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ABSTRACT: In this paper, some generalized exponential chain ratio and chain product type estimators have been proposed
for finite population mean in the presence of non-response in stratified two-phase sampling when means of the auxiliary
variables are not available. The expressions for the bias and mean square error (MSE) of proposed estimators have been
derived for two different situations of non-responses. Theoretical comparisons for proposed class of exponential estimators
have been made with Hansen and Hurwitz (1946), stratified two-phase ratio and stratified two-phase product estimators. An
empirical study has also been carried out to demonstrate the performances of the estimators.
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1. INTRODUCTION

The problem of non-response is very common in surveys and
consequently the estimators may produce bias results. Hansen
and Hurwitz [1], were the first to develop a procedure to elicit
response from the sub-sample of non-response. They
suggested the first attempt by mail questionnaire and the
second attempt by a personal interview. Survey based on
Hansen-Hurwitz technique costs more because of extra work
of personal interviews. They envisaged an estimator for the
estimation of population mean in the presence of non-
response. Variance expression along with the optimum
sampling fraction among non-respondents was also derived.
They proposed a sampling plan that involves taking a
subsample of non-respondents after the first mail attempt and
then interviewing the subsample by personal interview.
Cochran [2] provided some ratio and regression estimators
following Hansen-Hurwitz [1] for the situation of non
response. Further improvement in the estimation procedure
for the population mean in the presence of non-response
using auxiliary character was suggested by several authors
including Rao[3], Khare and Srivastava [4,5], Tabasum and
Khan [6,7], Singh and Kumar [8], Chaudhary et al. [9,10],
Singh et al. [11] and Khare et al.[12], Sanaullah et al. [13],
envisaged some generalized exponential-type ratio and
product estimator for stratified two-phase sampling in the
presence of non-response.

Bhal and Tuteja [14] introduced the exponential ratio and
product type estimators in simple random sampling for
estimating the population mean. Singh and Vishwakarma [15]
suggested a generalized exponential estimator using single
auxiliary variable, and Noor-ul-amin and Hanif [16] modified
the exponential estimator for two auxiliary variables in two-
phase sampling design. Sanaullah et al. [17] proposed some
improved exponential-type estimators using information on
two auxiliary variables and Sharma et al. [18] have discussed
some exponential product type estimators using information
on auxiliary attributes. Singh and Kumar [19] envisaged a

generalized exponential estimator for two auxiliary variables
in stratified sampling following Singh et al [20]. Koyuncu
and Kadilar [21], and Sanaullah et al. [22] discussed some
generalized exponential-type shrinkage estimator for
stratified two-phase sampling. These all above said
improvements are based on the fact if population mean(s) of
the auxiliary variable(s) are known before the survey
planned. In some situations of practical importance prior
information about auxiliary variables are not available and
this is the situation we are focusing in this study.

Let a finite population of size N be stratified into L
homogenous strata. Let N, be the size of h™ stratum

(h=12,.......,L) such thatZ:r;lNh =N and (Y, Xy

be the observations of the study variable (Y ) and the

th

auxiliary variable (X), on the i" unit of h"™ stratum,

respectively. Let, ¢ and X, be the sample means of ht

stratum corresponding to the population means Yh and Xh

respectively. However in many practical conditions it is not
possible to get hold the population mean of two auxiliary

variables X, and Z,, in such a situation it is usual to
replace these by their sample means 7{] and 7;] respectively

based on a preliminary first-phase sample of size n; (n'=

L L
Zn;]) of which N, (n:Znh) is a sub-sample i.e.(
h=1 h=1
N, CN;). A bit in a different way we can use the

knowledge of the sample mean of secondary auxiliary
variable which is closely related to the primary auxiliary
variable but remotely related to the study variable. That is if
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| |”N1

Xh is replaced by X where Zg is based on the

N

st

L
“ phase sample n (:Z:nh ), this would provide a better
h=1

estimate of X, than X, .

It is assumed to be that at the first phase all the N/ units
provide information on auxiliary characteristics. At the

second phase from the sample N, , let My units provide the

response for the survey questions and My 2) units do not.
Following Hansen-Hurwitz [1] sampling plan, a sub-sample

Mh(2) .
k) from n, ;) non-respondents is selected at

of size I (=

random and is re-contacted for their direct interview, where
(ky>1) is the inverse sampling rate. Here it is assumed that all

the I}, units provide their response to the survey. Hansen-
V  for
population mean Y in simple random sampling, which may
be modified under stratified random sampling as,

* L * _
yst = Z R [(nh(l) yh(l) + N2 yrh(Z) )(nh ) 1}
h=1

where Y, and y:h(z) are responses recorded from the
sample of respondents of first attempt and second attempt (re-

Hurwitz [1] reported an unbiased estimator

(1.1)

contacted for personal interview) respectively and Y, and

V:h(z) are the sample means. The variance of this estimator
may be given as,

L, L N, —n,)(N,n )" S2
Var ( yst ): Z th ( h h )( ) yh2 (1.2)
| +(k, —1)(n ) Wh2 Sy

Ny

where S, =S7 =>"(y, —Vh)z(Nh—l)_l, and
i=1

Nh(Z) —
S = z (yI h?Z) )Z(Nh(z) —1) " are the population

variances Wlth population means
Nh(2)

— Ny ~
Yh=Z(Nh and Y, = Z( h(2)) Vi Tor
i=1
respondents and non-respondents groups respectively, and
-1
Wh(Z):Nh(Z)(N) .

The formulas reported in (1.1) and (1.2) can be defined same
for the two auxiliary variables X and Z.

