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ABSTRACT: This paper deals with a hypergroup and a topology. As we cannot endow the power set with a topology derived
from the topology of a hypergroup H, we define the notion of upper and lower semicontinuous mapping and then define a
topological hypergroup as a hypergroup induced with a topology such that the hyperoperation must be compatible with the
algebraic structure. We also study the quotient of a hypergroup by an equivalence relation and show that this quotient

becomes a semigroup.
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1. PRELIMINARIES

First of all, we shall recall some basic definitions of
hypergroup theory. Let H be a

Nonempty set and denote by ¢ the set of all nonempty subsets
of H.

Definition 1 A hyperoperation on H isa mapping; o: H X
H - P*(H)

A nonempty setHendowed with a hyperoperationo is said to
be a hypergroupoid.

The image of the pair (a,b) € H x H is usually denoted by
a o b and called the hyperproduct of a andb.

If A and B are nonempty subsets ofH, then we define
A°B = cab\inB
and call it the hyperproduct of A and B.

Also, forany, a,b € H we define
4/ ={x€H/ a€xob}.
Definition 2 .

1. The hypergroupoid (H, o) iscalled a
semihypergroup if the hyperoperation o is associative.

2. If (H, o) satisfies the reproducibility law a o H =
Hoa = H; Va € H; then we say that it is a quasihypergroup.
3. A hypergroup is a hypergroupoid which is both a

semihypergroup and a quasihypergroup.

4. Ahypergroup H is said to have a unity or to be
unitary if there exists a unique element 1 € H such that
loca=acl={a}; Va€eH.

Definition 3 A subset K of hypergroup (H, °) isa
subhypergroup if and only if the following conditions are
satisfied:

1. aebcK,forall, a;b € K.

2. aocK=Koa=K;foralla € K.

Clearly, H is a subhypergroup of itself. Any other
subhypergroup of H will be called a proper subhypergroup.
2 Main results

In the sequel T7;, denotes a topology on a set where any
element x is contained in a least ( for the inclusion) open set
O(x) and called a fundamental open set.

Remark 1 The discrete topology on a set is a topology
having the desired property. The open set O(x) is just the
singleton {x}.

Proposition 4 If aset H is equipped with the topology 7,
and o is a hyperoperation on H definedby x oy = O(x) U

aob

Hypergroupoid, hypergroups, topology, quotient of hypergroupoid, fundamental open set, saturated open set,

O(y); then the set (H, °) is a hypergroup.

The family {O(x); x\in H} is called in the sequel a
fundamental family.

Proof. It is clear thatx o y # @. Since the union is associative
then o is so. Let a€ H then for all x e H;x € O(a) U
O(x)=aox sO
Hc U(aex)=aocHcH

XEH
and then it will be easytoget ac H = H = H o a.
Lemma5 If x € O;where O isan open set of the topological
space (H, T;,); then
0(x)cO.
Proof. Since x € O(x) N O then O(x) N O # @. Suppose
that O(x) is not included inO ; then since O(x) N0 &
O(x)NO and O(x)NO is also a nonempty open set
containingx; the open set O(x) is not the least open set
containing x which is a contradiction.
As it has been done for topological groups; we wish to
introduce a topology on hypergroup in such a way that the
hyperoperation becomes continue. But we cannot define on
the power set P* (H) a topology in narrow relation with the
topology of the hypergroup H . We introduce the
semicontinuity and then give an adequate definition of
topological hypergroup.
Definition 6 Let (H, 77), (K, 7;) be two topological spaces
and ¢ : H — P (K) be a mapping.

1. ¢ issaid to be upper semicontinuous if for all 0 € T,

theset O* ={x € H: ¢(x)c O} isopeninH.
2. ¢ issaid to be lower semicontinuous if for all 0 € 7,

theset 0, = {x EH:p(Xx)NO =0} isopeninH.

