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STABILITY OF LIBRATION POINTS IN THE PHOTOGTAVITATIONAL
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ABSTRACT: In this paper, we have investigated the stability of the Lagrangian solutions in the photogravitational circular
restricted four-body problem with the effect of Coriolis and centrifugal forces, and variable mass. All the three primaries

having masses M, , M, and M, form an equilateral triangle, with m, =M, are source of radiation pressures. The
infinitesimal body has a mass M which varies with time as per Jeans’ Law. The values of the
parametersq=1/2,k =0,n =1, used by Meshcherskii in the space-time transformations are used. The equations of motion

of the infinitesimal body in this current problem differ from the equations of motion of Singh obtained recently in 2015 by the
factor of variation of mass parameter ¥ . The existence of libration points along with their co-linearity character have been
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examined for a fixed value of parameters 7, ¢, (the proportionality constant in Jeans’ law, 0< ¢ £0.2), 12 =0.019 (the

mass parameter), centrifugal force 8 and p; (radiation factors, 0<p;<<1, i= 1 to 3). It is observed that libration points are

depending only on the centrifugal force but the stability depend on both the Coriolis and centrifugal forces. We have also
examined the stability of these libration points. We found at most eight libration points in which three are asymptotically

stable and the other five are unstable.

AMS Subject Classification: 70 F 15
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1. INTRODUCTION

Now a day the investigation of the stability of the libration
points in the restricted three-body problem with variable
mass is one of the most important problems in celestial
mechanics. This problem is significant in various fields,
particularly to the field of astrodynamics, astronomy and
astrophysics. The combined effect of gravitational
interaction, perturbation like Coriolis force and centrifugal
force and radiation pressure on celestial bodies is an
important field of study. Many researchers studied on
photogravitational restricted three-body problem like
Radzievskii [1,2], Simmons et al. [3], Kumar and
Choudhary [4], Singh et al. [5-8], Mittal et al. [9],
Papadauris e. al. [10] and Zhang et al. [11] enables to extend
the work for the restricted n-body problem.

Bhatnagar et al. [12], Singh et al. [5, 6, 7, 8], Kalvouridis et
al. [13], Hallan et al. [14,15], Raheem et al. [16],
Baltagiannis et al. [17], Abouelmagd et al. [18] etc. have
studied in the restricted four body problem with
perturbations. The restricted four-body problem has helped
in determining the families of simple periodic orbits, nature
of the stability around the hyperbolic Lyapunov periodic
orbits, stability of the libration points etc. However, the
work on the photogravitational circular restricted four-body
problem with perturbations and variable mass on such
system has been taken as a fresh approach to the invention
of n-body problem.

This paper contains various sections considering
introduction as first section. In the second section, we have
determined the equations of motion and Jacobi integral of
the infinitesimal variable mass. In the third section, we have
investigated the existence of the libration points for the

various fixed parameters. In the fourth section, we have
drawn the zero velocity curves. In the fifth section, we have
shown the stability of the libration points with the help of
the space-time inverse transformations of Meshcherskii
[19]. And finally in the sixth section, we have concluded the
problem.

2. EQUATIONS OF MOTION

Let there be three masses m,,m, and m, (m, =m, =m,).
The bodies of masses m;, m, and m, are at the vertices of

an equilateral triangle of length I. They revolve in circular
orbits with the angular velocity '@" without rotation about
their Centre of mass. The angular velocity, @ satisfies the
equation

@1 =G(m +m, +m,). Mccuskey [20]

The line joining the primary M, and the mid-point of the
line joining the primaries m, and m, has been chosen as X-
axis. The Centre of mass of the three primaries has been
taken as origin and the line perpendicular to X-axis through
origin in the plane of motion of the primaries, is taken as Y-
axis. The line through origin and perpendicular to the plane
of motion of the primaries is taken as Z-axis. Let us consider
a synodic system of coordinates xyz; initially coincident

with the inertial system XYZ, rotating with angular velocity
@ about z-axis (the z-axis is coincident with Z-axis).

mZ
m +m, +m,
of mass, length and time such that m +m,+m, =1,
| =1and G = 1 respectively. Thus, angular velocity @ =1,

We, now assume that =u and choose units
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masses m, =m, = and m =1-24 . The co-ordinates of

the vertices of the equilateral triangle where the masses
m,,m, and m, are placed, in dimensionless variables are

Table 1 Equilibrium points on &77 — plane when p=0.019,
v=0.4, 0,=0.2, p;=0.001, p,=-0.002, p;=0.003
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2 2
Iy’ :(X+§(l—2,u)] + (y—%) +2°2
m2

