Hermite-Hadamard inequalities for the functions whose first
derivative in absolute value are pre-invex functions, related
a+n(b,a)
: 1
to the difference between ;s I f(x)dx and

a

%{f(zlam (b,a) )-I- f(4a+37ba))}.

3. MAIN RESULTS

Lemma 1: Let f : R— R be a differentiable function

1° the interior of |

on where a.a+n(b,a) el

with a <a+7(b,a), then the following equality hold:
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4a+7n(b,a) 4a+37(b,a) a+n(b,a) . . : :
f( ; )+f( 4 )_ 1 £ (x)dx Theorem 2: Iget f:R>R be a differentiable
2 nb.a) - function on 1° such that f'e[a,a+n(b,a)] where
_ ”(b'a)jtf’(t 4a+n(b,a) +(l—t)a)dt a, a+n(,a)el with a<a+n(b,a). If |[f] is
16 5 4 pre-invex function , then the following inequality hold:
b 2a+n(b,a) 4a+n(b,a)
+ (t—l)f'(t7’+(l—t)7')dt f 4a+n(b,a) + f 4a+3n(b,a) 1 a+n(b,a)
_! 5 4 %( 4 )2( 4 )_ b )J' f (x)dx
1 'a a
+Itf,[t2a+z(b,a)+(1_t)4a+z(b,a)jdt ] n ’
: , ; (b ) ‘f I(a)‘ n 4‘ f !(4a+774(b,a))
—t)f _t)22+9n70.8)
+£(1 D1 (ta+n(,a)+ (1~ = =)t . n(b.a) +2‘f/(2a+n2(b,a))
Proof: Using by parts formula and substitution 96 +4‘f’(%(b’a))
x @220 @ ,
4 , we have (a+ 77(b, a))\
n(b, a)I{tf (t 4a+77(b a) +(-1)a) }dt Proof: Using Lemma 1 and modulus, we have
f(4a+n(b a))_l_ f(4a+3Z(b,a)) 1 arn(b.e)
10.2) e 4a+77(b,a)1 > o) [ o
16 4 |,
b,a) 4a+n(b,a)
4a+n(b,a 77( tf't————=+(1-t)a/dt
[1a®2 102 oy 16 { A
n(b a) o 4
_lf 4a+n(b,a) +J 1-1) M +(1- t)w
=2 C——ir—*) 2 4
1 4a+774(b 2) 1|, . 4a+3n(b,a) 2a+n(b,a)
tft————+(1-t)——dt
vy f)dx () 1 (1-1) 5
Similarly, +I @-1)|f'(t(a+n(b,a)n(b,a))+(L-t) 4a+3n(b,a)

n(b, a)J-(t 1)t (t 2a+77(b a) La-1) 4a+Z(b a))dt

2a+n(b,a)

(b,a)
ainny T 0O
[

:%f(4a+z(b,a))_ 1
n(b,a)

e da+nba) . 2a+n(b.a)

jtf (A= @)

4a+3n(b,a)

I2a+,,;*b,a> f (x)dx

4a+377(b a))_ 1
n(b,a)

j(l t)f'(t(a+n(b,a)) + (1-t)

,f(

(b a) (

2a+3n(b,a)
f)dt ©)

1 4a+3 b,a 1 a+n(b,a)
S e ))_n(b. it 000 @

adding (1) to (4). we get the desired equality.

dt}. )

Now using the definition of pre-invex of |f’| on
[a,a+7(b,a)] we have,

Et‘f’(t“a”TWHH)a dt

< ‘f,4a+77(b,a)

[[teat+[f(a)] [ttt

4a+n(b,a)

l‘f' e IONQ

"3 6

In similar way the following inequalities holds:
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fl(l—t) pr2atn0.2a) oy 4a+rnb.a)ly ‘f(“aﬂﬁ(b’a)ﬂ e 1 w0 L
0 2 4 [ (x)dx
| 2 n(b,a) %
<1 2a+n(0, a)\ f,4a+77(b,a)\ .
"6 2 3 4 'IRY
1 4a+3n(b,a) 2a+n(b,a) us < n(féa) {(J’ tpdtj [J’ 4a+z(b ,a) +(1-1) dt}
jotft i (el ‘dt @)
1 4a+3n0, a)\ f,2a+77(b,a)\ +U (1-1)° ) J 2a+77(b a) Lot 4a+n(b,a)[* dt
3 2 s 2 | 2 4 \

[[a-v|ft@+n(o,a)(b,a)+ (1—t)w

dt (8

f,(4a+3;77(b ,a) ©)

ing inequalities (6) to (9) in (5), we get the desired
inequality.

f\ f'(a+n(b,a)|+=

Theorem 3: Let f : R—>R be a differentiable
functionon 1° suchthat f’eL[a,a+7(b,a)] where
a,a+n,a)el with a<a+n(ba) . If|f]’

pre-invex for some @1 , then the following inequality
hold:

() 4 femeay g [ § (o
| 2 n(b,a) %

1

1 q 17(b,a)
S(1+ p] %) 16

- : L
% f!(4a+Z(b'a)j + ’ QI

1

+— fr((2a+;7(b,a)jq N f,(4a+77(b,a))q]El

2 4

. f,[4a+3n(b,a)jq f,(4a+377(b,a)jq

L 4 4
{emea)]
2
. f,(““?’;?(bva)j +f’(a+n(b,a)q]q

1,1
WMM,p+q 1.

