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ABSTRACT: This paper deals with the state feedback H_ stabilization problem of discrete-time 2-D (two-dimensional)
switched systems subject to actuator saturation. Firstly, a sufficient condition for asymptotical stability and H_ disturbance
attenuation performance of the system under consideration is developed by using the multiple Lyapunov functional method
while the saturation behavior is described by the convex hull. Secondly, a state feedback controller is designed which
guarantees that the resulting closed-loop system is asymptotically stable and possess a prescribed H_disturbance
attenuation level y . Finally, an example is provided to show the validity and effectiveness of the proposed methodology.
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1. INTRODUCTION

During the past few decades’ 2-D (two-dimensional)
systems have greatly attracted the attention of researchers
due to their increasing application in many areas such as,
digital signal processing (DSP), electrical transmission lines,
digital image processing and process control [1-3]. Roesser
model, FM-model (Fornasini-Marchesini model) and Attasi
model are well known state space models for 2-D systems.
The stability problem of 2-D discrete systems was
investigated by the authors in (see [4-8] and references cited
therein).

On the other hand, a switched system is a hybrid system
which consists of several subsystems and a switching rule
that orchestrates the switching among them. Switched
systems have applications in many areas like, automotive
control, power electronics, switching power supplies and air
traffic controls [9, 10]. Lyapunov stability theory is very
effective tool for stability and stabilization of control
systems [11-13]. The common Lyapunov functional method,
the multiple Lyapunov functional method and the average
dwell time approach are the three well known techniques
for dealing with switched systems [14-16]. The switch
phenomenon was also proposed to occur among 2-D
discrete systems in [17], where the switching law was
considered as Markovian jumping one. Researchers in [18]
have solved stability and control problem of 2-D switched
systems by the common Lyapunov functional method and
the multiple Lyapunov functional method.

Moreover, actuators are subject to saturation in practical
control systems due to physical limitations and safety
constraints.  Actuator saturation may cause poor
performance of the system or it can even lead to the system
instability. Stability and control problem of 2-D discrete
systems with actuator saturation was solved in [19-21].
Furthermore, H_ control theory has been extensively used
by researchers as system robustness analysis tool. Robust
H_ filter design for 2-D discrete systems was presented in
[22]. Robust | -gain control problem of 2-D nonlinear
stochastic systems with time-varying delays and actuator
saturation was solved in [23]. Researchers in [24] have
presented solution to the problem of stability analysis of
2-D discrete linear system described by the FM second
model with actuator saturation. Recently the problem of
H_ control for 2-D switched systems with time-varying
delays and actuator saturation was studied in [25, 26]. Duan
and Xiang in [27] have solved the stability and H_
control of 2-D switched delay free systems.

Motivated by the results presented in [27], authors in this
paper aim to solve H_ stabilization problem for 2-D
discrete switched delay free systems with actuator
saturation, which to the best of our knowledge has not been
fully investigated till date and deserves further attention.
The main contributions of this paper can be summarized as:
1) A new stability condition for 2-D discrete switched
systems with actuator saturation has been presented along
with H_performance. 2) A state feedback H_ controller
has also been presented, which guarantee that the resulting
closed-loop system is asymptotically stable and has a
prescribed H_ disturbance level y . All results are
formulated in terms of linear matrix inequalities (LMIs)
which are therefore easy to solve.

The remainder of this paper is organized as follows. In
Section 2, problem formulation and some necessary lemmas
are given. In Section 3, main results are described. All these
sufficient conditions are derived in terms of linear matrix
inequalities (LMI). In section 4, an example is illustrated to
show the effectiveness of derived results. In section 5
concluding remarks are given.

Nomenclature

mT Transpose of ™ .

I Euclidean norm.

I The identity matrix.

z Set of all nonnegative integers.

RJ,rRk, RM™N The real numbers, real k vectors, real

mxn Matrices.
sat(-) Saturation function.
sup(.) Supremum function.
dgiag{s;} Diagonal matrix with the diagonal elements
i=12,..,n.
x Inverse of X .
co{(} The convex hull

(%) Term in matrix that is induced by symmetry.

