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ABSTRACT:

In this paper, we introduce the notions of soft intersectional ternary subsemirings and soft

intersectional ideals in ternary semirings. We also discuss some basic results associated with these notions. In the
last part of the paper we characterize regular and weakly regular ternary semirings by their soft intersectional

ideals.

Key Words: Ternary semirings, regular ternary semirings, weakly regular ternary semirings, soft intersectional ideals
in ternary semirings.

1. INTRODUCTION

The algebraic structure of semirings were first introduced by
H. S. Vandiver [1]. Since then the concept of semiring have
been deeply studied by the mathematician and proved very
helpful in information sciences. Hemirings are the semirings
with commutative addition and zero element. Semirings and
hemirings are used to study graph theory, optimization theory,
formal languages and automata theory [2, 3, 4]. Ideals in
semiring play a vital role and are very useful for different
purposes. J. Ahsan [5] introduced and characterized weakly
regular semirings by the properties of their ideals. The concept
of ternary rings was first introduced by D.H. Lehmer [6]. In his
paper he also discussed certain algebraic structures called
triplexes. Duta and Kar [7] generalized ternary rings and
introduced the concept of ternary semirings. Bhambri et. al [8]
introduced the concept of weakly regular ternary semirings.
To deal with the uncertainties L. A. Zadeh [9] introduced the
concept of fuzzy sets. Further he generalized this concept in
[10] and introduced the concept of interval valued fuzzy sets.
Shabir et. al [11] used the concept of interval valued fuzzy sets
and characterized regular and weakly regular semirings by
using their interval valued fuzzy ideals.

Soft sets was first introduced by Molodtsov [12] aiming to deal
with uncertainty or ambiguities using mathematical models.
Soft sets got the importance as it was found that some
problems that could not handled by existing tools like fuzzy
sets and its generalizations can be handled by using soft sets.
Maji [13] defined some new operations of soft sets and used it
for decision making problems [14]. M. I. Ali et. al started
working on soft sets and defined some new operations on soft
sets [15]. Since then soft sets have been extensively used in
many branches of Mathematics and information sciences.
Feng Feng and Y. B. Jun [16] defined soft semirings and soft
ideals in soft semirings. The study of soft groups by Aktas and
Cagman [17], opened the doors of progress to use soft

sets in algebric structure. This progress lead the researchers to
the detailed study of soft rings [18], soft semigroup [19] and
soft BCK/BCI algebra [20]. Song et. al [21] introduced the
concept of soft intersectional ideals in semigroups. T.
Mahmood and U. Tariq [22] carried out this concept and
applied it on semirings. In this paper we introduce the notions
of soft intersectional ternary subsemirings and soft
intersectional ideals in ternary semirings. We also discuss
some basic results associated with these notions. In the last
part of the paper we characterize regular and weakly regular
ternary semirings by their soft intersectional ideals.

2. Preliminaries
A set S=@ with a binary operation addition "= and a

ternary multiplication """, denoted by juxtaposition, is said to
be a ternary semiring s if it satisfies the following

conditions:
(1)(Imn)op = I(mno) p = Im(nop)
@i)(l+ m)no=Ino+mno
@iil(m+n)o=Imo+Ino
(iv)Im(n+0)=Imn+Imo, forall I,m,n,0,peS.
2.1 Remark

From now to onward, if otherwise stated, S will always denote
a ternary semiring. Further for undefined terms and notions for
S see [6].

If U is initial universe, E is a set of parameters and A, B, C, ...
are subsets of E. Then we have:

2.2 Definition [12]

A soft set (¢, A) over U means that € is a mapping €: 4 -
P(U). Then we will write here (g, A, U) instead of writing
"(g,A) issoftset over y", if otherwise stated.

2.3 Definition [21]
Let (g,A,U) and y € P(U). Then the set i,(&;7) ={we A:
y c&(w) iscalled y inclusive setof (&, A).
3. Main Results
Here we take E = S, if otherwise stated.
3.1 Definition
For (g,S,U) and (&,,S,U), thesum (g + &,,5,U) is
defned by

(&, +&,)) = _LIJ {e.() e, (M} Vues.

