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ABSTRACT. In this paper weighted double integral Montgomery identity is proved and there are some new double integral g-
Chebychev Gruss type inequalities are derived.
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1. INTRODUCTION AND PRELIMINARIES

The well-known integral inequality is the following one (see

[4, 8]):

1 ° 1 ° 1 0
boal 109000 T [T [90009
_P-pQ-1)

4

Provided that f and g are two integrable functions on [a, b]
suchthat p< f(X) <P, g<g(x)<Q,forx e[a,b],
where p, g, P, Q are real constants. Over the years much
efforts and time has been devoted to the improvement and
generalization of this inequality. These includes, among
others, the works in [2,3,6].B.G.Pachpatte proved Chebychev
Gruss type inequality[8]. Inspired by the idea of Pachpatte,
Wengui Yang [9] proved some weighted g-Chebychev-Gruss
type inequalities. Cauciman [1] proved g-integral Gruss

inequality, as follows:

—Jf(x)g(x)d e
< (P— PQ-9)
4

j F(9d 6= j 9(x)dX)

Provided that p<f(x) <P, q<g(x) <Q for X € [a, b], where p,

g, P, Q are real constants. In the following we discuss some
preliminaries about g-integral and differential calculus .In
what follows q is a real constant such that 0 < g <1.

For an arbitrary function f, the g-differential is defined by

(dg £)(¥) = f(gx)— (%),
And the g- derivative as (see [1])

_(d D)) A(g0-f(x)
(D, F)(x) = ix Q-Dx
If X#0

q

(D, £)(x) = £'(0),

Provided f '(0) exists. For differentiable function, it is
(d, F)(x)
—dx

q

very well clear thatlim ,_, (D, f )(x) =

I[:o]r)O <a<b , the definite g-integral is defined as (see
5

J 100d,x=(1- b a’ f (ba)

0

Provided the sum converges absolutely. The g-Jackson
integral in an interval [a, b] is given by (see [5])

b b a
[ £09dx = [ f9dx— [ F(x)d,x
a 0 0

Motivated by the above ideas we define g-derivatives
for function of two variables, that is, g partial

derivatives, as

@, 1) Y) _ faxy) - f(xy)
Aq (q-Dx ’
If X=0.
0, H)xy) _fxay) - f(xy)
A,Q (q-Dy ’
If y=0.
@z f)(x,y) _
lqAZq

If
f(gx,qy) — f(x,qy) - f(gx,y) + f(x, y)

(ax = x)(qy — )

X,y #0.

It is very well clear that forq — 1°, these are nothing
except the usual partial derivatives and the mixed
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derivative. And for h e C[a, b], the norm |||| onhas
In this paper, by use of two variables g-integral
Montgomery identity, some weighted double integral q- ||h|| = SUp,..., h(t)|

<t .

Chebychev-Gruss type inequalities are obtained.
For our main results consider the following one.

> MATERIALS AND METHODS Lemma 1: [6] (Weighted g- Montgomery ldentity)

Let f: [a,b] — 9 and w :[a,b] — [0, )
Assume that w is a non-negative weight function defined on

b
compact interval [a,b] and [c,d] such that satisfying I W(X)dq X =1 then
a

{w(x)dqx = j w(y)d,y =1.Consider f(X)Z.TW(t) f(qt)d .t + _T P.(x.)(D, H(Hd,t,

t S
W(t) = [w(x)d,X; W(s) = [w(y)d,y for @

a c For x e [a,b] ,where the weighted g-intrgral Peano
(t,s) e[a,b] x[c,d].w(t) = W(s) =0 for t<a, s<c vernel P, (x) s given by (1).
and W(t) =W(s)=1fort>b,s>d.

