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ABSTRACT: This paper discusses the nonparametric analysis of interval and partly interval censored data, which occurs in
many fields including demographical, epidemiological, financial, medical and sociological studies. For Partly Interval
Censored (PIC) we mean that for some subjects the exact failure time is observed while the rest are only known to fall within
an interval [17]. In medical and reliability studies the most important function is the survival function. However, we used a
nonparametric model to estimate the survival function based on different imputation techniques in the present of interval
censored and PIC data. Our proposal is easily implemented using R software.
Keywords: Nonparametric Estimator; PIC Data; Imputation; Turnbull Estimator; Survival Analysis.

1. INTRODUCTION
Comparison of survival functions is one of the main
objectives in survival studies. In this paper, we will discuss
the comparison problem for several imputation techniques in
the existence of an interval and part interval censored (PIC)
failure time data. PIC data often occurs in medical and health
studies that are followed by periodic follow-up. By PIC data
we mean, for some subjects, the exact failure times are
observed, but for the remaining subjects, the survival time of
interest is observed only to belong to an interval instead of
being exactly [14,17,37]. An example of this kind of data is
provided by the Framingham Heart Disease Study [23].
Another example reported elsewhere [18] about Fatigue
Failure (Crack size data) which may be considered as PIC
data. In this article several imputation techniques used to
estimate the survival function and compared with the one that
obtained by Turnbull based on interval censored and PIC
failure time data. In the next two sections some researchers
that have addressed the PIC and imputation techniques.
2. PARTLY INTERVAL CENSORED DATA
Compared to the huge amount of statistical methods
developed to tackle right censored, left censored and interval
censored data, very little work has been done to deal with PIC
data. Here are some of the researches that studied the subject:
Among the first to approach interval censored data are [25]
who tackled PIC data by treating an exact observation as a
very small interval and others [32], who derived selfconsistency equations and used the ExpectationMaximization (EM algorithm) iterative procedure to estimate
the Nonparametric Maximum Likelihood Estimator
(NPMLE), and considered a closed interval [ L, R] , so that
exact observations are taken into account. [11] developed an
Iterative Convex Minorant algorithm (ICM) which performed
faster than Turnbull’s based on EM algorithm especially for
large sample sizes; see also [12]. In [3,15,16] some others
modified the ICM algorithm, where as in [15,16] authors
showed that his modified algorithm always converges.
Elsewhere [26], some extended case 2 interval censored data
to case k where the number of monitoring times is random,
the intervals are half open and non-censored observations are
not considered. [33] generalize the case 2 model so that exact
observations are allowed. [34] proved the consistency of the
NPMLE of the mixed case interval censoring in Hellinger
distance, and also recovered the results of [26] by using
preservation theorems for Glivenko-Cantelli classes. [29]