3.2 Definition
For (&,S,U), (&,,5,U) and (&3, S, U), the product
(€182€5,S,U) is defined by
3.3 Definition

(g,5,U) is called ternary soft intersectional subsemiring of S
if v I.mresS,

(i) el + m)oe()ne(m),

(i) e(mr) o &() Ne(m) N e(r).
It will be denoted by &;_s.
3.4 Definition

(g,5,U) is called ternary soft intersectional left (right,
lateral) ideal of S if ¥V |, mres,

@) e(l+m)oe(l)ne(m),

(i) e(Imr) = &(r)
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(e(Imr) 2 &(1), e(Imr) = £(m)). It will be denoted by Hence, (&, S) is g_s of S.
t t t 3.6 Lemma
gSi—Li(sSi—Ri’ gSi—E,:)‘

§S,U) is ef_, (elir, eki_p) of Sifandonlyif e + e €
(&,5,U) is called ternary soft intersectional ideal, if it is soft ( )18 Eiovy(Esi-ry Esi-ry) y
intersectional left, right and lateral ideal of S atthe sametime. € @nd ¥s¥s€ S & (& sXs S €. Xs&ls S€ ).

It will be denoted by &;_; Proof. Letusassume (¢,S) bea eg;_,, of S. Then, w € §
3£'|§f3$)miésl eli_s.of S ifandonlyif e+ e <S¢ and €3 C e (+2)(u) = uLIJm () A e(m)]
;Zc;f. Let us assume (g,S) isa ef;_g of S. Then, V - U [£(1 +;n)]
(e +e) = U [0 ns(m] _Uew
u=l+m
c U [=0+m) = £(u).
ustm Thus, e+ecCe.
- e (s 2:5)W)
=&(u). Now, = [ {0 Drs () 0 s (M) n ()]}
Thus, € + € S ¢. U=Zi"=1hmin
Now, £%(u) = (&= )(u) - U {nl {U U ne(r )]}
= U {Nile@) ne(m;) ne(r)I} u=>"" lim,
”=Z|n:1|imil’i — {nl S(Vi)}
< U {ﬂig(limiri )} u_zgimiri
=2l - U {Nelimr)}
- U {g(Zin:lIimi r| )} u:zin:llimiri
X c [e(ZLhmn)]
= U {8(U)} UZLidimiri
U:Z:i":llimiri —
o u-zuu,m,r, &(u)
Thus, €3 C ¢. _ N
Conversely, let us assume £ + &€ € ¢ and &3 € . Then, - g(u) '
Yuuv,wesS, Thus, ¥ ¥s€ C €.
g(u+v) 2 (s+&)(u+v) Conversely, letusassume € +& & and yq ¥ € C €.
= U [e(1) Ne(m)] Then, forall u,v,w €S
u+v=l+m eU+Vv)o(e+e)(u+v)
= e et = U Lene(m)]
(£16,85)(U) u+v=l+m
! N{a() Ailg(l) Ne(m).
et N e (M) N ey (R)} £(UVW) 2 (15 75€)(Uvw)
YUueS. = U {ﬂi[Zs(li)m}(s(mi)mg(ri)]}
And UW\hZin:l'imiri
£(uvw) 2 &° (Uvw) = (22 )(vw) 5 [ (U) A 2 (v) M £(W)]
= U {Nile@) ne(m;) Ne(r)} =[UnU ne(w)]
uw=>"" ki =&(w).
Sle) Ne(v) Ne(w)] Thus, e(U+V) 2 ) Ne(v) and g(uvw) o e(w),
Thus, e(U+V) 2 &(u) ne(v) and Vu,v,w €S.Hence, (¢5,U) bea eg_;, of S.

3.7 Theorem

uvw, u)melv) ne(w), vu,v, S. - . . .
&( ) 2eM)NeV)neW), vuvwe P+WcS.Then W is ¥,_; of S ifand only if yy, is
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t
&g OF S.