When there occurs non-response on study variable as well as
on the auxiliary variable, the usual two-phase ratio and
product estimators for population mean are defined in
stratified sampling respectively as,

Yoy = VaX, /X , (Ratio estimator) (1.3)
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Yoy = VX, /X, , (Product estimator) (1.4)
where ¥, and X, are Hansen-Hurwitz estimators modified

to the stratified sampling for population means X and Y
respectively, and (Y ), Xpp)): and (Yiiz)es X)) are the
sample means for h'™ stratum based on Nhaay and Ny)e UNIts

L
=Y BR.X; is the sample mean based
h=1

respectively, and X,

L Wik

on ny = Znh . It is to be pointed out that Y, is modified
h=1

form of Tabasum and Khan [6] to the stratified sampling. The

mean square errors for the ratio estimator Y, and product
estimator Y_,;Z1 are given respectively as,

ﬂ'hs }‘h (th + Rssfh - 2Rthyh)
~2RS,))

MSE (Yq,) ~ ZPZ (1.5)

22
| +4 (Syh(z) +RiSh

and

XS5 + A (Si + RESE + 2RS,
MSE(Y,) ZPZ (55 + s ,) (L.6)
h=1

73 (St + RiShs + 2RS 1))

where S, and S are the co-variances from

xyh(2)
respondents and non-respondents respectively with Rh :Y_h/

o wf) wf)

« [k -1
/111 :[h—jwh(zy

Ny
When there occurs non-response only on study variable, the

usual two-phase ratio and product estimators are defined in
stratified sampling respectively as,

Yoy, = VX, /X, , (Ratio estimator) .7

Yo, = VX, /X, . (Product estimator) (1.8)

Y_F;;o is a modified form of Tabasum and Khan [7] to the
stratified sampling. The MSE’s of the estimators are given
respectively as,

L

Yad 2 2 2 22 *e2

MSE(YRdo) ~ th (ﬂ't:syh +/111 (Syh + Rhsxh - 2Rhsxyh) + /lnsyh(z))

h=1

(1.9)

and

L
2 2 2
MSE (Vo) = Y 7 (4S5, + A (S5 + RISH + 2R S ) + 48 )
h=1
(1.10)
Sanaullah et al. [13] proposed exponential-type estimators in
the presence of non-response for the situation when means as
prior information of the two auxiliary variables are known. In

situation of practical importance these prior information are
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not available it is therefore in the present study, the objective
is to observe the situation if prior information of the two
auxiliary variables are not known and then propose some
generalized exponential chain-type ratio and product
estimators in stratified two-phase sampling for dealing with
two different cases of non-response.

2. PROPOSED GENERALIZED ESTIMATORS
In this section, we propose some generalized exponential-
type chain ratio and chain product estimators for stratified
two-phase sampling considering two different situations of
non-response described.

Situation-1: when there occurs non-response on study and
auxiliary variables in 2"-Phase.

Following Sanaullah et al [13,22], we have adapted some
estimators of population mean for situation-1 under stratified
two-phase sampling as,

L
L thﬂh .
hZ;Ph th *_Yh L .
. L : Rz R (z-7
Yo =D PV, exp =i exp il
er L C
h=1 L ZPth X hZ;Ph(T*‘+7|:)
ZPh X et *+¥h =
= ;Phih
(21)
and
L
L thah
R | % —x nd
- * )| ($aen
Yo =2 RV, exp T exp| £—
h=1 ZL: ) nZ;' R hzl: 2 (7h +7h)
Pyl X, +X5, C -
ha ;thf
(2.2)

A generalized exponential chain-ratio estimator of population
mean for Situation-1 under stratified two-phase sampling for
non-response is given by

s L -
V.2 =) RV, exp| a
h=1 "

(2.3)

exp| B| < ——
YR (z+0b-17)

h=1

Where (a, ) being the constant which take values (0,1,-1)

in order to design different estimators, and (@, b) are some
suitable constants whose values are to be estimated so that

MSE of Y_eG is minimum.
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It is observed that for (¢, 8,a,b) = (1,1,a,,b,), in (2.3),

r
we get a generalized exponential chain ratio-type Y_ef as the

member of the class of Y,®. From this class some

exponential chain ratio-type estimators are presented in Table
1.

- L

G —x =

Yer :E,Pth exp =
h=1 /

(2.4)

exp| —
> R (7 +(b -1)7)

h=1

and for (&, f,a,b) =(-1-1,8;, bp ) we get a generalized
exponential chain product-type estimators Y_e,? as the

member of the class of VSG. Some exponential chain
product-type estimators are presented in Table 2.

A L

7 G o* -

Y, = Z Py, exp =
h=1 4

(2.5)

Table 1:

Some members of the class of the estimator Y_eG

Exponential Chain Ratio-type a p a pB

Estimators Y_e?

A L

2 . >

Yo=Y Ry, exp| —————
h=1 ‘

exp| —
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L

. A
DR [T X

~ L n=t >Rz
3 _ vl h=1
Yep - Z IDh yh exp L

h=1 L zphfh'
ZPh Xn + X hfl

h=1 SRz 1 2 -1 -1

~ L .
Yef = Z Ph yh
h=1

Table 2:

Some members of the class of the estimatorY_eG

Exponential Chain product-type

Estimators Y_eg

2 L .
Ye;ln = Z B Y, exp
h=1

In order to obtain the bias and MSE expressions, we consider
Vo =Yo(l+€)), X =X, (1+ey), zn =Z,(1+€},)
X =X, (1+€,), Z, =Z,(1+¢},)

such that E(e/)=E(e )=0, for (i=0,12),
|
E@)’ =25 2 R (4Sh +A4Sh, ) =C,,
h=1
) |
E(e)" =

E(e:)z = th (Zhsfh +21:th2)=sz
h=1
* * 1 I * *
Ele &)= >, P? (44Syn + 48,2 ) =Cy
* * 1 I 2 *
E(eo-e1) = W a Ph (Zhsxyh + ﬂhsxyhz) = ny
* 1 I ' ’
E(eo'el) = W - th (ﬂhsyxh ) - CXY
rAF 1 ! ' '
E(el-ez) = i T th (ﬂhsxzh ) = sz
where
A. =C, -C,, and AC;y =C, -C,