The |,-norm of any 2-D signal w(i, j) is given by:

WZ:\/;ZOO EO[WT(i,j)w(i,j)]

where (i, j) belongs to 1,{[0,00),[0,00)}, if [w], < oo

2. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following discrete 2-D switched system in
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Roesser model with actuator saturation:

X (l j) (| ) (i,j)+Ba(i’j)w(i,j)+Ea(i’j)sat(u(i,j)).

z(i,j)=Ca(i'j)x(i,j)+Da(i,j)w(i,j)+Fa(i,j)sat(u(i,j)) ,

i,j=012- 1)
With
i) - Xh(i+lj) x(i. i) Xh(i:J)
" i xV(i.j)
LY
a(i,j) Azal(l,J) az(l,j) a(i,j) Bg(i’j)_
[ef(ii)]
El I I
E i) i) Cui. J)[ a(iod) coding) |
=2
a(i.j)|
R
F o= :
ali,j) ali, j
) ( J)_
Where  x"(i,j)eR™ and x'(i,j)eR™ are th

the
horizontal state and the vertical state respectively, x(l, 12
is the whole state in R" with n=n, +n,, W(l j)eR
is the disturbance input which belongs to 1,40, ), [0,0)},
u(i, j) € R™ is the controlled input, z(i, j) € R" is the
controlled output and
a(i,j): Z,xZ, >N ={1,2,.,N} is the switching
signal.” N is the number of subsystems. a(l j)=k,
k e N, denotes that the K -th subsystem is activated. A,
B, , Ck, D,, E, and F are real matrices with
appropriate dimensions. 1 and i are integers in Z . The
boundary condition is satisfied if |X(0)], < with
X (0) defined as follows:

.
Y(0,0), xY(1,0), x¥(2,0), } .
2

The saturation-function sat(-):R™ — R" is deffined as:
sat(u):[sat(uls, sat(uy ), - sat(up L[ (3
With input defined as: u={uy, uy, - uy | eR™. For
p=1,2,...,rz, jtandard saturation fjnctipn can be described

X(O):[Xh(O,O), x1(02), x1(0,2), -+ x

as: sat sign(u , Jmin<1,ju

By |mplement|ng the closed loop state feedback control law:

u(i,j)=K ali,j) x(1,J) with:

Ka(i,j)z[KJ(.X(i’j) Kg(i’j)] ,

Kg(i’j)eR

where Kla("J)eRmxnl

XN . .
2 are the controller gain matrices to be

designed. The corresponding closed-loop system is:

X+(i'j):Aa(i,j)X(i’j)+Ba(i,j)W(i'j)+E ai, J)sat(KOC(I J)x(l ),
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z(i,j):Ca(i'j)x(i,j)+D0!(I J)W(I J)+F o, J)sat(KO!(I J)X(I J),
i,j=012--. (4)

Let ® be the set of all diagonal matrices in R™" with

diagonal elements that are either 1 or 0. For example, if
n=2,then

o-leueameodl- 3o s ol o)

There are 2" elements D_ in ® , and for every
p=L,..2", D,=1,-Dy, isalso an elementin © .

For taking actuator saturation nonlinearity we will embed
sat( K, x(i,j)) within a convex hull of a group of
linea fee(}backs For a positive definite matrix P € R™"
and a scalar § > 0, an ellipsoid Q(P,5) is defined as:

Q(P,8)={x(i, i) eR":x(i,j)' Px

Define the following polyhedral set | (H):
L H)::ix(i,j)eR”:|H|x(i,j)|sl,l:1,2,...,m},

Where H, isthe I-th rowof matrixH .
Remark 1 In this paper, it is assumed that switching occurs
only at each sampling point of i or j. The switching
sequence can be described as,

los Jo ), &\ Lo (i Jy)sa (i i) o (e I )y (L b)) oo
\%ithO)iK,(ji JO)Le(r(mtje% t eJ ))K —tl(1( S\}w)tchgngJ ?r)lstant. It
should be noted that the value of «(i, j) only depends on
i+ (see[17]).
Definition 1 [1] Discrete 2-D switched system (1) is
asymptotically stable under switching signal a(i j)'
sup||x@i, j)| <c and lim x(i, j)=0 under w(i, j)=0
ahd any boundary cohdition sup"x (0, j)||<oo and

