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ABSTRACT: Shape design of a fin for optimum thermal performance is investigated by using a computational procedure 

based on body fitted grid generation, steady conjugate gradient method and grid redistribution scheme. Steady laminar and 

fully developed flow of incompressible fluid is considered in the annulus of two concentric circular tubes subject to 
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boundary conditions applied at the inner surface. Straight and longitudinal fins are augmented to the outer surface of the inner 

tube with initial shape being such that the sides lie along the radial lines and the tip forms a circular arc concentric with the 

tubes. The shape of the fin is iteratively adjusted so that the heat transfer coefficient Nu Nusselt number reaches a specified 

level of performance relative to that for the initial shape. The tests are performed with for a range of values of the parameters 

the number of fins and the fin height to achieve various levels of thermal performance. The results indicate up to %20  

increase in the heat transfer coefficient Nu Nusselt number for the optimal shape as compared to the initial shape for various 

configurations of the finned annulus. 
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1.  INTRODUCTION 
The study of optimal shape design can be arrived as by 

asking the following question, what is best shape for a 

physical system? This study is of physical systems; in 

particular, which can be described by an elliptic partial 

differential equation and where shape is found by the 

steepest descent, conjugate method and direct sensitivity 

method. 

Traditionally, optimal shape design has been treated as a 

branch of variations and more specifically of optimal 

control. This subject interfaces with no less than five fields: 

body fitted grid generation, optimization, optimal control, 

partial differential equations, and their numeric solutions; 

this is the most difficult aspect of the subject. In fact 

optimization is the act of obtaining the best result under 

given circumstances. Depending upon the physical structure 

of the problem, optimization problem can be classified as 

optimal control and non-optimal control problems 

An optimal control system is usually described by two types 

of the variables, namely, the control (design) and the state 

variables. The control variables govern the evolution of the 

system from one stage to the next and the state variables 

describe the behavior of the system in any stage. Explicitly 

the optimal control problems in mathematical programming 

problem involving a number of the stages, where each stage 

evolves from the previous stage in a prescribed manner. 

In mathematical point of view, we define the optimal shape 

design in the following way: 

Let   be the solution of a partial differential equation in a 

domain  ; 

  .   nn RRx     (1) 

Let E  ,  be a real-valued function of     on    . We 

may say that we have an optimal shape design problem to 

solve if we find    , in a class    of allowable domain, 

to minimize E. Symbolically, we may write: 

    ,0,:,min 


 AE      (2) 

Comparison chart between the Conventional and Optimum 

Design Process is given below: 

Conventional versus Optimum Conventional versus Optimum 

Design ProcessDesign Process
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Estimate initial design
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Yes

Stop
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No
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Analyze the system

Check performance criteria

Is design satisfactory?
Yes

Stop

Change design based on experience/heuristics

No
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Estimate initial design 
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Check the Constraints
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Change design using an optimization method

No

Does the design satisfy 

convergence criteria?

Identify:
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    C1

where A is an operator that, for every  ,   defines a 

unique  . In reality, this definition is too restrictive; 

broadly speaking, we use the term optimal shape design 

when-ever a function is to be minimized with respect to a 

particular geometric element appearing in a partial 

differential equation. 

In 2000, Cheng and Wu [4] proposed an optimization 

process by combining the body-Fitted grid generation and 

the CG methods for shape design. In their study, attention 

was focused on the development of a direct differentiation 
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scheme for the sensitivity analysis. However, it is noted that 

since in [4] only the simply connected domains are dealt 

with, the validity of the numerical schemes for the multiply-

connected domains remains unclear. Furthermore, as 

observed by Cheng and Wu [4], an oscillation of the 

iterative solution occurs during the iteration process for 

some particular cases. To avoid the oscillation, a multistage 

operation was suggested by the authors. In the multistage 

operation, the solution process from the initial shape to the 

optimal one is divided into a couple of stages by properly 

setting a number of intermediate conditions. When an 

intermediate solution for a stage has been solved, the 

obtained solution is treated as the initial guess for the next 

stage. The process proceeds from one stage to another until 

the desired solution is reached. 

Cross-Section of Finned Double Pipe

Fig. 1  

In 2001, C. H. Lan et al. [5] provided a number of test 

problems with multiply-connected domains are considered 

to demonstrate the performance of the method presented by 

Cheng and Wu [4]. Meanwhile, they proposed distribution 

method to regularize the ill-ordered grids, which are 

commonly found in the optimization process, to improve the 

grid quality for the subsequent iterations and hence avoid 

the oscillation of the solution. Minimization of the objective 

function is achieved by using the CG method. The 

curvilinear grid generation scheme requires less 

implementation efforts and, therefore, it is integrated into 

the shape-optimization procedure. 