Proof. Suppose that, W isa ¥,_; of S and u,..2v,w €S
Case (I) For u,v,w € W,wehave, u+ v,uvw € W.Then

rwU+v)=U=UnNU =, )Nz, (V) and
xwuvw) =U =U nU NnU
= 20w (W) N 5 (V) D g (W) .

Case (II) For at least one, say v € W, we have

Y (V) =D Then

IwU+V) 2D =g, (U)ND

= xw W) xy (V)
and i, (UWW) 2 @ = g, (U) NP N g, (W)
= 2w (U) N 2 (V) 0z (W)

By combining the both cases, we have
Jw (U+V) 2 x5 (U) M 7z, (V) and
Zw (VW) 2 7, (U) N 2 (V) O (W)

Hence, x,, isternary &,_ of S.
Conversely, assume that y,, isa e5;_g of S and w,v,w €
W. Then

Zw U+V) 2 75 (U) N 1 (V)
=UnuU =U,
and z,, (UVW) 2 zy (U) N 2 (V) 0 1y (W)
=UnUnNU =U.
Thus, u + v, uvweW, Yu,v,w € W
This shows that, W isa +,_; of S.
3.8 Theorem
Let W € S.Then W is ¥, (Fg, +g,) of S ifand only if the
characteristic function xy is ey, (€5i—r, €5i—g,) OF S.
Proof. Suppose that, W isa +,, of S and u, v, weS.
Case (I) For u,v,weW, we have, u + v, uvweW. Then
2w U+w)=U =UNU = g, (U) N x, (W) and
Zw (W) =U =z, (W).
Case (II) For at least one, say w ¢ W, we have,
Xw (W) =@ Then

T U+W) 2@ =z, (U)ND

= 2w (W) O g (W),
and 7, (UWW) D@ = g, (U) Ny (V) N D
= 2w (U) 0 0 (V) 0 i (W)

By combining the both cases, we have
Zw (U+W) 2 g, (U) Nz (W) and
Zw (UWW) 2 7, (W).
Hence, xy is 5, of S.
Conversely, assume that yy, isa gsti—Li of S and u,v,w €
W. Then

Zw (U+V) 2 7, (U) Nz (W)
=UnU =U,
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and ,, (UVW) 2z, (U) N 2 (V) M 1 (W)
=UnNnU Ny, (W)
= Xw (w).

Thus, u + v, uvweW, Vu,v,w € W.

This shows that, S isa +,, of S.
3.9 Theorem

If (¢,,5,U), (&,,S,U) betwo €5i-1,'S (€5ig,'S)
el g,'s L of S, then theirsum (g, +¢&,,5,U) isalsoa
S.Slfi—Li (Sgi—Ri' g;i—Ei( Of S

Proof. To show that (&, +¢&,,5,U) isa &f_, of S, we
will have to prove that

(&, +&)U+V) 2 (& +&,)U) N (g +&,)(V) and
(&, +&)(vw) 2 (g +&,)(W),

Yuv,w €S.
Then,

(&, +&)U)N (& +&,)(V)

={{J [a(®) ne(m)}

u=l+m

N U () ne(m)}

v=l"+m’

- U

u=l+m,v=I"+m’

c U [e,(1+1")ne,(M+m’)]

c | [aney)]
=(g+&,)U+V).

And, (g, +&,)W) = | [e() Ny (m)]

w=l+m

c U [, (uv]) N e, (uvm)]

W=u+Vv

c U [e.(X) N e, (Y)]

UVW=X+Y
= (g +&,)(Uvw).

Hence (e, +&,,5) isa &f;_;, of S.

3.10 Theorem

If (¢,,S,U), (&,,5,U) and (&,,S,U) be three

e5io1,'s (5ig,'s, esti_Ei’s( of S, then (g,6,&5,S ,U) s

[s.() N (M) e (I N e, ()]

t t t
alsoa eg_;, (&g, Ssi—Ei( of S.

