Sci.Int.(Lahore),27(2),835-837,2015 ISSN 1013-5316; CODEN: SINTE 8 835

ON STOCHASTIC COMPARISONS OF PARALLEL AND SERIES SYSTEMS

WITH HALF-LOGISTIC COMPONENTS

Ali Dolati', Mina Towhidi?, Marzieh Shekari”

lDepartment of Statistics, Faculty of mathematics, University of Yazd, Yazd, Iran.

2Department of Statistics, Faculty of sciences, Shiraz University, Shiraz, Iran.

“3Department of statistics, Faculty of Sciences, Shiraz University, Shiraz, Iran.

Corresponding Author: shekari.su@hotmail.com

be independent random variables with ¥, having half-logistic distribution with the scale parameter
Ay, fork=1,...,n Let Xy,..., X, be a random sample of size n from a half-logistic distribution with the common scale
parameter A = .14 A;/n. The purpose of this paper is to study stochastic comparisons including usual stochastic ordering,
hazard rate ordering and the dispersive ordering between the smallest and largest order statistics from these two samples.
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INTRODUCTION
The random variable X has the half-logistic distribution if it

has the cumulative distribution function
1— g~ 4x

F(x) = x=0,

1+e 4’ 1)
for any arbitrary scale parameter A. The probability density
function corresponding to (1) is

2Ae~ M 0
f(x) A+ e ™ x=0. @
The half-logistic distribution with the scale parameter A will
be denoted as HL(A). Use of this distribution as a possible
life-time model has been suggested by Balakrishnan [1]. For
more detail on this distribution we refer to the chapter 5 of
the book by Johnson et. al [7].
Order statistics and statistics based on them play an important
role in reliability and statistics. Let Xy, = X5, =... = X
denote the order statistics of independent and identically
distributed (i.i.d.) random variables X;.X,,....X, with
common distribution function F. As is well known, the
lifetimes of parallel and series systems are correspond to the
Xam and Xy, respectively. However, in practice,
observations are independent but non-identically distributed.
Its of general interest to study the impact of heterogeneity
among components on the characteristics of a stochastic
system. There is an extensive literature on this topic for the
well-known distributions such as the exponential, geometric,
gamma and Weibull model; see, e.g., [3-5, 8-11, 13-18].
However, there is no results on stochastic comparisons of
order statistics from heterogenous half-logistic random
variables. This paper, focuses on stochastic comparisons of
the extreme order statistics when the underlying random
variables follow the half-logistic family of distributions.
For ease of reference, let us first recall some stochastic orders
from Shaked and Shanthikumar [15] which will be used in
the sequel. Let X and ¥ be univariate random variables with
the respective survival functions F=1—F, G =1 — G and
the density functions f, g.
Definition 1 The random variable X said to smaller than the
random variable ¥ in the

(i) usual stochastic order (denoted by X <, ¥) if
F(x) < G(x) for all x;

(ii) hazard rate order (denoted by X =<y, Y) if
G (x)/F(x) is increasing in x;

(iii) reverse hazard rate order (denoted by X <., ¥)
if G(x)/F(x) is increasing in x;

(iv) likelihood ratio order (denoted by X =, ¥) if
g(x)/f(x) is increasing in x;

(v) dispersive order (denoted by X <p,.,Y) if
Flv)—F'w=6Yv)- 61w, for all
O<u<v<l,

MAIN RESULTS

Let Xy,..,%, and ¥,..,¥, be two sets of mutually
independent random variables. Assume that for k € {1, ..., n},
¥,~HL(A;) and X, ~HL(Z), where 1 = Xi_; A /n. Let Fy,
and G denote the distribution functions of X, and Yn
with the corresponding densities f,,, and g, and let Fi1, and
G 1y denote the distribution functions of X3, and ¥y, with

the corresponding densities fcl:, and g1y. Then for x = 0,
—Axn T

1—e 1—e M
F':'n:' (x) = 1tetx)’ Gl:ﬂ](x} = l_l 1+ e’
=Ax

Fny (09 = Foy () e, () = G(n.tx)zl =

and

Fp(x)=1

n e—‘rt.lx on e—ﬂ.lx

E:l (1 + e_‘lkx}’
T

“Oremw fo@=1

_ ni _ Ay
fy(0) = Fy, (x}m: Gy(x) = Gy (x)z 1t+e
k=1

The following proposition provides a result for the usual
stochastic order of the extreme order statistics from the half-
logistic distribution.
Proposition 1 Let Xj,...,X, and ¥, ...,¥, be two sets of
mutually independent random variables. Assume that for
kell,..,n}, Y,~HL(A,) and X,~HL(A), where
A=30_, A /n. Then

(l) Yl'n '=<st Xl o

(”) St 'J‘I‘.l’t
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Proof 1 From the definition, ¥;.,, <. X1., if and only if,
1 1

= :
nL(l+e ) T (14 e )

By applying the arithmetic-geometric mean inequality we
have
1+~

1
n o (l+eTym

iy (ot -akx) s ()

[

1 g—ﬂk.x
S tlisi = b
which is the required result. For part (ii), note that
Xom <t Y ifand only if
T 1 — e M 1—e4\"
= .
B 1+e e \14e M
Using (3) and
1
L (l—e M) 1—— n et <1 —
1
ke ()R =1—e7H,
(4)

we have the result.