Recently in 2007, K. S. Syed et al. [6] solved a problem for 

convective heat transfer in the thermal entrance region of 

finned double-pipe. 

The study of one-dimensional annular flow is extended to 

the two-dimensional problem of the steady laminar fully-

developed flow of a viscous incompressible fluid moving in 

the annular region between two concentric pipes with 

tapered fins augmented to the outer surface of the inner 

pipe: a finned double pipe (FDP). The fins are assumed to 

be smooth, straight and equally spaced. Their sides form 

radii of the circular geometry and the tips are circular arcs 

concentric with the pipes. A cross-section of the annular 

domain is shown in Fig.1. The governing momentum 

equation is solved numerically and the velocity distribution 

and other flow characteristics are studied for a range of the 

values of the geometrical parameters: the ratio of the radii, 

the number of fins, the fin height and the fin thickness. 

2. PROBLEM STATEMENT 

The system comprises two concentric pipes with 

longitudinal fins, of zero thickness [24], distributed 

uniformly around outer surface of the inner pipe while cold 

fluids flow in the finned annular region. The fluid is 

viscous, incompressible, Newtonian, and has constant 

properties. The flow is assumed to be steady, laminar, hydro 

dynamically fully developed and thermally developing. 

Here viscous dissipation is negligible. All the body forces 

are negligible. The only driving force is the pressure 

gradient in the axial direction. Under the thin fin 

assumption, the cross-sectional area occupied by the fins is 

quite negligible as compared to the free flow area. This is a 

valid assumption and has been taken in many studies like [6, 

24, 25,26]. Therefore we assume that the fin thickness is 

zero. The axial conduction in wall and fluid is neglected. 

The fin material has infinite conductivity i.e. the fin is 

%100  efficient. An adiabatic thermal condition is imposed 

at the outer pipe. 

The geometry for parallel plates is to be considered as 

special case of the two concentric circular tubes/pipes with 

considers devotion of curvature. 

Under the assumptions described above the momentum and 

energy equations are solved numerically for a range of 

values of the geometrical parameters; namely the ratio of 

radii of the inner and the outer pipes, the fin height and the 

number of fins. The heat transfer results are sought for the 

uniform heat input per unit axial length with circumferential 

uniform wall (tube and fins) temperature classified as 1H  

boundary condition by [27]. A cross-section of the geometry 

under consideration is as shown in the fig. 2  & fig. 3  . The 

geometrical symmetry requires the problem to be solved in 

the region shown in fig. 4  . 

Cross-Section of Finned Double Pipe

Fig. 2  
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Fig. 3  
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3. MODELING THE FLUID MOTION 

a. Momentum Equation 

Under the earlier assumptions, the governing momentum 

equation for the  D2    flow can be written as [6], 

,
111

2

2

22

2

dz

dpu

rr

u

rr

u

















   (3) 

where  u   is the axial velocity component,  p   is the 

pressure and  z   is the axial distance. 

The geometrical symmetry requires this to be solved only in 

the region where  0rrri    and   0  . The 

dimensionless numerical domain is shown in Fig. 4  . 

Using the following dimensionless variables: 

 

and 

 ,ln21
4

1 222

0max mmm RRRr
dz

dp
u       (5) 

the equation (3) can be reduced to the dimensionless form 
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where 

 ,ln21 22

mmm RRRC             (7) 

And 

 
The boundary conditions introduced by the symmetry of the 

domain and the viscous nature of the fluid can be expressed 

in dimensionless form as follows: 

 

 
b. Energy Equation: 

The energy equation in dimensionless form is given below, 

with all conditions given in [6] also. 

The energy equation governing the convective heat transfer 

in the flow of a viscous, incompressible, constant-property 

fluid with negligible viscous dissipation is recalled to be 

given as 
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 (9) 

where u  is the velocity distribution appearing as an 

unknown solution of the momentum equation (8). This is 

solved in the domain shown in Fig. 4 , subject to the 

following boundary conditions. 