The estimator (2.3) can be expressed in the form of ’s as

March-April



Sci.Int.(Lahore),27(2),901-915,2015 ISSN 1015-5316; CODEN; SINTE 8 905

Zthh (L+e},) (26)

L _
Z Xy (g ) Xy Lvey) Expanding the right hand side of (2.6) up to the order n™* of
thzh (+ez) approximation, we have

L
Y2 =) Y, (L+e,)exp| a
RZy (L+ey)
+a-)Xp (L+eyy)
1+eZh

L —
YR X ()

h=1

’Mf gl

L
ZP(Zh (Leegn)-Zy (Lrey, )|

exp| -

-1
L
ZP( n(Legn )+ 1+e2h))
h=1

2

a(el' —€ +6,—€,+6, + 6/, —e, —)8, + 8,8 +6,8, €, —eoez) . ﬂ(e; —&,+6,6) -eoez)

a b

a(ef +ey +€f +e +2ele, — 2ele, — 2efe, — 2€j6, — 2ej8, + 26,8, + (a-1)(efe, + €5, —e,6, —€7))

AG — — az
VeV ~V|e+
a(ef +ef +6 +e; +2ele, — 2ee, - 2epe, — 2656, — 2eje, + 26,6, )

aZ
B(e7 —€je, + (b-1)(eje, —€7)) B (eie, +e —eje, —e; —ee, —eje, +€; )

+

h? ab

+

(2.7)

The bias and the MSE equations of Y_eG upto the order n* are obtained respectively as

a(c; -Cp,—A. —A.
Xy

Cy,

|

 BO-DA,. ap(d +A, |

R B _ Y + > zz +

Bias (YC) ~ Y a b b ab 2.8)
“(Ac* +A. + ZAC;Z —(a—l)(AC:Z +AC;X)+AC; +AC;X + 2Ac;)

2

a

and

N B A +A. +2A. ) BPA. Za(A* +A*) 2PA.  2aB(A. +A.
MSE(Y.®) ~ Y2 c:;y+ ( o G )+ RPN U TR S ( Ce ) 2.9)
a b a b ab
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The optimum values of @ and b are obtained respectively
as

a((A;f -AA, ) ﬂ((A;f A )
a= and b= =

AA —AA AN —AA
(2.10)
Where
A=A, +A, A,=A. +A,
A=A, +2A. and  A;=A_ +A_

Substitution for the optimal values of @ and b in (2.9) yields

the minimum value of MSE of YieG as
min.MSE(\iG)
* 2 * 2 * *
N (Ac | +(80) A - 28080,
— - 3( C ( 4) C 1—/4 cyz

zY2 C _ yz - zz* -
A — (A7)

(2.11)
The MSE expressions for the estimators YirG ,and Yie,? can
be obtained by putting (¢, #,a,b) =
(1.1,a,.b)and (-1,-1,8,,b,) in (2.9) respectively as

s P

MSE(Y,:)

(A g v2as) A
C,+ +—=

A ) 28, 2(ag 4 )

a b ab

r r r=r

(2.12)

(8 A raag ) A
ny + 2 + ZH
_ a, b,

28 2(A +4, )
+ + +

a, b, 2,0,

(2.13)
The MSE’s of Y.©

AG P .
o » and Y, are minimum respectively

for

Sci.Int.(Lahore),27(2),901-915,2015

() -mag) o ((a) s )

" A ~AA O AA-AA
(2.14)
and
* 2 * * 2 *
_((Al) —A3AC;) —((Al) —ASAC;)
a, = and b, =

p * * p * * *
AA. —AA AN~ AA

(2.15)

The minimum values of the MSE s of Y., and Y_eg’ may

er !
be obtained as

min. MSE(tg) = min MSE(t;) = min MSE(t;)

*

vy

* 2 * 2 * *
A3(AC;Z) +(AY) A ~ 20NN

~Y?| C

* * 2

A, _(Al)
(2.16)

The Bias and MSE expressions for the estimators reported
in Table 1-2 may be obtained directly by putting (¢, £ ,a
b)=(122), (1.1.21), 1,1,1,2), (-1,-1,2,2), (-1,-1,2,1),
(-1,-1,1,2) in (2.8) and (2.9) respectively as

* '
(Ch-Ca-a, -2, ) (A, +4a +4a,.)

yz

2 - 4

Bias (Y.) =Y

(2.17)
Bias (Y?)

. (CXX—C;Z—AC:y -3, ) (&, +4a, +54,. |

2 4

(2.18)
Bias (Y2)

: 2(cxx ~C, -4, ) -3A. (A +11a. +184, |

~
~

2 4
(2.19)
(CXX ~C-A. - 28 )
Bias (\?jp) ~-Y 2 (2.20)
(A g vaa
4
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- = 2
Bias (Y;;)

N _Y_ (Cxx - sz - Ac;y - SAC;Z ) ~ (AC:X + 4AC; + SAC:Z )