investigated the NPMLE of univariate mixed case interval
censored data and provided a characterization of the NPMLE,
then used the ICM algorithm to compute the NPMLE. In
[27] authors used a method based on a pseudo likelihood ratio
for estimating the distribution function of the survival time in
a mixed-case interval censoring model and showed that it
converges under the null hypothesis to a known limit
distribution. [17] was probably the first to use the Cox’s
Proportional Hazard Model to analyze PIC data. [30] used the
Turnbull’s self consistency algorithm to determine a
nonparametric maximum likelihood estimate of the survival
function. Based on which some presented a class of
generalized log-rank test for PIC failure time data [37]. Some
proposed a Proportional Hazards Weibull Model (PHWM)
for PIC data which is parametric Cox model with Weibull
distribution and applied it to AIDS studies [5]. Guure et.
al.[13] tried to determine the best estimate for the Weibull
scale parameter using interval-censored survival data. Others
compared the performance of five different methods for
interval censored data [5]. Finally, others modified the
estimating functions for PIC data using the semi-parametric
Cox’s proportional hazards regression models of the subdistribution of a competing risks models [6]. In this research,
we will tackle PIC data based on several imputation
techniques to transform our data into right censored data. The
motivation behind that is the imputation process is very
simple and there are numerous methods to deal with right
censored data.
3. IMPUTATION
Liu, et. al. [21] used midpoint imputation to propose a modelbased estimate of mean incubation period of AIDS. Mariotto
et. a.l [22] used midpoint imputation to estimate the acquired
immune deficiency syndrome incubation period in
intravenous drug users. However, [19] noted that KaplanMeier estimates of survival based on the midpoint imputation
method may be considerably biased when censoring intervals
are wide (longer than two years) and varied.
In [35], authors investigated the effect of infection with GB
virus C on survival of patients with HIV infection using rightpoint imputation. Others [31] also used the right-point
imputation method to investigate the effect of infection with
GB virus C on the mortality of HIV-infected patients. Some
workers [8] used the self-consistency algorithm developed by
[32] to estimate G, and then use Ĝ to impute the expected
infection time based on conditional mean of the subject's
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interval. [10] used the multiple imputation method based on
Monte Carlo Expectation Maximization algorithm to estimate
G, and then repeatedly impute infection times based on
random draws from Ĝ conditional on subjects' intervals. [24]
proposed a general semi-parametric method based on
multiple imputations for Cox regression with interval
censored data. [9] compared the conditional mean imputation,
multiple imputation, and the midpoint imputation methods for
the bias and mean squared error (MSE). [36] compared rightpoint imputation, midpoint imputation, conditional mean
imputation, conditional median imputation, conditional mode
imputation, multiple imputation and random imputation
methods for doubly censored HIV data. In all previous
studies doubly censored data was considered which is most
suitable for HIV data where the infection time is interval
censored and the time of death is right censored. [4] used
multiple imputation method to analyze interval censored data
with the additive hazard model. [1] and [2] used multiple
imputations for parametric and nonparametric based on partly
interval censored data. Finally [20] compared the
performance of Cox model with Weibull distribution, right
point imputation and mid-point imputation to the illnessdeath model for interval censored data.
4. METHODS
4.1 SIMPLE IMPUTATION METHODS
There are three main types of simple imputation methods:
1. Right-point imputation where the event time is
imputed by the right limit of the interval.
2. Left-point imputation where the event time is
imputed by the left limit of the interval.
3. Mid-point imputation which refers to imputing the
event time by the midpoint of the interval.
4.2 PROBABILITY-BASED IMPUTATION
4.3 METHODS
Probability-based imputation requires estimating the
distribution of the partly interval censored data based on the
observed intervals and using our knowledge of the
distribution to impute the missing data. Let X be a discrete
random variable describing the event time with a asset of
values x  {x1 , x2 , ..., xm } associated with a set of

g  {g1 , g 2 , ..., g m } , respectively, where
x1  x2  ...  xm . Suppose for subject i , there are q i

probabilities
possible
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failure
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time
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hi  {hi1 , hi 2 , ..., hiqi } be the conditional probability for
subject I taking the value

yik

is

hik 

pik

,

qi

p
r 1

Sci.Int.(Lahore),28(2),879-884,2016

Here are some of the most common probability-based
imputation methods:
1. Conditional Mean Imputation where the event time is
imputed by the expected value E ( X i X i  [ Li ,Ri ], g ) .
2. Conditional Median Imputation where the event time is
imputed by the median of y i weighted by the probability
vector

h i . In case the median is not unique X̂ i is taken to

be the mean of the two medians.
3. Conditional Mode Imputation where the event time is
imputed by the mode of y i which is the value
corresponding to the highest probability. In case the mode
is not unique X̂ i is taken to be the average of the modes.
4. Multiple Imputation (MI): MI is one of the most common
methods of imputation. For m  1, ..., M , a sample y ik

m

is chosen randomly from
probability vector

y i with replacement using the

hi as weight. The result of the multiple

imputation method will be replacing the original interval
m

censored dataset D with D̂ which can be easily
analyzed with the regular right censored data method, Cox
model in our case. Let

ˆm

be the estimate of the parameter
m

of interest obtained from D̂ , then the MI estimate of

1
is ˆm 
M



M


m 1

m

.

5. Random Imputation: is a special case of multiple
imputation where M  1. Randomly choose one value
y ik from the vector y i using the conditional probability
vector

hi as weight.

5. AN EXAMPLE
We applied the proposed method to the modified breast
cancer data that was presented by [7]. The data consist of 46
patient treated by Radiation (R) only and 48 patients treated
by Radiation plus adjuvant Chemotherapy (R+C). This study
was implemented to compare the cosmetic effects of
Radiation alone against R+C on women with early breast
cancer and the event of interest was the time to first
occurrence of breast retraction and the patients were observed
at clinic visits every 4 to 6 months, where the actual dates of
the event were recorded exactly if available. If not the
interval of events were noted. The modified data set is shown
in Table 4.1 in order to set up the data as the partly interval
censored data, for instant we set up for radiation 25
observation as right censored, 21 as interval censored and 20
as exact. Likewise, for R+C the set up to be 13 observation as
right censored, 35 as interval censored and 20 as exact. The
result of this data set will be analysis as interval censored and
PIC as show in the next section.

ir

k  1, ..., qi conditioning on the interval [ Li ,Ri ] and g .
March-April
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Table 1: Time to cosmetic deterioration in breast cancer patients
with two treatments