Constant heat flux boundary conditions imply 

  ,,at rrrzTT iw    

and 

  ,,at    iw rrzTT  

where wT  is the temperature of the inner-pipe wall and also 

of the fin surface because of the assumption of infinite 

conductivity of the fin. This varies axially by virtue of the 
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boundary conditions. An adiabatic wall temperature 

condition at the outer pipe implies 

.0,at  0  0 






rr

T
 

Symmetry conditions at the lines of symmetry (so that there 

is no heat flux across these boundaries) ensure that 

 , ,0at  0 0rrr
T

i 






   (10) 

 . ,at  0 01 rrr
T
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
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
  (11) 

The non-dimensional temperature distribution defined for 

the present situation, as 
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The above model can thus be converted into the 

dimensionless form 
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where 
u is the velocity distribution obtained as a 

numerical solution of Eq. (6), 


cA   is the dimensionless 

free flow cross-sectional area and  


u   is its mean value 

over  


cA  . 

The boundary conditions given above can be written in 

terms of the dimensionless variables as 

Fig.5
 

4. BODY-FITTED GRID GENERATION 

Curvilinear grid generation, the solution domain and the 

boundary conditions are given and solution can be obtained 

by using grid of  2141   as the situation described in the 

fig.6 to fig.8 and using body-fitted coordinate 

transformation technique, which was originally proposed by 

Thompson, et al. [8] & [21]and adopted by Cheng et al. and 

Syed et al. [4-6] respectively, is applied to generate 

curvilinear grid for computation at each iteration that 

 

Fig.6
 

Fig.7
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accommodates the variation of the shape of the solution 

domain during the optimization process. The grid generation 

method associated with the optimization process uses the 

framework of the numerical schemes proposed by Cheng 

and Wu [4] &  [5]. The important features of the method 

are described below. The computational domain is defined 

by the coordinate transformation functions, ),( YX   

and ),( YX  , which are obtained by solving the 

following partial differential equations: 

 ,,12
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2

2
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      (14) 

 

 ,,22

2

2

2




F
YX










      (15) 

where   ,1F and   ,2F   are two functions which are 

defined to artificially adjust the density of the grids locally, 

as suggested by Thompson, et al. [8] & [21]. Equations (14) 

and (15) are transformed into the computation domain as: 
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where 
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and aJ denotes the Jacobean of the transformation. 

Once the solutions of  ),( X  and ),( Y  are carried 

out in the computation domain from Equations (16) and 

(17), the transformation functions ),( YX  and 

),( YX can be obtained through an inverse mapping 

process. 

The shape functions of the left boundary ),( X  and 

),( Y , are iteratively up dated during the optimization 

process. Based on the updated functions, equations (16) and 

(17) are solved by the finite-difference method to yield the 

grid that accommodates the variation of the shape of the 

solution domain in iteration. Local orthogonality of the grid 

lines near boundaries can be ensured by simply setting 
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at these boundaries. 

Grid 41 21

Fig.8
 

 

5. COMPUTATIONAL FORM OF THE 

MOMENTUM AND ENERGY EQUATIONS 

Computational form of momentum and energy equations are 

as follows and also derived in [6]. 

a.  Momentum Equation 

.
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The boundary conditions are as under : 
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where  itip  is the number of grid points in    direction till 

fin tip,  i   is the total number of grid points in    

direction, j  and  j  are the grid points on the fin tip and 

total number of grid points in   direction. 

b. Energy equation 

.5421
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u
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The transformed boundary conditions are 

(a) At the solid boundaries 

,0,at  0

,0,0at  0









ji

j




     (21) 

 

,0 ,at  0

,0,at  0

tip

tip

ij

ji












     (22) 

 

.0,at  

















ji 









    (23) 

(b) Symmetry conditions 
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where for both above equations coefficients are as follows 
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Problem; considering the cross sectional, laminar forced 

convection heat transfer in the finned double pipe Fig.2 as 

discussed earlier. 

The target is to optimize shape design of the fin for a given 

Nusselt number. The momentum and energy equations in  

  ,   computational domain are as (19) & (20) and 

boundary conditions are given above (21-29) .   

6. SHAPE DESIGN PROCESS 

The shape profiles of the medium domain represented by the 

shape functions ),( X  and ),( Y  are varied in order 

that the objective functional J , defined as: 

,

2

,

1













  NuJ jn
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      (30) 

where 

   
,

,

,
dN

dT

Tp

Dh jn

bh

jn 





     (31) 

is minimized, where Nu  is the specified Nusselt number. 