2 4 ~Y? 4
2.21) +(Ac; A )
N o _ (2.28)
Z(CXX C ACIV) 3AC; Situation-11: when there occurs non-response only on
P _ 2 study variable.
Bias (Y;,) =Y (2.22)
(SA . +11A . +18A ) A generalized exponential chain-ratio estimator of
_\ Ca Ca population mean under stratified two-phase sampling for
4 situation-11 of non-response is given by
and )
L zphir:
(B +2ag v ) Sala i,
s _ ny + 1 N L h=1 iphfh
MSE(Y,) Y Y. =Y Py, exp| a L
(AC* +AC* ) h=1 . >Rz
—(A . +2A . )+— DR G @ -D%, | | (2.29)
Ca Cy 2 h=1 zphih
(2.23) e
L
Bz} -7
. (AC;X +5ACZZ +2AC;Z) exp ﬂ ZX h( h h)
- | Cyy + ST .
MSE(Y2) =Y 4 DILACRCELY
—(A . +3A. )+(A C+A L ) where (a, ) being the constant which take values (0,1,-
Cx C z CXZ CZZ
’ ’ 294 1) in order to design different estimators, and (a,, b, ) are
(2.24) some suitable constants whose values are to be estimated
c s (4AC; + SAC; + SAC;Z ) so that MSE of Y_eG" is minimum.
A ~ _2 yy o o o o o o -
MSE(Y,) ~Y 4 For (@, f.a,b") = (1,1,8,b¢) and (-1-1,a],b}) in
_(ZAC* +Ac* )+(Ac* +Ac*) (2.29) we get generalized exponential chain ratio-type
' g (2.25) estimator Vef"and chain product-type estimatorY_eS", as
(Ac* + 2Ac* + ZAC* ) the member of the class on_eG° .
. C;y + XX 4ZZ XZ ZL:PH
v 1 /2 L hZh
MSE(Y,,) =Y ( 2R R, L
A +A. ) A L i >R zph(fh—zh
c c 7 Go o -
+(AC* +2A. )+—“ 2 Y. =Y Ry, exp . exp| = ——
Xy 2 2 h=1 L ZPhTh z Ph(zh +(by-1)7, )
(2.26) DR G -D)%, i
=t thfh
A h=1
v/ 2
MSE(Y.2) (2.30)
and
(A 5Ag v )
=Y?|C, +—= = 2 +(A*+3A*)+(A*+A*)
4 ny Cyz sz
(2.27)

ISSN 1015-5316; CODEN; SINTE 8 905

MSE(Y.2)

. (48 +5a. +8A )
C,+ +(2Ac:y +AC;Z)
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L _ L
L zph h L thir;
th X =X hfl th X hfl —Xn
AG L n=t thih A L h=t thih
o _ o h=1 \/ 3o __ fvad h=
Yep - z Ph yh exp L Yer - z Ph yh eXp lL
h=1 L DR h=1 L P
2R (@ D%, (2.31) LI
= TR 1 Az ] 2 1 1
h=1 h=1
L
th (fh _Zh) ZPh (?r,\ ~Zy )
exp| ——— exp| ==
>R (7 + (05 -7, ) YR (z+m)
h=1 h=1
The proposed estimators for situation-11 in (2.29)-(2.31)
follow naturally in exactly the same fashion as that for Table 4:
situation-I. In addition, the relation between a° & b° is Some members of the class of the estimator Y—ZGO
the same as that for case-l. It is therefore the class of : ;

i o . Exponential Chain Product-type /4
estimators for situation-I1 in Table 3 and Table 4 may be P Estimators yp a b B
presented in the same way as the estimators reported in
Table 1 and Table 2 for situation-I. ZL:thé

Table 3: N ha
A DR K R
Some members of the class of the estimator Y,®* 2 . " hZ:lthh
Exponential Chain Ratio-type a b 2 B Yep - Z P.Yh exp L
Estimators h=t L 2R
ZPh X +Xp
L h=1 ip— p 2 -1 -1
L thz*; h=1 e
DR KK, )
A L h=t zphfh zph (Zh ’fh)
v/ 1o —* = =
Yer = Z I:)h yh eXp hLl EXp hLl
—~ ) SR D7 +7)
PR h=t
P iphfh 2 2 1 1 )
h=1
-
S ZL:P X, — X, hz:l -
zph(fh*fh) =1 I
exp h=1 2, L . hzlphzh
- o - -
Z:Ph(zh +7; ) Yep - Z Ph Yn EXp Lo
= h=1 ¢ 2B
B, | X +Xf, —
} I A A
L thih "
PIGIE AR > (5 %)
2, L i zphft: exp ho1
o —%* h= L
Yer = Z F)h Y €Xp Ll > R
h=1 . > R et
th X hfl +Xp
= - 12 1 1 1 Lo
hzzlphz . thh ;
. Eph Xy —Xp, Z,_::lpi
zph -7, 30 - — =
exp| i) Yoo =2 PVnexp -
L h=1 >Rz
ZP“ h S — h=1
h=1 ZP" h
! Saz | 4 2 -1 -1
h=1
L
>R (fh *Zh)
exp| =2——
> oR(z+7)
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1 L
In order to obtain approximations to the bias and MSE for E(e, )? _—Z zhsfh =C,
stratified two-phase sampling for situation-1l of non- z® h=
response, let us define E(ee,) 1 ZL: 2(%5 /1;8 ) c
va —x 7 * e .e)=— + =
=X, (1+e,). Vo =Y(1+e), Nz A n nz)
7 o va * 1 L * *
Z,=Z,(1+e,), E(eo.el)=WZPh2(ﬂhSth + 23S n2 ) =Chy
n, n, h=1
Z Xni Z Zy; 1
. . ') =— =C/! where
Kh — =l ' and Zh — =l E(el eZ) 7X ZP )”hsxzh sz
n, n, , ,
o, 1 A, =C,—-Cand A, =C, —Cj
E(eo) _Y__hz—: ( +ﬂhsyh2)
2 1 - 2
E(e) = ra P’ 2,S5 =Cy