The weighted g-integral Peano kernel P, (X,t) is Lemma 2: Let f :[a,b]x[c,d] — R be such that

defined by (0, D) s) (0,1)(,s)
the partial derivatives , and
P (x.0) W (t), ast<x AQ AL
X, t) =
v W (t) -1, X <t<b. (@ f)ts) _
————  exist and are continuous on
@) A,AQ

For our presentation we use the following notations, for [a,b] x[c,d] then

_ . b d
some function  f,g:[a,b]x[c,d] >R f(x,y)=”W(t)W(S) f(qt,gs)d,sdt +

S(W’ f ) g) = f (qX1 qy)g(qX1 qy) -

b ¢ b (9,4 N(at,s)
%{f (X, qy)l'c[w(t)w(s)g(qt, gs)d,sd,t !!W(t)PW(y,S)qT d,sd,t
+ g(gx, qy)'[ I w(t)w(s) f (qt,gs)d,sd,t}, + IIW(S)PW(X’t) (ai)’ﬂ dqsdqt +
And i (0; P(ts)
! j PW(x,t)PW(y,S)m d,sdt, (3

T £,9)= [ JWOOw(y) F@ o Mdaydax— oy o byl

Proof: According to the weighted g-integral

(

{

d
!W(X)W(y) F(ax.ay)d,yd,x) Montgomery (2) for partal delta map f (. y) we obtain

w(x)w(y)g(ax,ay)d, yd,x).

O —0 DT
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foxy)= j w(t) f(aty)d  t +

(4)
IP( c a4
4,9
For partial delta map f (qt,.)
f(qt.y)= j w(s)f(atas)d,s +
(%)
0 t
jp( §@a0s)
4,9
Similarly, for partial delta map w
@, Dty _¢ (0, D(tas)
— = w(e)
4,9 '[ 4,9 !
0i0s) | ©

jpwm

q ’

4,94,

By combining (4), (5) and the above equality, we obtain
bd
f(x,y)= j j w(w(s)f(qt,qs)d,sd,t +

RN G (L

q q
2

Tw(s)PW(x,t)wolqsdqt

1

2 4 (o f)()
P.(X,)P, d.t,
+jj WXDRY) = = desl

1

—+

|
|

And this completes the proof.

3. RESULTS

Theorem 1:

Let f,g:[a,b]x[c,d]— R .Andwisanon-

negative weight function as defined above, then

Tw.£.9)] < [ [WOOW(Y)R(X, Y)Q(x, y)d,yd, X,

(7
Where,

ISSN 1013-5316; CODEN: SINTE 8
R(x,y) = M,G(ay) + M,H (gx) + M,;G(ay)H (ax)

(©))
Q(x, y) = N;G(aqy) + N, H (ax) + N;G(ay)H (gx)
©)

o, f)({,s o, D), s
MlzsupM,MZ: wl
c<t<d Azq a<t<b 1q
o2 f)(t,s

S (G0 CE TN
c<t<b:a<t<b Aqulq
2,9)(t,s 0,9)(t,s
N[O G TN X )
c<s<d »d a<t<b) Alq
d29)(t,s
N3 = sup M , (11)
c<t<b:a<t<b Aqulq
and

H(X) = j|PW(x,t)|dthnd G(y)= [|P. (¥, 5)d,s

(12)
Proof: Since the function f and g satisfy the condition
of Lemma 2 therefore by (3)

f(ax.ay) = [ [wtw(s)f (qt,gs)d,sd,t +

WP, (ay,9) T g g

2

w(s)P, (gx,t) w d,sd.t+

@ 1)(t,5)

2 1

P.(ax, )P, (qy,s) d,sd,t, (13)

D — T QD —T D C——T
Ot O O — O O O

>
=
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g(ax.ay) = j j W(tW(s) (qlt, 0s)d,sd,t +

_:fj:w(t)P (av. s)—qu)z(qt'S) d,sd,t
(2,9)(t.8)

+ !!W(S)Pw(qx,t)A—qdqsdqt +

1

(039)(t,s)
P (gx,t)P (qy,s)—2"""7d sd t,
,(Q )W(qy)A Aq Josd

2 1

D ey T
O e O

f(qx,qy)g(qx,qy)-f(qx,qy)zIW(t)W(S)g(qt,qS)dqsdqt -
g(qx,qy)ﬁ w(w(s)f(qt,as)d,sdt

- (ﬁw(t)w(s)g(qt,qs)dqsdqn

d

=

w(t)w(s)f(qt,gs)d,sd,t)

}W(t)PW(qy,s)m d,sd.t +

2

b @, f)(q)
{ j WERD =) = dsdt

1

P.(ax,H)P,(ay, S)(A Os)

SD'—.D‘ O C—— O

+

D — T D C— T 50 D — T

d,sd,t]

0 —

qu

iR (ay9) 2 g s

2

ws)P (qx D) qu)( 95) d,sd,t

(039)(ts)
A

2971

[

+ o s

+

P.(ax,P.(ay.s)

O e O O C—— O

dsdtl  (15)

Multiplying both sides by w(x), w(y), then g-integrating
the resulting identity over (X, y) €[a,b]x[c,d].