Minimization of the objective function J  is achieved by 

using the conjugate gradient method. Incorporated with a 

sensitivity analysis, the conjugate gradient method evaluates 

the gradients of the objective function and sets up a new 

conjugate direction for the updated solutions. In general, the 

convergence can be attained in a finite number of iterations. 

The construction of conjugate gradients for the test problem 

is discussed only briefly in the following: 

Let  
n

jnr ,   and  jn,  nj ,3,2,1    be the nth iterative 

values of the shape functions  r  and     for grid 

point j  on the left boundary and let the first search 

direction toward the minimization be the steepest descent 

direction in terms of the gradient functions: 

,2
,

,

1

,

1, jn

in
N

jn

N

jn r
Nu

r

j


























    (32) 

 

,
1

2
1

,

,

1

,

1, jn

in
N

jn

N

jn r
Nu

j

r 




 





















   (33) 

where the terms  
jn

in

r ,

,




 and 
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,

,









 are referred to as the 
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sensitivity coefficients. The task of the sensitivity analysis is 

to evaluate the sensitivity of objective function  J   with 

respect to the shape functions  ibr   and  ib   to do 

this, the sensitivity coefficient must be known. 

In this study, the terms 
jn

in

r ,

,




 and 

jn

in

,

,









 are calculated by 

introducing small perturbations to r  and   coordinates of 

each left boundary points individually. The grid generation 

for the perturbed shape is carried out, and the temperature 

solutions of the heat convection equations (19) and (20) are 

solved. By using the obtained temperature solutions, the 

dependence of the temperature at the point )( , inj   on the 

perturbation of the coordinates of point j  can be evaluated 

and hence 

jn

in

jn

in

r ,

,

,

,
 and 

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






       (34)  

can be determined. This method is referred to as the "direct 

differentiation method". It is direct and accurate but is 

suitable only for problems with a small number of shape 

variables. For those with a large number of shape variables, 

the sensitivity analysis may become a somewhat time 

consuming step. In that case a reanalysis method proposed 

by Kirsch [17] may be used as an aid to reduce the 

computation time. In addition, the ad-joint variable method 

described by Meric [18] and Dems and Mroz [19] can also 

be applied. This type of method provides an analytical 

sensitivity expression for shape design and is especially 

suited to problems with a small number of systems 

behaviors functional but a large number of shape 

parameters. Meanwhile, the discretization of the system 

equations for optimization is not necessary with this 

method. However, the shape design sensitivity expression is 

dependent on the problem and its mathematical model, and 

one needs to derive different analytical expressions when 

considering different systems. For those cases for which the 

system behavior contrast to the ad-joint variable method, the 

direct method requires much less mathematical 

implementation, and therefore the application of the direct 

method is not limited to any specific system or 

mathematical formulation. Based on the conjugate gradient 

scheme, the coordinate of the point j  on the left boundary 

be updated by 
n

rjj

n

jn

n

jn prr ,,
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for ,....3,2,1 nj  where the search direction 
n

rjp , and 

n

jp ,  are expressed as a linear combination of the steepest 

descent directions and a vector, that is: 
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for nj ,,2,1    where (steepest --descent directions) are 

given as: 
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for  .,,2,1 nj    

6.1. CONJUGATE GRADIENT COEFFICIENTS 

The conjugate gradient coefficients  
n

rj ,   and  
n

j  ,   are 

calculated by 
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for  .,,2,1 nj    

6.2. CALCULATIONS OF STEP SIZE 

The step size  j ),,2,1( nj    appearing in equations 

(35) and (36) are to be determined. The value of  j   are 

selected to minimize the updated objective function  
1nJ  . 

With the help of equations (32, 33, 35) and (36) and the 

Taylor's series expression, the thn )1(    objective function 

is given by 
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setting the derivatives of 
1nJ with respect to j equal to 

zero 
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for  .,2,1 nj    

Equation (43) represents a set of linear algebraic equations 

which could be solved simultaneously to obtain the optimal 

step size ).,,2,1( njj   The solution can be 

performed numerically by means of Gaussian Elimination 

method. The equation becomes as 
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for  .,2,1 nj    

These are n  equations with n  unknown  's. These 

equations become in matrices form 

,11   nnnn BA     (47) 
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for  nr ,,2,1   and nm ,,2,1  each element of  

BN1  is as 
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in both the above equations (48) and (49) and  

nl ,,2,1    &  .,,2,1 nm    

Equation (46) may be solved by any method and  j   may 

be calculated. 