h=1

The bias and the MSE equations of Y_eG are obtained respectively as

a(CXX - CZ'Z B ACXY B ACW ) _ ﬂACYZ + ﬂ(b _1)Aczz + aﬂ(ACXZ i ACU )
. A _ a b bz ab
Bias (Y°*) ~Y . : ’ e (2.32)
a(a, +A 428, ~(a-D)(A, +A )+A +A, +24 ]
_ =
and
. ‘(8 +a, +28, | pA Za(A +A ) 260, 2aB(A, +A, )
MSE v/ Go zY_Z C* + cxx sz sz _l_ czz _ CXV Cyz _ Cyz _l_ sz sz
() g a; b? a, b, ab,
(2.33)
The optimum values of a, and b, are obtained as Where
A=A +A A, =A_ +A A=A, +2A
2 2 1 CXZ CZZ ! 2 CXX CZZ ! 3 2 CXZ
a((Al) ~ A, ) ﬂ((Al) ~ A, ) d A=A +A
= and bo = an 47 ny + Cyz
AA, —AA AA, — DA
(2.34)
Substitution for the optimal values of @, and b, in (2.33) ((A )2 “AA ) ((Al )2 —AA )
. . . LG ao — a’r]d bo — 7z
yields the minimum value of MSE of Y, as r AlAC _A4Ac r AA, _AsAC
2 yz 2z yz
AS(AC ) +(a,) A, (2.36)
, : ’ and
~ _ —20A,A 2 2
MSE) <7 € - ey an) o A e
Ade —(A) a = and by =
g A, —AA A, —AA,
(2:37)
(2.35) The minimum values of the MSE’s of YerG", and Y Y.>° may
Similarly the MSE’s of Yef”, and Y_e;? are minimum  be obtained as
respectively for min.MSE(t") = min. MSE(t ") = min.MSE(t%")
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2
A, (Acﬂ ) H(A) A 2884,

A~ (A, )2

(2.38)
The Bias and MSE expressions for the estimators reported in

Table 3-4 may be obtained directly by putting («, £#,a,,h,)

= (11,22, (1,1,2,1), (1,1,1,2), (-1,-1,2,2), (-1,-1,2,1), (-1,-
1,1,2) in (2.32) and (2.33) respectively.

3. Efficiency Comparisons
Now we compare the proposed generalized estimators with

usual Hansen and Hurwitz’s [1] unbiased estimator )7; and

some other considered estimators under two different cases as
a)- Situation-I

MSE(Y.!) < MSE(V.,)

A+ A .
if e <1/ and
2(2A4 +2A, —Al)
MSE(Y.}) < MSE (Yz,)
A, +A .
if P <1
2[(2A4 v2n —A)+2(A —2a )]
(3.1)
MSE(Y,?) < MSE(Y;,)
A, +4A .
if : Ce <1 and
4(A4 +2A. —Al)
MSE(Y,?) < MSE (V)
A, +4A .
if : Cu <1
4[(A47/+2AC;1 —Al)+(AC;X —AC;y )}
(3.2)
MSE(Y,?) < MSE(Yy)
4N, + A .
if S
4(2A4 + A —Al)
MSE(Y.?) < MSE(Y.,)
AA, + A .
if : G <1
4[(2A4 +Ac;z —Al)+(AC:X _Ac:y )}
(3.3)
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MSE(Y,®) < MSE(Y.,)
20,0,A .

2
2
As(AC;Z) +(A) A
MSE(Y,) < MSE (Ye)
2 2
—[A3(AC* ) +(A,) A, —2A1A4AC*)

(Ae,Ac;Z _(Al )2)(Ac:x + 2Ac;y )

if <1 and

if <1

(3.4)

ii)- Chain-Product Estimators

MSE(Y.) < MSE(Y5,)

A3 + AC:Z and
>1

2(2A4 +2A,. + Al)
MSE(Y) < MSE(Y,,)
Az + AL
Z[Z(AC; v2a; |- (28,28, + Al)]
(3.5)

if <1

MSE(Y,2) < MSE(Vz)

A3 + 4AC; and

if >1

4(A4 +2A,. + Al)

MSE(Y.2) < MSE (Y,
Ay +4A .

4[(AC; +ag )= (A +2ag + Al)]

if <1

(3.6)
MSE(Y.2) < MSE(Y.,)

4A3 + AC;Z o1 and

4(2A1y +AL + Al)
MSE (Y.2) < MSE (Yy)
4A, + A

if
4[(AC; + 2AC:y)—(2A4 + AC; + AI)J

<1

3.7)
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MSE(Y,®) < MSE(Y.,)
20, and

5 - <1
AS(AC;) +(A,) A

MSE(Y,%) < MSE (Y

2
_(A3(AC;) +(A4)2 A —2A1A4Ac;j

if
I (A3AC; —(Al)z)(AC:x +2A )

<1

(3.8)
The estimators proposed in situation-1 of non-response will
be more efficient if the above conditions found to be true.
Similar comparisons can be made for the estimators proposed
in situation-11 of non-response.

4. EMPIRICAL STUDY

In order to examine the performance of proposed estimators
under stratified two-phase sampling, we have taken two
different stratified populations as,

Population-1: [Source: Koyuncu and Kadilar, 2009]

We consider no of teachers as study variable (Y), no of
students as auxiliary variable (X), and no of classes in
primary and secondary schools as another auxiliary variable
(2) for 923 districts at six 6 regions (1: Marmara, 2: Agean, 3:
Mediterranean, 4: Central Anatolia, 5: Black Sea, and 6: East
and Southeast Anatolia) in Turkey in 2007. The summery
statistics for population-I given in Table A5 shows that study
variable Y is positively correlated with both auxiliary
variables X and Z, it is therefore this population is suitable for
ratio type estimators.

Population-11:[source: detailed livelihood assessment of
flood affected districts of Pakistan September 2011, Food
Security Cluster, Pakistan]

We consider food expenditure as study variable (Y),
household earn as auxiliary variable (X), and total
expenditure in May (2011) as another auxiliary variable (2)
for (6940) male and (1678) female households in flood
affected districts of Pakistan September 2011. The summery
statistics for population-11 given in Table A5 shows that study
variable Y is negatively correlated with both auxiliary
variables X and Z, it is therefore this population is suitable for
product type estimators.