Proof: Using Holder's integral inequality and Lemma 1 we
have,

Utpdtj [I 4a+3Z(b A, t)2a+z(b A,

{fov)(

Since |f’|q is pre-invex, then

f

q
S‘f,(4a+;7(b,a)

¢ Yo
dt} } (10)

t(a+’7(bva)+(1—t)w

q
t dt

j:tdt

(@) j: (1-t)dt

1 f'qur%“’(a)P. 11

2 4
Similarly
I:t2a+z(b,a)+(1 )4a+77(ba)

<%‘f,((2a+n(b,a)j %‘f,((sam(b,a)jq

2 4
£t4a+3;7(b,a)+(1_t) 2a+z(b,a)th 12)
Sg‘f,(4:31+377(b,a))“ N f,(2a+n(b,a)jq
2 4 2
.Et(a+n(b,a)+(1—t)wth (13)

< l‘f (wj e (14)
2 4

¢ (a-H](b a)j
2

2

using inequalities (11) to (14) in (10) we get the desired
inequality.
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Theorem 4: Let R — R be a differentiable function on

1°  such that  f’eL[a,a+7(b,a)]
aa+n,a) el with a<a+n(,a).If [f] is

where

pre-invex for some @>1,
hold:

|ty f(fambay g [ § o
| 2 n(b,a)
qjé

< ey 12 {n'(a)r rgr(t202)

then the following inequality

Uf(m +2/f"(4a+p(0,a)" ]

( ‘f (2a+r7(b a)) |f'(4a+3;7(b,a)|“]é

4

1

+(2‘f (M(ba) )| +| @+ .8 ]

Proof: Suppose that ¢ >1. Using power mean inequality
and Lemma 1, we have

‘ f(W)‘F f(4a+r14(b,a)) ) 1 J-aw](b‘ﬁ) f(x)dx
| 2 nb.a)*

: f’(tWﬂl—t)a}

Y
dt]

+1-Y 4a4+°j

1

a \e
dt]

da+3p(h,a)

f '[t 2a+n(b,a)

{fo- t)dtjl 1[] -
{{m] | f{epe,

+(J‘:(1—t)dtjl_:[j:(1—t)ft(a+77(b,a)+(1 0

+-9)

2a+1(b, a)]
2

dt] . (15)

Since ‘f"q is pre-invex on [a,a+7(b,a)] , therefore
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j:tft“a++(b'a)+(1—t)ath
<|f (w )| [t @) [ra-tat
‘f G L@’ g

Similarly we have the following inequalities

J-Ol(l_t)‘ . '(t 2a+z(b,a) Ly 4a4+ qudt

f,(4a+z(b,a)jq a7

< %| f'(2a+n(b,a))f* +
1
jt
0
<1‘f,(4a+3n(b,a))“

-3 4

1
3

f,(4a+3;7(b, a) L) 2a+z(b, a))th

+%| f'a+nb,a)l (@18)

j:(l‘t)‘f'(t(aw(b,a)+(1—t)%j ot

< %| f'(da+37(b, ) +%| fa+tnbal (19

using (16) to we get the desired

inequality.

19) in (15),

Theorem 5: Let f : R—>R be a differentiable
function on 1% such that f’eL[a,b] where
719

a,a+n(b,a) el is

preconcave for some ( >1 , then the following inequality
hold:

with a<a+n(b,a) . If |f

|f 4a+r;4(b,a) 4 f 4a+3Z(b,a) 1
| 2 n(b,a)

(z2%
2q-1 16

{ ‘fI(SaH]S(b,a)) +

j f (x)dx

i 8a+3n(b,a))
8

' 8a+Sg(b,a)) +‘f¢(8a+7g(b,a))
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Proof: Using the well-known Holder's inequality for ¢ >1

,Lemmaland p=--

o1 o we have

‘ f (4a+1] (b, a) I (4a+:7 (b, a)) . 1 J-awy(b,a)
| 2 n(b,a)

(08 {Lt%dtf[gt
T
()
{fe- o*j“’[fs

Since |f’|q is preconcave therefore
1 1
[t—F—=+
0 4

q
f' 4a+7]4(b,a) +a
2

Similarly the following inequalities holds
1
[t
0

q
<|f ,(Sa +7n(b, a)j
8
1
[t
0
q
<|f ,(Sa +7n(b, a)]
8
1
k

S ‘f,[8a+7n(b,a)jq
8

f(x)dx

'IAY:
dtj

4a+nba\ ]

a

4a+Z(b,a)+(1_t)

2a+nba

+({1-1)

4 |

dt]

dt] . (0)

4a+377(b a) 2a+n(b,a)

[ +(L-1)

t(a+n(b,a)+(1—t)w

q
dt

<

8a+77(b,a))q

3 (21)

:‘f’(

2a+n0.a) , 4a+n(ba) it
2 4

(22)

q
4a+3:17(b,a) +(-1) 2a+z(b, a) dt

(23)

t(a+n(a)+ (1—t)wth

(24)

using inequalities from (21) to (24) in (20), we get the
desired inequality.
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