7. NEW OPTIMAL BOUNDARY 

Putting the values of  j   in the following equations, we 

get new optimal shape 
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for  .,,2,1 nj    

a. STEPS FOR THE PROCESS 

 

Fig.9
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RESULTS 
Tables for 6 fins 10 % , 20% , 30% , 40% , & 50% Increase 

in Nusselt number 

 

 

No of Fins_6, Fin Height_40% of Annulus,

Fin Half Angle_5deg,

4.33436Nu 

Initial Shape with Body Fitted Grid

Fig. 10

No of Fins_6, Fin Height_40% of Annulus,

Fin Half Angle_5deg

4.59679Nu 

6% increase relative to initial shape

First Shape with body fitted grid

Fig . 11
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No of Fins_6, Fin Height_40% of Annulus,

Fin Half Angle_5deg

4.79867Nu 

4.4% increase relative to first shape

10.7% increase relative to initial shape

Second Shape with body fitted grid

Fig .12  

Tables for 12 fins 10 %, 20%, 30%, 40%, & 50% 

Increase in Nusselt number 

 

No of Fins_12, Fin Height_40% of Annulus,

Fin Half Angle_5deg

2.99128Nu 

Initial Shape with Body Fitted Grid

Fig. 13  

No of Fins_12, Fin Height_40% of Annulus,

Fin Half Angle_5deg

3.40756Nu 

13.9% increase relative to initial shape

First Shape with body fitted grid

Fig. 14  
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No of Fins_12, Fin Height_40% of Annulus,

Fin Half Angle_5deg

3.59884Nu 

5.6% increase relative to first shape

20% increase relative to initial shape

Second Shape with body fitted grid

Fig. 15  

8. DISCUSSION 
 A computational procedure based on body fitted generation, 

steady conjugate gradient method and grid redistribution 

scheme has been employed to examine the shape design of a 

finned double pipe for optimal thermal performance. The 

iterative scheme is presented in fig. 9  .  

 The results for six fins with  %10  ,  %20  ,  %30  ,  

%40   and  %50   increase in Nusselt number have been 

tabulated in the tables  1   to  5 .  

 It has been noted that the results for  %10   and  %20   

increase have been successfully achieved as shown in the 

table. 1   and table. 2  . The results for  %30  ,  %40   and  

%50   increase in thermal performance could not be 

achieved as depicted in table. 3   to table. 5  . 

 We can see from the table. 1  that  %10   increase of the 

Nu is achieved after second iteration, when the fin height  

H   is  30%   of the original height, the basic Nusselt 

number  Nu   is  43486.4   and specified Nusselt number 

w.r.t. initial shape is  39262.22  , the heat conduction 

parameter  l   is increased from  45.0   to  94.0   and  Q   

the quantity of heat transferred drops from  00794.1   to  

99740.0  . Similarly, table. 2   shows that  %20   

increase of the  Nu   is achieved after first iteration, when 

the fin height  H   is  %30   of the original height, the 

basic Nusselt number Nu   is  43486.4   and specified 

Nusselt number w.r.t. initial shape is  39262.22  , the heat 

conduction parameter  l   is increased from  45.0   to  52.0   

and  Q   the quantity of heat transferred increases from  

00794.1   to  09513.1  .  

 Fig. 10   presents the initial shape with body fitted grids, 

when the number of fins is  6  , fin height is  %40   of the 

annulus and the fin angle is  5   degrees. Fig. 11  and fig. 

12   respectively depict the shape of fin with an increase of  

%6   and  %7.10   to the thermal performance as 

compared to the shape of initial fin as shown in fig.10. 

 Table  6   to table  10   contains the results when the 

number of fins is  12  . Table  7   shows that Nusselt 

number increases by  %20   when the fin height is  %20   

as well as  %40   of the original height. Fig. 13   shows the 

initial shape with body fitted grids when the number of fins 

is  12  . Fig. 14   and fig. 15   respectively depict the shape 

of fin with an increase of  %9.13   and  %20   to the 

thermal performance as compared to the shape of initial fin 

as shown in fig. 13  . 

 

9. CONCLUSION 

 It shows that model woks properly. 

 Clearly Fig. 10  to Fig. 15  and table. 1  to table. 10  

show the efficiency and successful computer 

implementation of the optimal design process. 

 The above results are due to successful body-fitted grid 

generation. 

 Conjugate gradient method performed excellently in the 

current problem. 
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