= , we have assumed that m, = m, =m,.
m, +m, +m,

The total forces on m due to M,

B | Location of non-collinear libration points (&, 7,) F, _ o
—0.614321, 0.000791, 0632040, —0378625, | 1 Fa=F ( —?_'j: Fi(1-p,), (i =1to3) towards primaries,
—0.631685, 0,.378372,, —0.127327 0.607706,, :

1 —0.125593 _0.608100, 0.636160, —0.000306,, where Fi = gravitational force exerted on m due to m,,
(—0.431382 0.260404) —0.431061, —0.260255, Fp_ = solar radiation pressure on m due to m,
—0.617583, -0.370237,, —0.617244,0.370008,, '

19 —0.373984,0.000730,, ~0.139956,0.566351,, a=1l+e,

. —0.138393,-0.566777), 0.599680,-0.000238,, | | oo o o are small perturbations given to the Coriolis

—0.423074,0.256097, —0.422767,-0.235963, '

—0.612096, —0.367028, —0.611765,0.366308,, and the centrifugal forces respectively
13 | —0.557218,0.000741, —0.145690,0.548533, By Jeans' Law [21]
' —0.144196, —0.548970,, 0.384332,-0.000239,, dﬂ:_almn,

—0.418644,0.233889,, —0.413345, —-0.233767, dt

—0.607420,-0.364283,, —0.607099,0.364072,, (Zf)1 is th ffici d th | f
’ —0.542225,0.000738, —0.151122,0.532179, where ¢, |s-t e- c?nstant. C(?e icient and the value o

' —0.149687, —0.532626,, (0.570474,—0.000223,, | exponent n is within the limit 0.4<n<4.4 for the star of
—0.414057,0.251678,, —0.4137692, —0.251567, the main sequence. For a rocket n=1 and the mass of the
—0.605738,—0.363203, —0.605419,0.363085,, rocket which varies exponentially is given by the

144 (—0.236658,0.000737,, —0.153222,0.525991,, expressionm:moe"’lt, m=m, att=0.
' (=0.151808,-0.526443,, (0.565293,-0.000217,, | 710 simplify the equations of motion, we use the space-
(—0.4'121 34, 0.230799 ), (—U.‘l'llg 00, —0.2530892 ) time transformations

(V31,0,0), (—3(1-2u)/2,-1/2,0) @ (—3(1-24)/21/2,0)

respectively in the synodic axes xyz.

Following the procedure of Abouelmagd [18], we can write
the equations of motion of the infinitesimal variable mass
m(x, y,2) in the photogravitational circular restricted four-

body problem with the effect of perturbations in the synodic
coordinate system when the variation of the mass is non-
isotropic and originates from one point are given by

m(x—ay)+m(X—2ay)=
m(y+ax)+m( y+2ax)=U,,
mz+mz =U,, )
where

(x, y) = the synodic rectangular coordinates of the

infinitesimal mass,
U = mﬂ(x +y )

+m[(l—Zy)(l— p) , #(A—p.)  p(A- pg)]’

n r; 3

r? Z(X—\/C’:,u)2+y2+22,
2 2
r,’ :(x+§(l—2y)j +[y+lj +2z2,

m
where y =—.

E=yx,n=y%y,¢=y%,dI =ydt,

r1=7_qp17 r2:7_qp2* r3=7/_q/03* 3

(4)

0

Now, taking q=1/2,k =0,n =1, using (2), (3) and (4),
the equations of motion (1) become

E—-2an :Wé,
i+2aé =W, ,
4 :Wg! ®)
where

1 12 2 2 12 2
R CRRie o |
+7/3/2[(1_2/1)(1_ pl) + ﬂ(l_ p2)+ ﬂ(l_ ps)]

P L2 Ps

=(¢- \/§W”2) 7 +¢ 7,

( +—(1 2u) 7" j2+(77 +%yl

P’ =[é’+§(1—2ﬂ)7mj +[f7—%y”2J + g2

/2) _'_4/2’

From equations (5), we can write that
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E 452 +¢% = 2w —c, where C is the Jacobi integral constant.
3. LIBRATION POINTS

The libration points with variable mass m are obtained from

solution of the equations:
W{; =0, W,7 =0, W_/; =0 e

(1-24) (1-p)(£-V3 ")

3

2 P
ﬁ+a—l]§—73’2
[ 4 u(1- Pz)[é + f(l—Zu)y”Z]
_+ ,023
o) 5+ B2
+ 3 =0,
Ps

Table 2 Equilibrium points on £77 — plane When p =0.019, y=0.4,

@,=0.2, p,=0.001, p,=-0.002, p,=0.003
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g

Location of non-collinear libration points (é:O y 770 )

XXXX
(1-24)(1-p)<
o
0‘_12;,_)/3/2 4 ,u(l— pz)g —0 (6)
4 p23
i ,u(l_sps)é,
Ps
If we take =0 o y=1 and

p, :O,( i:1t03) in equations (6), we obtain the
equations of Singh et al. [8].