3. ¢ issaid to be semicontinuous if it is upper
semicontinuous and lower semicontinuous.
We can then adapt the above definition to a topological
hypergroups.
Definition 7 Let (H,°) be a hypergroupoid and (H, 7) bea
topological space, the cartesian product H x H will be
equipped with the product topology. The hyperoperation o is
called:

1. upper semcontinuous, if for every O € T, the set
0" ={(x,y) EHXH:xo0ycO}isopenin H X H.

2. lower semicontinuous, if for every O € T, the set
0,={(x,y) €EHXH:
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xoynO =@} isopenin H X H.

3. Similarly, the hyperoperation o is semicontinuous if it
is upper and lower semicontinuous.

4. The hyperoperation o is sp-continuous if and only if
forany O € T and any pair (x,y) € H X H such that
xoy= O thereexist U, V€ T,x € U,y € V such that
uov=0 foranyueU andvevV.

Proposition 8 The hyperoperation of any hypergroup H
endowed with the topology 7;,, is upper semicontinuous. More
exactly for any open set O ; we have 0* = 0 x 0.

Proof. Let O be an open set of H. If (x,y) € O* then
O0(x)NO)cO.Since x € O(x)cO and y € O(y)cO we
get (x,y) €0 x 0.

Conversely; let (x,y) € 0 x 0. By lemma 5; both the open
sets O(x) and O(y) are included in O so is their union and
finally (x,y) € 0*.

Proposition 9 The hyperoperation of any topological
hypergroup (H,7,,) is lower semicontinuous if
0)NO+#0=0(@)Nn0 #0; Va€ 0(x).

Proof. Let O be an open set of H. Since O(x) is a
neighborhood of x for any x € H. To prove that O, is open;
we will prove that for any (x,y) € O, there exists a
neighborhood W of (x,y) suchthat (x,y) € W< 0,.

Let (x,y) €0, and set W =0(x) x O(y). This set is
evidently an open set of H x H and then a neighborhood of
(x, ¥).

The condition (O(x)UO()NO *@ implies that
0xX)NO#=0 or OY)NO =9 For (a,b) €0(x) xO0()
and from our condition we can deduce that O(a) N O # @ or
Ob)NO +0 and so (O(a) UO(Db)) #® and (a,b) €O,
Finally (x,y) € 0(x) X O(y)c 0O, and O, is an open set.
Definition 10 A topological hypergroup (H, °) isa
hypergroup endowed with a topology 7 such that the
hyperoperation is semicontinue.

Proposition 11 If (H, o) is a hypergroup and the topology
T, on H issuch

0OX)NO+#0=0(@N0O+0; Vae O(x)

for a fundamental saturated family { O(x);x € H }; then H
is a topological hypergroup.

Remark 2 It is trivial that the hyperoperation o as defined
above is commutative.

Example 12 The discrete topology on (H, ©); xeoy =
{x,y} has the required properties H and then H isa
topological hypergroup.

Proposition 13 Let 7;, be a topology onaset H asin
proposition 4. If vz € 0(x) N O(y) the open set
0(2)cO(x) N O(y) ; then the family {O(x) / x €H }isa
base of T_m.

Proof. The proof is trivial.

Proposition 14 Any open set K of a hypergroup H
endowed with the topology 7;, is a subhypergroup of H.

Proof.

1. If x € K then x € O(x) N K which is an open set.
Consequently 0(x)c K and then a° b < K, for all
a,b €eEK.

2. By the definition of our topology, any x € K is such
x €0(x) andso Va € K; x € O(a) UO(x) and then we
get Kc Koac K = K = K o a. The other equality can be
obtained by a similar manner.

ISSN 1013-5316; CODEN: SINTE 8

3958

Clearly, H is a subhypergroup of itself. Any other
subhypergroup of H will be called a proper subhypergroup.

Definition 15 Let O(a) as defined in proposition 4. We say
that O(a) is saturated if :

Vx € 0(a) we have 0(x) = 0(a).