(iLj)<s,Dez’}.

su i OJ

Deﬂ“ntlon | [1] leen a positive scalar ¥ , and two
symmetric and positive definite matrices R and R,, the
discrete 2-D switched system (1) is said to have a
prescribed H_ disturbance attenuation level y if it is
asymptotically stable and satisfies:

. I o

ot | +ZxVT i,0)RX" (1,0)+ Z (0,j)RX"(0,j)

j=0

()
Remark 2 For the case when the boundary condition is
known to be zero, the inequality (5) reduces to

s M 6

0¢W(I j elz W"

Lemma 1 [24] Given Kand H e R™", then

sat (Kx(i, j)) e co{( DK + D;Hv);((ii’,jj))é %:’1, 223)
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that satisfy |H|x(i,j)|g1 , for H,, 1=12..,m
co{l }, is convex hull.

When xeL(H) , it follows that satha Jx(| 1)7)
satisfies the condition (7) of Lemma 1. Then ubstlt)utlng 7)
to system (4), and noticing the relationship between convex
combination and its vertex, we can obtain the following
representation for p=1,2,---,2".

X" (1, 1) = Al X (0 3)+ By yw(i. 1)

z(i,j):Cj(i'j)x(i,j)+Da(i'j)w(i,j), (8)
where,
p _
Ao = A +Eui DKo )+ En i DoHug -
CP.  =C

o) ¥ Fa(i'j)DPKa(”) +F, i J)DPH
3. MAIN RESULTS

In this section, we investigate the problem of controller
design for system (1) to ensure that closed-loop system (4)
is asymptotically stable and has H_ disturbance
attenuation level y .
3.1. H_ PERFORMANCE ANALYSIS

In this subsection, the problem of H_
analysis of 2-D switched systems is discussed.
Theorem 1 Given a positive scalar ¥, and two symmetric
positive definite matrices R and R,, if there exist a set of
block-diagonal, symmetric and positive definite matrices
P —diag{gPk P}>0,and matrix H,, keN,such that

i, §) ai.j)’

performance

—P P.(A +ED.,K,+ED,H,) RB 0
-R 0 (C|+F,DF,K|+F|D;H|)T <0

* * vl D/

* * * —1
V(k,l)emxm. (9a)
R, <y*diag (R, R, ). (9b)
Q(R.1)eL(H,). (%)

then 2-D switched system (4) is asymptotically stable and
has a prescribed H_ disturbance attenuation level y for
any arbitrary sequence of switching.

Proof When x(i,j) €EQ(P,1) , then we choose the
Lyapunov function candidate for system (4) as follows:

V(i 5) = ()P px(0 D) a0
where,
P = diag{R""", P}, (11)
AV (i, )=V ) -V Q. ). (12)

Set, w(i, j) =0, along the trajectory of system (4), we have
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R R e LN e

pyiey (i, j+1)
T (5 i\ VT (G Pl”“'” 0 Xh(i,j)
e ("J)]{ 0 P;""”}[X”(i,j)}'

(13)

Note that o(i+1,])= then (13) can be

a(i,j+l),

written as
AV (i, ) =x"T(0, PP, X (1 D) =X ([ )P )G, ).
(14)
There is no loss of generality if we assume that k -th
subsystem is activated at i+ j,keN thatis (i, j)=k.
When no switching occurs at j+ j+1, in other wordsk -th
subsystem is still active at i+ j+1, one can obtain
a(i, j)=a(i+1, j)=k, then one has
AV (i, j)=x"T(i, ))Bx"(i, j)=x" (i, i) Bx(i, j).
(15)

From, (9a) it follows that k -th subsystem is
asymptotically stable.
When I-th subsystem is activated at j+ j+1 that is,

ali+1j)=I, we get
xT (i, ))Px (i, i)=x" (i, J)Px(i, j). (16)

It follows (9a), the Lyapunov function is decreasing at
switching instants. Therefore, closed-loop system (4) with
w(i, j) =0 is asymptotically stable.

For any nonzero wgi, j)el, {[o oo) [0, oo)} closed-loop
system (4) has a prescribed H_disturbance attenuation
level y . For this purpose, we introduce

(i, j)=Av(i,j)+z"(i,))z(i, j)-r*w (i, ))w(i, j).