Radiotherapy
(0,8]; (0,5]; (4,11]; (5,12]; (5,11]; (6,10]; (7,16]; (7,14];
(11,15]; (11,18];  15;  17; (17,25]; (17,25];  18;
(19,35]; (18,26];  22;  24;  24; (25,37]; (26,40];
(27,34];  32;  33;  34; (36,44]; (36,48];  36;
 36; (37,44];  37;  37;  37;  38;  40;  45;
 46;  46;  46;  46;  46;  46; 4  6;  46; 10;
23; 20; 37; 36; 20; 30; 20; 18; 30; 44; 23; 29; 15; 20;
22; 15; 45; 41; 38
Radiotherapy + Chemotherapy
(0,22];
(0,5];
(4,9];
(4,8];
(5,8];
(8,12];
(8,21];
(10,35];(10,17];(11,13];  11;(11,17];  11;(11,20];(1
2,20];  13;(13,39];  13;  13;(14,17];(14,19];(15,22
];(16,24];(16,20];(16,24];(16,60];(17,27];(17,23];(17,
26];(18,25]; (18,24]; (19,32];  21; (22,32];  23;
(24,31]; (24,30]; (30,34]; (30,36];  31;  32;
(32,40];  34;  34;  35; (35,39]; (44,48];  48;16;
25; 14; 12 ;24; 28; 26; 18; 40; 13; 21; 17; 27; 21; 22;
27; 9; 20; 40; 14

Methods
Turnbull
Midpoint
Left-point
Right-point
Random
Mean
Median

(0,7];

6. RESULTS
6.1 INTERVAL CENSORED (IC) DATA
We used the midpoint imputation to obtained estimated
survival function for the two treatments R and R+C. Both
estimates approach in Figure 1 show similar results compared
with the one obtained by Turnbull. However, the patient in
the R+C group develop breast retraction earlier than those in
the R group, suggesting that our midpoint approach provides
an acceptable approximation to the estimate. The left and
right point imputation is used to obtain the estimated survival
function for the two treatments R and R+C as shown in
Figure 2. The Figure show that in the two treatments similar
results are obtained by both left and right point as compared
with the one obtained by Turnbull. Also, the patient in the
R+C group develop breast retraction earlier than those in the
R group, which indicate that our left and right point are
better.
Similarly, the result obtained by using Random imputation
mean imputation and median imputation in Figure 3 and 4,
are the same as Turnbull. Moreover, the result obtained by
mean and median imputation is significant with respect to the
smallest value of P-value as shown in Table 2
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Table 2: The P-value estimated based on Interval Censored (IC)
Data

P-value
0.006384
0.004650
0.010810
0.037530
0.008570
0.003329
0.003285

Figure 1: Estimated of Survival function obtained by Midpoint
vs Turnbull Based on IC data.

Figure 2: Estimated of Survival function obtained by Left &
Right point Imputation vs Turnbull Based on IC data.
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Figure 5: Estimated of Survival function obtained by
Midpoint vs Turnbull Based on PIC data.
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Figure 3: Estimated of Survival function obtained by Random
Imputation (RI) vs Turnbull Based on IC data.
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Figure 4: Estimated of Survival function obtained by Mean &
Median Imputation vs Turnbull Based on IC data.

6.2 Partly-Interval Censored (PIC) data
For the partly interval censored data. Figure 5, 6, 7 and 8
show the results obtained by midpoint, left & right point,
random and mean & median imputation, respectively. These
results are almost similar to the one obtained by Turnbull
methods as well as in Figure 1, 2, 3, 4. However, the random
and mean & median imputation show better results compared
to others type of imputations with respect to their P-value.

Figure 6: Estimated of Survival function obtained by Left &
Right point Imputation vs Turnbull Based on PIC data.
Table 3: The P-value estimated based on PIC Data

Methods
Turnbull
Midpoint
Left-point
Right-point
Random
Mean
Median

March-April

P-value
0.001349
0.061240
0.090400
0.159500
0.048200
0.003061
0.003358
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with others imputation techniques as well as Turnbull with
respect to their the smallest P-value.
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Figure 7: Estimated of Survival function obtained by Random
Imputation (RI) vs Turnbull Based on PIC data.
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Figure 8: Estimated of Survival function obtained by Mean &
Median Imputation vs Turnbull Based on PIC data.

7. CONCLUSION
We have proposed a simple modification of estimating
survival function for partly-interval censored data using
nonparametric estimate based on imputation techniques.
Modification of breast cancer data is used and R software
also used to obtain the results. Our results are fund to be
similar to the one obtained by Turnbull. However, based on
partly interval censored data, the random imputation and
mean & median imputation show better results compared
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