" ( (0,9)(ats) )
MICLEES
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T(wfg)= j j vv(x)w(y)[j j WP, (qys)( f)(q Va,s0,8

+ z :[ w(s)P,(ax,t) % d,sdt
b (@2 (ts)
- j j PP, (ay.8)——

d,sd,t]

2q1

(0,9)(t.0s)
4

1

(@ q9)( )

HP(qxt)P @9 o dasditld,yd,x 16

By using the properties of modulus and (8)-(12) we

b

+ j iw(s)P (gx) —="=d sd,t +

have
[Twfg)| < [ [wOW(y)R0G YIQEX, y)d, yd x.

The proof of theTheorem 1 is complete.
Theorem 2:
Let f,g:[a,b] x[c,d] —>R. And wis anon-

negative weight function defined in Theorem 1, then

Tw.f.9) < [ [ WOIwyXROY)|g(axay)]

+Q(xy) f(ax,ay)[}d, yd ;x.

Proof: The proof directly follows from (13) and (14) by
multiplying both sides with w(x), w(y)g(gx,qy) and
w(x)w(y)f(gx,qy) respectively, then adding
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1
W(X)W(y)qu,qy)g(qqu)=E{W(X)W(y)gqx.qy)

w(t)w(s¥(qtas)gysdgt + wO)w(y)fax.ay)

D—T D —T
OoO—Q O—O

W(t)w(sg(qt,qs)qqsdqt} +
(8¢ N(ats)
49
(0g9)(ats)

Azq

bd
{W(x)w(y)gqx,qy)g1 (I; w(tRy(ays)

N |-

bd
+ w(x)w(y)f(ax,on/)g1 i W(tR,(ays)

1
+ E{w(x)w(y)g Gx.ay)

bd (0g (tas)
[ [w(sPy(gxt) dgsdgt +
ac Alq

bd (0 )(tas)
w(x)w(y)fo,qy)z{I (J: w(sPy(axt)

Alq
1
+ E{W(X)W(y)gqx,qy)

(6 f)(t,s)

dqsdqt

D —T
O —

Pl 0x0Ry (@)
4704

+w(x)w(y)fex.ay)

d 05 (ts)
J Py(ax )R (@)~~~ dgsdgth,
¢ 42044

g- Integrating over (X, Y) €[a,b]x[c,d].

O —T

dySdat

dgsdqt}

(17)
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T(w, £,9)= 24 [woowy)g(ax,ay)
¥ @19
q] Ao

I

+ [ [wOow(y) f (ax, qy)

w(t)R, (ay,s) ——————d,sdt)d,yd X

(jlj-w(t)PVV (ay, s)%(gt's) d,sd,t)d,yd x}
+ %{ziw(x)w(y)g(qx, ay)

(0, F)(t,as)
A

1

w(s)P, (gx,t) d,sd,t)d,yd x

~
QD Sy T

+

QL e T [ —
O Cm— O e s

w(x)w(y) f (ax,qy)
(0,9)(t,as)
A

1

w(s)P, (gx,t) d,sd,t)d,yd x}

~
D ey T

_|_
Nl ot—ma

QD ey T

] [woow(y)g(ax, ay)

(2% £)(t,5)

P, (ax,t)R,(qy,s)
A,QAQ

d,sd,t)

—~
D ey T
O 0

dqyd x+ [ [wOw(y) f (ax, ay)([ [ P, (ax,t)

(939)(t.s)

P.(ay.s)
( A,0A,q

d,sd,t)d,yd x}

(€X3))
From the properties of modulus and (8)-(12) we have

Tw, f,9)| < [ [wOOw(yRR(x, y)| 9 (ax, ay)

+Q(x, y)| T (ax, ay)[}d, yd x.