AV (i, j)=

17)
That is,
S(i,5)=2" G, v, j). (18)
<o T (s T\
Where, Z(LJ)=[X (|,J) w (|,J):| and
7Anp<u)Au o+ Cat J)C(l ALy Pinn i Bagi g+ Cltu Pati
- Bl Pationn Al +D¢ §Cai B Paon B * D(‘nD(‘; il
Applying Schur’s Lemma it follows from (9c) that,
v <0. (19)

That implies,
AV (i, j)+2"(i,))z(i, j)-

W (i, j)w(i, j)<O

(20)
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It follows that,

22( (i, )z( )ysz(i,j)w(i,j))<§§(ﬂv(i,j)).

(21)
From (15) one can obtain

AV(i,j) 4L ))RCIX (41, §) - X" (i, ) RIX (i, §)
( J+1) |1+1)X (I J+1)—XVT( ,J-)Pz( (I,J)-
(22)
Denoting,
M=x"(i+1 j)R palidi)yh X"(i+1, j)—x (i,j)F’f‘(I j)Xh(i.j)-

N =xT (i, j+1) P (i, j+1)—xT (i, ) BIX (i, ).

(23)
From (23) it should be noted that a(i+1j)=a(i, j+1),
since the value of (i, j) only depends on (j+ j). For any
positive scalars N, n, € Z, .\We can write

L} WL WL
ZZAV(i,j):ZZM +ZZN
i=0 j=0 i=0 j=0 i=0 j=0

< ZZ:(X“T (n,+2, )P Ix" (n +1, j)-x" (0, j) R“Ix" (0, j))
=0

n . .
+Z(xvT (i,n, + Py (i n, +1) - X7 (i, 0)PEOx G, 0)).

i=0

(24)
When, n,,n, =, then we obtain
> 32 (1) 2(i0) - 2w (i §)w(i. §))
i=0 j=0
<3 (X7 (0, §) PR (0, 1))+ (X7 (1,0) PECOx (1,0))
(25)

From (9b) and (9c) we know that P*<y’R and

Pf <7’R,, VkeN.Then (25) becomes

gé( (i,j)z(i,j))<7/2(2§;( (i, j)w(i, j))
+§( X" (0, j) ) g( (i,0) Rx" (i, 0))}
(26)

From (26), it can be obtained that,

2(i, i) =i, ).

(i.3) =w(i. ), @n
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That is

. 8
Hz(i,j)Hz<;/2[Hw(i,j)Hi-*—JZ‘;(xhT (0, j)Rx"(0, j) )+ZD:( ‘T (i,0)R,x" (i,0) )]( )

This completes the proof.

3.2. H_ CONTROLLER DESIGN

In this subsection, the H_ controller design problem of

2-D switched systems is addressed.

Theorem 2 Consider discrete 2-D switched system (1) with
actuator saturation, for given positive scalar y and
symmetric positive definite matrices, R:diag{Rl,Rz}, if
there exist a set of positive definite matrices
szdiag{xl",x;} and matrices v*, W* with keN,
satisfying

X ® B 0

* X' 0 I <0, V(K,1) € NxN. (29a)

* x5 Df
* * * -1
X'>y?R* VleN. (29Db)
|
{1W}zo. (29¢)
* X'

with,
®=AX'+EDY'+EDW!' 1=(CX'+FD,Y'+ FDW'")',

K =DI(X)™" L (X)7=[K K,

H =W/ (X)™ W00 T=[H; Hl.

Then the corresponding closed-loop system (4) is said to be
asymptotically stable and possesses H_ disturbance
attenuation level .

Proo(( Pre- anj post-  multiplying (9a) by

diag ((R)"(R) " 1.1) we get
~(R) (A+ED,K +ED;H)(R™) B, 0
* -(R™M 0 (R™)C +FD,K +FD:H,)" <0
* * 4 D

* * * -1

(30)
Let, X'=(R™), X*=(R™Y), Y'=K (R™), W=H,(R™). then

(30) becomes
-X* AX'+ED,Y'+EDW' B, 0
* -x! 0 (CX'+FDY'+FDW")" | _
* * -7% D
* * * _|

31)

Let,

Sept.-Oct



Sci.Int.(Lahore),27(5),4145-4151,2015

®=AX'+ED,Y' +EDW',

=(CX'+FRD,Y'+RDW")", v(k,1)e NxN.