The comparison of proposed generalized exponential chain-
ratio and chain-product estimators with respect to modified
Hansen and Hurwitz’s [1] have been made with modified
Tabasum and Khan’s ( 6,7) ratio and product estimators
respectively. We used Neyman allocation for allocating the
samples to different strata.

MSE’s for proposed estimators for situation-I and situation-11
are given in and Table A3 and Table A4 respectively. From
Table Al and Table A2, it is observed that proposed class of
generalized exponential chain ratio-type (Ye? ,Yf’) and

chain product-type estimators (YQS,Y_9§°) under both

situations of non-response are more efficient than modified

ISSN 1015-5316; CODEN; SINTE 8 909

Hansen and Hurwitz’s [1] estimator 7; for the population

mean Y. It is further observed that generalized exponential

chain ratio-type estimators Y.S is more efficient than

er

modified form of the ratio estimators Y, under situation-I

and Y_erG is more efficient than Y, under situation-11. From

A3 It is also observed that PREs for the proposed estimators
increases as inverse sampling rate K, increases under

situation-1.
Again from Table Al and Table A2, it is observed that the
proposed generalized exponential chain product-type

estimators (Y_eff Y_er?) are more efficient than )7; and

modified forms of product estimators (Y_Pd,Y_PL) under
situation-I and situation-I1.