The proof of the Theorem 2 is complete.
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4. CONCLUSION

Theorem 3:

Let f,g:[a,b]x[c,d] —> R. And w is non-
negative weight function defined in Theorem 1, then

|S(w, f,9)| <{R(x, y)|g(ax, ay)| +
Qx, )| f (ax, ay)[}

and

Twig)| < It @xan)

bd
HTWOom(IR0x y)dgydgx

lotax.ay)
, lotaxay)]
2

bd

I [WO)W(YIR(x, y)dqydgx.
ac

Proof: The proof directly follows from (13) and (14) by
multiplying both sides with g(gx,qy) and f(gx,qy)
respectively ,then adding

Sci.Int.(Lahore),27(5),3909-3916,2015
1

bd
é (fjw(t)w(sp(qt, gs)dgsdqt +

bd
Q(CIX,QY):{I (I: w(tw(s)f(qt,gs)dgsdqt} +

1
—{f(ax.qy)
2
bd (0qa)(at,s)
[ Jw(tRuy(ay,s)—————dgsdqt
ac A2q
+ g(ax,qy)
bd (2 H(at.s)
[ Jw(tRy(ay,s)————dgsdqt}
ac Azq

1
+—{f(ax.ay)

2
bd (0q9)(t.as)
[ Tw(sRy(ax,t)y—————dgsdqt
ac Alq
+ g(ax,qy)
bd (0q H(t.as)
[ Tw(sRy(ax,t)y—————dgsdqt}
ac Alq

1
+—{f(ax.ay)

2

2

bd (0 N(Ls)
gépw(qy’s)':\)/v((qx’t)m dgsdqt
+ f(ax,qy)
bd @5 (L)

dgsdqt}. (19)

[ ] Ry(ax,t)Ry(ay.s)
ac 450449

From the properties of modulus and (8)-(12) we have

[S(w.f.g)] < %{R(X, ylg(ax.ay) +
Q(x, y)|  (ax,ay)[}

Multiplying (19) by w(x)w(y) then g-integrating over
(x,y) €[a,b]x[c,d]

and re-arranging terms
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1 b d
T(wfig) = 4] | (wow(y) (ax,ay)

0,9)(at,s)
qA—dqsdqt)dqydqx

2

ac

ﬁwt)P ay,s
1K
IW(t)PW(qy,S)
q
iiw SR, (ax,t) ————
!
EW(S)PW(QXJ)
q

bd
(| [P.(ay.5)P, (ax.1)

(w(x)w(y)g(ax,ay)

(0, f)(at,s)

2

O C——— O

d,sd,t)d,yd x}+

N | &

w(x)w(y) f (ax, ay)

q9)( )

1

O C—

d,sd,t)d,yd,x

(wix)w(y)g(ax, ay)

(0, F)(t, as)
A

1

O C——

d,sd,t)d,yd x}+

w(x)w(y) f (ax, ay)

(0:9)(t,S)
A,0A.

N[ »—CT

O C—— O

d,sd t)d,yd x+

w(x)w(y)g(ax,ay)

(@2 )(t,5)

208,

P.(ay,s)P,(ax,t) d,sd,t)d, yd x}.

D C— T D C— T
Ot 0 OO

(20)

From the properties of modulus and (8)-(12) we have

o< D] J Jwoom(Q0 ¥)d,y

9Dty )y
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The proof of the Theorem 3 is complete.

Theorem 4:
Let f,g:[a,b]x[c,d]— MR .And wis non-

negative weight function defined in Theorem 1,then

Tw,f.9)|<|a(ax, ay)|R(x, y),

and

Tw.f)[ < (ax, ay)|Q(x, y).

Proof: Multiplying (13) by w(x) w(y) g(gx,qy)then , g-
integrating over (X, y) €[a,b]x[c,d]and
rearranging terms

Tw,g) = (] [ww(y)g(ax.ay)d,yd,x)

(9, )(q s)

( j j w(t)P,(qy,s) d,sd,t)

+( j j w(w(y)g(ax.ay)d, yd ) ([ [ w(s)P,
(3, F)(t,a3)
A

1

(gx,t) d,sd,t) +

(] [wowyg(ax.ay)d, yd x)([ [ P (ax.t)

o2 f)(t,
Pu (OIy,S)(A“qM

From properties of modulus and (8), (10), (12) we have

IT(w,£.9)] <|a(ax, ay)|R(x, y).

Similarly we can prove that

\T(vv f.9)| <] f (ax, ay)|Q(x, y).

d,sd,t).

The proof of the Theorem 4 is complete.
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