It can be obtained that (31) is equivalent to (29). Thus,
we can deduce that the given closed-loop system (4) with
actuator saturation is asymptotically stable and has H_
disturbance attenuation level y for any arbitrary switching
sequence.

This completes the proof.

Remark 3 It should be pointed that the results presented in
Theorem 2 can be considered as an extension of results
presented in [27] to the problem of 2-D discrete switched
systems with actuator saturation. To the best our knowledge,
there are no results available on the problem of state
feedback H_ control of 2-D switched systems with
actuator saturation therefore direct comparison is not
possible.

4. NUMERICAL EXAMPLE

This section presents the simulation example to ensure the
validity of above proposed results.
Consider the following equation which describes some
thermal process, for example in chemical reactors, heat
exchangers and pipe furnaces [2].

aT(x,1) _ aT(xt)

a”®IT (x,1) + b7 Ow(x,t) +e°*Vsat(u(x,t)).
OX ot

(32)
T(x,t) is the temperature of the process at
x(Space) e[o0,x,] and t(Time) e[o,0).u(x,t) is the input
function. a’®V b°*Y and e°™Y are real coefficients.
Initial goal is to represent the above stated 2-D model
conversion to 2-D discrete state space Roesser model.
Taking,

T(@, j)=T(@Ax, jAt), w(i, j)=w(iAx, jAt),
u(i, j) =u(iAx, jAt).

AT TG Jj+D)-TGJ) aT(t) TG )-TG-1 j)
ot At ox AX '

Then we can obtain following Roesser’s model

o 1 .
X"+ )] x"(i, j) 0 - 0 -
LV(L j +1)} i {At 1AtaﬁwA‘}L”(i, ,—J {b““"’AJW(" ) {e““"AJ”(" D

AX AX
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For numerical simulation choose time and the space
discretization period as:

At = 0.5, Ax= 0.3, Now it is assumed that 2-D discrete
switched system has two subsystems with, a=0.1, a’>=0.3,
b'=0.2, b?=0.1,¢'=0.5 and e?=0.6 then we will have
following set of parameters for the approximated process.
Subsystem 1

A :{127 —0%72}’ = [0-%5]’ 5 :[0?1}’

C,=[0 —1], p,-1 F=0.

Subsystem 2
IEEERCE FAERN
AL_L.G? —0.82}' 0.3 0.05
C,=[0 -1], D,=2, F,=0.
Take »=10 , R =1, R,=diag(1,1) , and the

disturbance input w(k):Tl, the boundary condition is
|

given as follows:

X“(O,i)=3., 0<j=<15; x"(0,j)=0, 15< .
J

xV(i,0)=i3, 0<i<15: X(i,0)=0, 15<i.

Solving the matrix inequalities in Theorem 2 with,
n=1 »n, =1, givesrise to:

00576 0 X - 0.0674 0
Xlz[ 0 0.0438}' 27| 0 0.0441)

Y, =[-0.3850 0.1262], Y, =[-0.3752 0.1207],
W, =[-0.2038 0.1072], W, =[-0.2179 0.1058],
K, =[-6.6800 2.8840], K, =[-5.5667 2.7368],

H, =[-3.5361 2.4502], H, =[3.2332 2.3991].

Figure 1 and Figure 2 depicts the trajectories of
horizontal and vertical states x"(j,j) and x‘(i, j)
respectively. It can be concluded from Figures that
closed-loop system (4) is asymptotically stable. The
corresponding arbitrary sequence of switching is shown by
Figure 3.
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Figure 3 The switching signal.

5. CONCLUSION

State feedback H_ controller design problem for 2-D
discrete switched systems with actuator saturation has been
investigated in this paper. By utilizing the multiple
Lyapunov functional approach, necessary and sufficient
condition for asymptotical stability of corresponding
closed-loop system with a prescribed H_ disturbance
attenuation level y» is proposed. Our future work shall
focus on the extension of the proposed control methodology
for 2-D continuous-discrete switched systems which is still
an open problem.
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