5. CONCLUSION

Finally it is concluded that the performance of generalized
exponential chain ratio-type and product-type estimators are
better on the basis of PREs, and therefore the class of
generalized exponential chain estimators is proposed for their
practical application for both of the situations for non-
response.
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Table Al: Percent relative efficiencies (PRES) of estimators with respect to 7; for different values of kh each at different rate of non-response under Situation-1 using three different populations.
—* va 71 7 2 7 3 7 G va v 1 v 2 v/ 3 v G
Wy, Kp Population No Yat YRd Yer Yer Yer Yer YPd Yep Yep Yep Yep
20 1 100 316.5725 300.00 171.44 80.80 355.02 ok ekl ookl ekl ekl
' 2 100 faleiel falalel faleied faleied falalel 64.9538 100.64 73.89 29.64 218.00
95 1 100 343.7379 327.35 180.63 82.71 389.20 ekl ekl ekl ekl ekl
10% ' 2 100 falalel falalel faleiel faleiel falalel 61.8850 97.40 71.07 28.30 198.29
3.0 1 100 369.9346 353.99 188.99 84.36 422.99 ok ekl ookl ekl ekl
) 2 100 falelel faialel el el falalel 59.3792 94.80 68.83 27.25 194.05
35 1 100 395.2162 379.88 196.61 85.79 456.29 ok ok ookl ookl ookl
' 2 100 falaiel falalel falaiel falaiel falalel 57.2944 92.67 67.02 26.41 190.53
20 1 100 364.5528 339.02 179.15 79.59 415.91 ekl Fkk Fkk ekl ekl
' 2 100 ookl ookl ool ool ookl 65.6052 100.65 73.89 29.64 218.00
95 1 100 412.3668 382.02 189.65 80.71 478.71 el faiaiel faieiel falalel falalel
20% ' 2 100 falaiel falalel faleiel falaiel falalel 62.9599 97.40 71.07 28.30 198.29
3.0 1 100 457.3057 422.09 198.34 81.57 539.89 ekl Fkk Fkk ekl ekl
' 2 100 falelel falalel faleiel faleiel falalel 60.8689 94.80 68.84 27.25 194.05
35 1 100 499.6209 459.59 205.68 82.26 599.60 el ookl ookl ookl ookl
' 2 100 ookl ookl ool ool ookl 59.17469 92.67 67.02 26.41 190.53
20 1 100 382.2853 353.89 181.46 79.72 439.14 ekl Fkk Fkk ekl ekl
' 2 100 falelel falalel faleiel faleiel falalel 76.5228 111.73 83.82 34.93 220.90
95 1 100 436.9706 402.13 192.03 80.80 512.18 ekl Fkk Fkk ekl ekl
30% ' 2 100 ookl ookl el el ookl 77.3685 112.15 84.21 35.26 202.26
30 1 100 487.7213 446.43 200.54 81.60 582.90 ool ookl ookl ookl ookl
' 2 100 falelel falalel faleel faleiel falalel 78.0201 112.46 84.51 35.50 199.73
35 1 100 534.9462 487.22 207.53 82.22 651.39 ekl Fkk Hkk ekl ekl
' 2 100 falelel falalel faleiel faleiel falalel 78.5378 112.71 84.74 35.70 197.83
Table A2: Percent relative efficiencies (PRES) of estimators with respect to 7; for different values of kh each at different rate of non-response under Situation-11 using three different populations.
—* 7 o v 1o v 20 v 30 v Go 7 o v/ 1o v/ 20 v/ 30 v Go
Wi, Kn Population No Yt YRd Yer Yer Yer Yer YPd Yep YBD YED Yep
20 1 100 193.8316 186.58 135.68 79.97 205.02 Hokk okl ekl ookl ookl
) 2 100 ool ookl Hkk Hkk okl 76.1469 108.968 84.267 36.777 198.44
25 1 100 177.8583 172.30 131.20 81.53 186.29 ekl ok el ekl ekl
10% ' 2 100 falelel falalel falelel falelel falialel 77.1852 108.42 85.02 38.14 181.68
30 1 100 166.5321 162.06 127.72 82.87 173.24 ekl ok Hkk ekl ekl
) 2 100 ool ookl Hkk Hkk okl 78.1368 107.93 85.71 39.44 174.09
35 1 100 158.0830 154.37 124.94 84.03 163.61 Fokk Fkk Fkk falaied falaied
' 2 100 falelel falalel falelel falelel falalel 79.0122 107.50 86.33 40.69 167.79
20% 20 1 100 169.0789 164.37 128.53 82.55 176.16 ekl ekl ok ekl ekl
' 2 100 falelel falialel falelel falelel falalel 77.2828 108.37 85.09 38.27 187.09
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25 1 100 153.8445 150.49 123.48 84.67 158.82 ikl il ekl isiaad isiaad
' 2 100 ot okl et et ool 78.7123 107.65 86.12 40.25 169.88
30 1 100 144.1153 141.53 119.95 86.33 147.91 fsikad el faled fsielad fsielad
' 2 100 ol okl il il okl 79.9726 107.04 87.01 42.12 161.52
35 1 100 137.3642 135.27 117.34 87.66 140.42 Fkk Fkx kel Fkk Fkk
) 2 100 ol Frx Fkx Fkx Frx 81.0920 106.53 87.80 43.87 154.96
50 1 100 162.3269 158.24 126.36 83.43 168.43 okl okl ol ikl ikl
' 2 100 ot okl et et ool 80.5834 106.76 87.44 43.06 161.70
25 1 100 147.7912 144.92 121.31 85.67 152.02 Fkk Fkx kel Fkk Fkk
30% ) 2 100 ol Fxx ol ol Frx 82.8178 105.77 88.99 46.76 146.11
30 1 100 138.7533 136.56 117.89 87.37 141.95 Fkk Fkx kel Fkk Fkk
' 2 100 ool okl el el ool 84.5909 105.02 90.20 50.01 138.33
35 1 100 132.5902 130.82 115.41 88.72 135.15 ikl fdaled faaled ikl ikl
' 2 100 ikl ol ikl ikl ik 86.0324 104.46 91.18 52.88 132.79
Table A3: MSEs of 7:[ ,YRd , YPd and proposed estimators for different values of kh each at different rate of non-response under Situation-1 using three different populations.
o ~ 2 > o 26 ~ 21 >, 23 e
Why Kn Population No Yt YRd Yer Yer Yer Yer YPd Yep Yep Yep Yep
20 1 2144.00 677.254 714.6653 1250.5901 2653.4464 603.9020 ool il ool ol ol
) 2 5.09881 Fxk Fxk Fkx Fkx Fxx 7.8499 5.1321 6.9233 17.0571 2.4510
25 1 2370.93 689.749 724.2836 1312.5835 2866.417 609.1876 ikl ok ol ik ke
10% ) 2 5.40353 ol il ikl ol ol 8.7316 5.6632 7.6641 18.9580 2.8708
3.0 1 2597.86 702.248 733.8733 1374.5911 3079.4306 614.1602 ikl fdaled ikl falad falad
) 2 5.70825 ool ol ool ol ol 9.6132 6.1948 8.4055 20.8602 3.1385
35 1 2824.79 714.745 743.6016 1436.7757 3292.6163 619.0727 Fkx Fxx Fkk Fxx Fxx
) 2 6.01298 Fkk Fxk Fkx Fxk Fxx 10.4949 6.7256 9.1461 22.7604 3.4051
20 1 2540.35 696.839 749.3190 1417.9597 3191.7864 610.7929 ikl fadaled ikl falad falad
) 2 5.43362 ookl ol kool ol ol 8.2823 5.3988 7.3536 18.3297 2.4925
25 1 2965.45 719.129 749.3190 1417.9597 3191.7864 610.7929 ikl faalad ikl faalad faalad
20% ) 2 5.90575 il ik ikl il ik 9.3802 6.0631 8.3095 20.8667 2.9783
3.0 1 3390.55 741.419 776.2618 1563.6545 3674.0082 619.4667 il ik ol ik ik
) 2 6.37788 ookl ol kool ol ol 10.4781 6.7274 9.2653 23.4036 3.2867
35 1 3815.66 763.711 803.2763 1709.4545 4156.3209 628.0063 ikl fdaled ikl falad falad
) 2 6.85001 Frx Frx ol Frx Frx 11.5759 7.3920 10.2216 25.9412 3.5953
20 1 2703.11 707.092 830.2335 1855.1829 4638.5619 636.3692 il il kol ikl ikl
) 2 6.62876 il il il ol il 8.6625 5.9329 7.9079 18.9754 3.0007
25 1 3209.59 734.510 763.8134 1489.6096 3390.5111 615.5480 ikl il ikl il il
30% ) 2 7.69847 Frx Frx ol Frx Frx 9.9504 6.8646 9.1414 21.8357 3.8062
30 1 3716.08 761.927 798.1421 1671.3971 3972.3152 626.6575 ikl it ikl ekl ekl
) 2 8.76816 ol il ikl il il 11.2383 7.7969 10.3755 24.6981 4.3901
35 1 4222.56 789.343 832.4038 1853.0507 4553.9760 637.5133 okl il il il okl
) 2 9.83786 Frx Frx ol Frx Frx 12.5263 8.7286 11.6089 27.5587 4.9728
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MSEs of 7; ,Y_RL , Y_P°d and proposed estimators for different values of kh each at different rate of non-response under Situation-11 using three different populations.