Proof. Let u,v,€ S Then
(£16,83)(U)

= U {ﬂi[gl(|i)mgz(mi)f'\83(r})]}
U:Z::1|imiri
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(£16,83)(V)
U 0Nila) nem)ne ()}
V=3 iy
Now
(816,83)(U) N (£,6,65) (V)

{ U {i[elai)mez(mi)ma(n)]}}
u:z:i":llimiri

N U {ﬂj[é‘l(l;)ﬁgz(m})GES(r;)]}

o n Ir G
V_ijl imj;

U [{ﬂi [el(li)mz(moms(n)]}}
o5 s i L0 D &a (M) e ()T

Iy |

{ﬂi [&.(l)) Ny (m;) ﬁgs(l’i)]}

U |:{nj[€l(|})mgz(mlj)mgs(rj')]}:|

n n " o
U+V:zi:1|imi T +Z’j:1ljmj I

U

u+v:Z:In AR
=(£,6,&;)U+V).
For u,v,w €S
(£16,63)(W)

U {Nile () N e (M) N ey (R}
W:Zin:llimiri

U {Nile(uvl) ne, (M) ey ()}
W:Z:in:llimiri

U

uvw=Z:i":luvlimiri
U {Nile (%) e, (Vi) N ey (z)]}
uvw=zin:1xi Yizi
= (£16,6;)(Uvw).
Thus (£,6,&;)(U+V) 2 (£.6,85)(U) N (,8,&5)(V)
and (£,6,&;)(UVW) D (£,6,8;)(W), Yu,v,w €

c

{Nile(x) N e () Nes(z )1}

-

{Nile(uvl) ey (M) N ()]}

-

S. Therefore, (£,6,6;,S,U) isa &y ofS.

3.11 Theorem
For S the following are equivalent

(i) SisT,y.,.
(il) ENFNG=EFG,forany E, F and G as Fry Fr,
and F,, of S, respectively.
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(iii) & ne,ne; =¢85, forany (g,9), (&,,5)

t

and (&3,S) as &5, £4g and & of S,

respectively.
Proof. (i) < (ii) is followed by Theorem r-4.

(i) = (iii) Let (&,,S), (&,,S) and (&,,S) are
£ Esig and g, of S, respectively. Then for any
uesS
(£16,83)(U)
U {ﬂu [e.(%) N e (Y;) m‘93(Zi)]}
U:Z: LYk
- {ﬂu [e.(X%Yiz)) M }
B WY xyz (62 (%Yizi) N &5 (% Y;2)]

{Nie(xyiz)}

U ~{Nie, (X Yiz)}
W:zin:lxi)/izi m{ﬂ, &3 (Xi YiZ; )}

{a(ZLXYiz)
- Ne,(XLXYiz)

B w=y"" xyiz | M E3 (O3 X YiZ; )}

U {aWnew)nsw)}
W:Zin:lxi YiZi
=& (W) Né, (W) Nég(w)
= (& Ne, Neg)(W)
Thus £6,6, & NE, NE, @)
Since, S is FuN-r,so,for We S thereexist | €S such
that W= wlw .
Now (& Me, NeE)W) =g (W) e, (W) Mgy (W)
< 2, (W) A 2, (Whw) A 2, (W)
(&1Ne Ne)(w)
U {Nile.(x) ne, (y;) N ea(z)1}
W:z:ﬂxi YiZi
= (616,85)(W)
This implies that
ELNE, NE; C €6,
From (1) and (2)
£,6,E3 =& ME, NE,.
(iii) = (i) Let E bea ¥4, F bea ¥z and G bea

+,, of S . Then the characteristic functions y ¢, ¥ and

Thus c

()

X are Egp, Egg and &g, of S, respectively, and
by hypothesis
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Xeee = Xe " Xe " Xe =Xe D Xe M X

= Xere = XEnFrG
Thus, EFG=ENnF NG
Therefore, S is F .
3.12 Theorem
For S with 1, the following are equivalent
(i) Sis+g -
(i) All ¥ 'sof S areidempotent.
(i) EFG=ENF NG, forany E, F and G as

+gp t5, and +,, of S, respectively.
(iv) All g5 'sof S arefully idempotent.
(V) gé&,6,=6n¢e,Ngy, forany €,¢6, and &,

t

t t -
as &g € and &g, of S, respectively.