Proposition 16 Let (H, 7,,) as in proposition 4; if the
elements of the family 7 = {O(x) / x € H } are
saturated; then the family form a partition of H.

Proof. Itis clear that the family is a cover of H.

Suppose that O(a) N O(x) = @; so for b € O(a) N O(x)
we have 0(b) = O(x) and O(b) N O(a) so O(a) = O(x).
Proposition 17 Let (H, T;,) as above. The relation R,,
defined on H by :

XRpy & 0@) =0(x);

is an equivalence relation.

If in addition the open sets O (x) are saturated; then the class
of any element x is defined as:

x = 0(x).

Proof. The proof is trivial.

Proposition 18 If the union of two fundamental open sets is a
fundamental open set ); the quotient set (H / R,,, °) where
0(x) o 0(y) = 0(x) UO(y) isasemigroup.

Proof. From the condition on the union of two fundamental
open sets; the operation o on H / R,, is a binary operation.

In the other from the associativity of the union of sets we get
the associativity of the binary operation o on H / R,,.
Definition 19 Let (H, ©) be a hypergroup an equivalence
relation R on H is said to be compatible with the
hyperoperation o if :
aRb =aocR bocandcoaR cob; VcEH
where for A, Bc H; AR B< Ya€ A3 beB such that
a R b and conversely.

Proposition 20 If R, is the equivalence relation on the
hypergroup (H, o) endowed with the opology 7,,; the
relation ®,, is an equivalence relation on the family
F={0(kx); xeH}
Proof. The proof is easy to establish.
Proposition 21 The relation R,, defined in the hypergroup
(H, o) endowed with the topology 7;, is compatible with o.
Proof. Let a R,,b then O(a) = O(b). For any c € H; and
since 0(a) UO(c) =0(MB)uU0(c); then aocc=boc and
since R,, is reflexive; we have aoc R, b o c.
Proposition 22 Let { O(x) } be a fundamental family. For
any open set O and saturated open set O(x); either O(x) N
O0=0or O(x)c 0.
Proof. Suppose O(x) N O # @ then for any a € O(x) N O
one has O(x) = 0(a) and O(a)c O so O(x)c 0.
Proposition 23 Let (H, 7,,) be atopological hypergroup
and R be the equivalence relation defined as above. If the
family { O(x) } is saturated then H / R, is a hypergroup for
the hyperoperation :
0(x)°0(y) =0(x) Vo).
Proof. The proof is trivial.
Definition 24 For a € H the mapping
. H\{a} — P'(H)

fa: x —  aox
is said

1. semi-injectiveif: acx=aoy = 0(x) = 0(y).

2. semi-surjective if : V @ # Ac H; 3x € H such that
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Ac f,(x) =aox.
Proposition 25 Let { O(x) } be a fundamental and saturated
family, the mapping

fe H\{@ — P

@ x —  aox

is semi-injective.

Proof. Suppose 0O(a) UO(x) =0(a) VO(y) and b€
0(x)

1. If b€ O(a) then O(a) = O(x) and therefore
O(x) = 0(x) UO(y) whichimpliesthat O(y) < 0(x)
and finally from the saturation since y € O(y) < 0(x), we
have O(y) = 0(x) .

2. Ifbeg0O(a) but beO(a) UO(x) =0(a) UO(y)
then b € O(y) andso O(x)c O(y), which gives finally
0(x) =0() .

Proposition 26 Let { O(x) } be a fundamental family where
the union of two fundamental open sets is a fundamental open
set, the mapping
feo H\@ — P

ar x —  aox

is then semi-surjective.

Proof. Let A € P*(H) then Ac U4 O(x) but from our
condition there exists b € H such that O(b)c U, 4 O0(x)
and Ac Uy, 0(x) = 0(b)c0(a) v O(b).

Comment 1. Next our goal is the study of the
topology on the quotient semigroup H / R,,
induced by the topology of hypergroup H. We think that the
binary operationo on H / R, presentssome nice continuity
properties.
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