Table A4:
Va v °© / lo \/ 20 \/ 30 v Go \/ © v/ lo \/ 20 \/ 3o v Go
W, Kp Population No Yat YRd Yer Yer Yer Yer YPd Yep Yep Yep Yep
20 1 2144.00 1106.12 1149.1301 1580.1377 2680.9868 1045.7392 Fkx il Fhx il il
' 2 5.09881 Hokx ol Hkx ol ekl 6.6960 4.6791 6.0507 13.8641 2.5694
25 1 2370.93 1333.04 1376.0884 1807.096 2907.9451 1272.6975 il il il il il
10% ' 2 5.40353 Fokx okl Fokx okl Fokx 7.0007 4.9839 6.3555 14.1688 2.9741
3.0 1 2597.86 1559.97 1602.9702 2033.9778 3134.8269 1499.5793 ik wx il il il
' 2 5.70825 Hokx ol Hkx ol ekl 7.3055 5.2886 6.6603 14.4736 3.2789
35 1 2824.79 1786.90 1829.9285 2260.9361 3361.7852 1726.5376 Fkx il il il il
' 2 6.01298 Hkx il Hkx il el 7.6102 5.5933 6.9649 14.7783 3.5835
20 1 2540.35 1502.46 1545.4705 1976.4781 3077.3272 1442.0796 ikl il Fokox il il
' 2 5.43362 ol Fkk il Fkk Hkx 7.0308 5.0140 6.3856 14.1989 2.9042
25 1 2965.45 1927.56 1970.5895 2401.5971 3502.4462 1867.1986 il il il il il
20% ' 2 5.90575 Hkx okl el okl el 7.5030 5.4861 6.8577 14.6710 3.4763
3.0 1 3390.55 2352.67 2395.6893 2826.6969 3927.546 2292.2984 il il il il il
' 2 6.37788 ol Fkk il Fkk Hkx 7.9751 5.9582 7.3298 15.1431 3.9484
35 1 3815.66 2777.77 2820.7892 3251.7967 4352.6458 2717.3983 okl il Fkx okl okl
' 2 6.85001 Hkx okl el okl el 8.4472 6.4304 7.8020 15.6153 4.4206
20 1 2703.11 1665.23 1708.2365 2139.244 3240.0931 1604.8456 il il il il il
' 2 6.62876 Fkx ool el ool el 8.2260 6.2090 7.5807 15.3939 4.0992
95 1 3209.59 2171.71 2214.7384 2645.746 3746.5951 2111.3475 okl il Fkox Hkx Hkx
30% ' 2 7.69847 il Fkok Fkx Fkok Fkx 9.2957 7.2787 8.6503 16.4636 5.2689
3.0 1 3716.08 2678.19 2721.2212 3152.2288 4253.0779 2617.8303 il il il il il
' 2 8.76816 Fkx okl el okl el 10.3654 8.3486 9.7202 17.5335 6.3388
35 1 4222.56 3184.67 3227.7232 3658.7307 4759.5798 3124.3323 Fkx Fkx falail il il
' 2 9.83786 ol Fkx il Fkx Fkx 11.4351 9.4183 10.7899 18.6032 7.4085
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Table A5: Data Statistics for Population-1 and Population-I1
Population-I Population-I1
Stratum (h) 1 2 3 4 5 6 1 2
Nh 127 117 103 170 205 201 6940 1678
. nh 31 21 29 38 22 39 750 181
% nr’] 70 50 75 95 70 90 1874 453
E Syn 883.84 644.92 1033.4 810.58 403.65 711.72 21.4256 22.1319
-% Sun 30486.7 15180..77 27549.69 18218.93 8497.77 23094.14 16625.33 12861.40
E Sah 555.58 365.46 612.95 458.03 260.85 397.05 19394.09 16143.74
é Y_h 703.74 413 573.17 424.66 267.03 393.84 47.9805 48.0556
é )? h 20804.59 9211.79 14309..30 9478.85 5569.95 12997.59 18746.55 14303.98
g Z_h 498.28 318.33 431.36 311.32 227.20 313.71 19124.75 14742.47
g Pyh 0.9360 0.996 0.994 0.983 0.989 0.965 -0.4777 -0.4406
% Puah 0.9396 0.9696 0.9770 0.9640 0.9670 0.9960 0.9138 0.8035
Plyzn 0.9790 0.976 0.984 0.983 0.964 0.983 -0.4422 -0.3547
Syhe 510.57 386.77 1872.88 1603.3 264.19 497.84 20.4752 21.7407
. Sxn2 9446.93 9198.29 52429.99 34794.9 4972.56 12485.10 18121.44 15492.72
§ g Sz 303.92 278.51 960.71 821.29 190.85 287.99 22010.50 20204.85
g ; Pxy2 0.9961 0.9975 0.9998 0.9741 0.995 0.9284 -0.4826 -0.5422
= yo 0.9901 0.9895 0.9964 0.9609 0.9865 0.9752 0.8566 0.7691
P2 0.9931 0.9871 0.99716 0.9942 0.985 0.9647 -0.3922 -0.3181
Syhz 396.77 406.15 1654.4 1333.35 335.83 903.91 20.7359 22.6272
© § Sxn2 7439.16 8880.46 45784.78 29219.3 6540.43 28411.44 16155.37 13887.44
:o\!l—_ % Sih2 24456 274.42 965.42 680.28 214.49 469.86 19251.39 17323.10
= Zg Pyy2 0.9954 0.9931 0.996 0.9761 0.9966 0.9869 -0.4870 -0.4880
Pyz2 0.9897 0.9884 0.9789 0.9629 0.982 0.9825 0.8845 0.8399
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pyzz 0.9898 0.9798 0.9846 0.994 0.9818 0.9874 -0.4293 -0.3304

Synz 500.26 356.95 1383.7 1193.47 289.41 825.24 21.4660 22.4381
. Sxnz 14017.994 7812.00 38379.77 26090.6 5611.32 24571.95 16877.33 12852.95
§ % Szn2 284.4409 247.6279 811.21 631.28 188.30 437.90 19985.52 16007.36
;L % pxyz 0.9639 0.9919 0.9955 0.9801 0.9961 0.9746 -0.4808 -0.4395
= yo 0.9107 0.9848 0.9771 0.9650 0.9794 0.9642 0.8939 0.8298
Pyz2 0.9739 0.9793 0.9839 0.9904 0.9799 0.9829 -0.4347 -0.2823
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