If S is commutative then (i) —(Vv) are equivalent to
(vi) S is FuN-r.
Proof (i) = (iv) Let (&,S) bea £y, of S and
WeS. Then
&*(w) = (& )(W)
= U {mu [g(li)mg(mi)mg(ri)]}
w:zin:lli m;r;
U {Nileim;r) Ne(m) Ne(r)I}
W:z::1|i mr;
= U [0 etmn)iofem) nen)]
W:Z:in:llimiri
= U
W:Z:i":laibici
c U wo{r(em)ner)i]
W=ZT:1lim‘ri
= U
W:Z::Lllimiri

=e(w).

IN

[e(ZLlimin) N {n; (e(m;) N e(r;))}]

[&(w)]

A SLce.
Since, S is ¥ .So, We WSWSWSS and we can write
w =Y, wa,wh,wc,d; where a;,b;,c;, d, €S and
neN.

(W) ne(w)ne(w) .

,forall 1

c e(wa,w) N e(wb,w) N e(we,d;)

e(w) < N, {e(wa,w) N e(wb,w) N e(we,d;)}

= [e(wa,w) N e(wb,w) N e(we.d,)]
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N, [e(waw)
- U N e(wb,w)

WX waw(wimwad | ~ o(we.d, )]

{ﬂ j [g(aj,)mg(bj, )}

-
- ne(c, )]

W:Z?:la_,b_,c_,
I |
= (& )(W)
= 83.
3
Scce’.

Thus, & = &°.
Hence, ¢ is fully idempotent.

(iv)= (i) Let weS and A=WSS bea T, of S
generated by W. Then W e A and the characteristic
function y , of A is g;i_Ri of S and by hypothesis

VA AN N AN A

= A=A’

= we A’ = (wSS)*

= W € WSWSWSS
Thus, S is ¥ .

()= (v) Let &, &, and &; are g,p, &g and

t

£qy, Of S, respectively. Then forany We S
(&18,85)(W)

= U Nila®)nat)nea@)]
W:Zin:lxi YiZi

c U {Nile,(xiyiz) N (% Yiz) N e (% Y21}
WZZ: XY
U {Nia (i yiz)HN & (Y, Zi)}}
w3 xyiz {Nie(xyi2)}

{aCLxyiz) Nne, (X% Yiz)
= U Mé&; (o X YizZi)}
W:Zizlxi YiZi

= U {aWnsw)ne(w)}
W=Z::1Xi YiZi

= & (W) N &, (W) M &, (W)

=(g Ne,Neg)(W).

A s, e ne, Mg
Since, S is ¥; .Then We S can be written as

w=>7" wa,wbwcd,, where a,,b,,c,,d;, €S,
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neN.

Now (& Me, Ney)(W) =g (W) Ne, (W) Mgy (W)
c & (wa,w) Ne, (Whw) Ney(wed,), Vi

Thus

(&N Neg)(w)

{51 (wa,w) M &, (Wh,w) m}
c;
&(wed;)

- U { N, [&,(wa,w) N }
- w=)"" waw(whw)wed, €2 (Wbi w) N &3 (Wci di )1}
c U Nia@)ns®)nsc)l

n G
w= j:lajbjcj

= (&18,63)(W).

” ELNE, NES; C E,E,8;.

a ELNME,ME;=EE,E;.

(V) = (iii) Let E, F and G are ¥, ¥ and F
L of S |, respectively. Then the characteristic functions y ¢
, Xrand yg are £gq, Eqg and g5 of S,
respectively, and by hypothesis
Xere = Xe " Xr " Xe = Xe Xe N Xs
= Xere = XEAFAG

=>EFG=EnFnNG.
(i) = (ii) = (iii) and (i) = (vi) are straightforward.
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