The following result compares the extreme order statistics
form the half logistic distribution in terms of the dispersive
ordering. To prove the result we need the following technical
lemma from p. 73 of [12].

Lemma 2 Let h be a nondecreasing function such that
h,EU) = (31, and let a; 2;0, i=1,...,n Then

1_[ akz h(a,) < z ah(a,).
k=1 =1 =1

Proposition 3 Let Xi,...X, and ¥;,....¥, be two sets of
mutually independent random variables. Assume that for
ke{l,..,n}, Y,~HL(A) and X,~HL(A), where
A=Xr_, A, /n Then

(l) X‘J‘l:‘l’t {disp Y‘rtm;

(”) Ylm {disp le-
Proof 2 For part (i) note that

Kon {disp T ﬁg[m(x) {fl:ﬂl{Fl:;Tji(G(ﬂI(x)}

()

After some simplifications (5) is eqL;ivaIent to )

N A e < N ; S 1kt [ ; (1 ek

1—e2he = Z K ﬂ 1—e k) Z K ﬂ 1+e k)"
=1 k=1 k=1 k=1 k=1

Multiplying both sides by x(= 0}, it is sufficient to prove

1

. 4y,e7%% n L 14+ e Yk\n 7 I 1— e~ Ye\n
) < _

g <\ ) = (e [ (o)

k=1 k=1 k=1 k=1 k=1
®)
e
For all ¥4,....¥, (= 0). In lemma 2.1, let a;, = (Lg—_y::)
and consider the mcreasmg function h(t) = —In (1“ )/t“

mk(1+s' Yk

so that h(a,) = ° Then we have
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1 /1 — e Yiyn Vi [l—l—e ‘k}
[ G ) s
14e 1—e
k=1 k=1
()

Similarly, if we let h(t) = —ln( n), then h(a;) = yy, and

thus
1
- T l—eVem o (14 e %)
2l (o) =2 "=
14+e 1—e

k=1 k=1 k=1
®)

From (7) and (8), the right-hand side of (6) denoted by
W(vy,..., V) satisfies 3)
n
Vi(1— e ™)
1+e %

n |

V(1 +e %)
= - —
T)b(}rl-""-'}}ﬂ)_; l_e—yk
n =

4y ek

1—e 2%
k=1
which completes the proof. For part (ii), note that
1

ni _ 1
foy(F5 Gy ()} = > Gay()2 =673, ().
After some simplifications Vi -<d,sp X, if, and only if,

STl |3
i)

or equivalently,

1
o Agxe e T (14 e~he ﬁ{ N 1
1+e—1k~'~“l_l e ) = Z k)
=1 k=1 =1
9)
~h\m
Applying Lemma 2, with %=(TTH) and

h(t) =1n(t"—1)/t" t = 1, yields the required result.
Remark 1 The above result gives a lower bound on the
variance of a parallel system and an upper bound on the
variance of a series system of heterogeneous half logistic
components in terms of that of a system of identically
distributed half logistic random variables. The explicit
expressions for the moments of order statistics from the half-
logistic distribution is given in [6].
Proposition 4 Let Xj,...,X, and ¥, ...,¥, be two sets of
mutually independent random variables. Assume that for
kell,..,n}, Y,~HL(A,) and X,~HL(A), where
A=30_, A /n. Then

(l) Xnm <nr Yam;

(”) Vi <or X1
Proof 3 From Theorem 2.B.20 of [15] if X <;;.,, ¥ and either
X or Y has IFR (increasing failure rate) distribution, then
X =y Y. Since half logistic distribution has IFR it follows
from Theorem 5..8 of [2] that X,,., and X;., have IFR. Using
this and Proposition 3 we get the required result.

In view of the chain of implications
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X '=:|1. Y= i :Ih i
hr (10)
one naturally wonders whether the result of Proposition 4
can be strengthened to the likelihood ratio order. The
following counterexample gives a negative answer to this
question.
Example 1 Let ¥;,¥; and ¥; be independent half logistic
random  variables with the scale  parameters
Ay =054, =02 and A; = 0.9 and let X;.X; and X; be a
random sample from half logistic distribution with the scale
parameter 4 = (0.5+ 0.2+ 0.9)/3 = 0.5333. Then it holds

=X =<, ¥,

that

F...(0.5 F..\ (1
F(05) 0.9860 = 0.9812 ~ ) ),
G(1,(0.5) Gy(1)
and

G (1 G,.(3
Em@) 0.5824 = 0.5523 & ‘3"‘7{}
F(_’nj (1} Fl:‘nj (3)

As a result Fi3y(x)/Gy(x) and Gyy(x)/Fpy(x) are not
increasing in x>0 and, hence Yy, 4 Xim
andX,.., %h Y, Which in turn imply that Y5, <. X1., and
Xnm Ar Y’nm-
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