For g #0and p, #0( i1=1t03) , we have determined
the positions of libration points numerically for different
values of ¢,  and p; in the plane of motion of the

primaries i.e. in £r7—plane (Tables 1 to 7). Besides, we
have determined the locations of the libration points in the

(-0.633233, -0.379243), (—.B33198,0.379218,,
(—0.616542,0.000077,, —0.122713,0.610754,,
(—0.122541, —-0. 610795, 0.638075, —0.000030,,
(—0.431218 0.260258,, —0.431187, —0.260243,

out-of-plane (Table 7).

Table 3 Equilibrium points on 77— plane when
7=09,¢,=0.2, p, =0.01, p, =0.02, p, =0.03,

ﬂ Location of non-collinear libration points (50 y 770 )

1.2

(—0.618592,-0.370780,, —0.618558,0.370738,,
(—0,575994,0.000073,, —0.135740,0.569381,,

(—0.135586,-0.569422), 0.601480,—-0.000025,,

(—0,423059,0.256010,, —0.423029,-0.,2559%G,

(—0.948061,-0.567937), (—0.047528,0.567558),
(—0.921482 0.001186), (—0.190990,0.911559),
(—0.188390,-0.912164,, 0.954241, —0.000460),

13

(—0.613034,-0.367539), —0.613001, 0.367517,,
(—0.559138,0.00007¥2,, —0.141627,0.551563,,
—0.141479, -0.551605), 0.586084, —0.000024,,
—0.418710,0.253829,  (—0.418681, —0.253817,

(—0.647073,0.390607,, (—0.646592, —0.390383
(—0.926375,-0.555356), (—0.925866,0.553012),
(—0.860977,0.001125,, (—0.209934, 0.840526),

+2 (—0.207590,-0.850165), (0.899520, —0.000387 ),

(—0.634611, 0.384146,, (—0.634150,—-0.383048,

14

—0.608299,-0.364767), —0.608267,0.364746,,

—0.147045,-0.535257), (0.572183, -0.000022,,
—0.414208,0,251642,, —0.4141380, -0.251631,

(—0.918144, —-0.550542), (—0.917648,0.530212),
(—0.835829,0.001112), (—0.218536,0.822800,,
(—0.216294,-0.823456), (0.876493, —0.000359),

(—0.627966,0,380834,, (—0.627518,-0,380631)

13

1.44

(
(
(
(—0.544061,0.000072,, —0.147187.0.535214,,
(
(
(

—0.606594, -0.363766,, —0.606363,0.3637446,,
(—0.538464,0.000072,, —0.149332,0.529030,,
(—0.149192, —0.529073,, (0.566935, —0.000021,,
(—0.412370,0.250771,, (—0.412342, -0.2507807.

(—0.911131, -0.546425), (—0.910648, 0.546108),
(—0.813338,0.001107,, (—0.226684,0.798268),
(—0.224531,-0.798940), (0.855711, —0.000335),
(—0.621086, 0.377517, , (—0.620654, —0.377351)

1.4

(

2
% 3/2
ﬂ+71j77—7 3 =0,

(L-2u)(A=p)7

Pr

1
u(1- pz)(mzyl’zj

1.44

(—0.908607, —0.544940), (—0.905129,0.544628),
(—0.804938,0.001106,, (—0.229833,0.738987,,
(—0.227713,-0.789665), (0.847939, —0.000326),
(—0.618277, 0.376199,, (—0.617351,-0.376039)

Table 4 Equilibrium points on 77 — plane when

7=0.9, a, =0.2, p, =0.001, p, =0.002, p, = 0.003.

B

Location of non-collinear libration points (é:o o )

1

—1.002647.-0.600449,, (—1.002591,0.600410),

(

(—0.978504,0.000123,, (—0.19291Z 0.969355),
(—0.192639, —-0.9694161,, (1.012174, —0.000049,,
(—0.682428,0.411830,, (—0.882378, -0.411307)
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12 | (—0.979044, —0.586816), (—0.973991,0.586730,,| |** | —0.977437,-0.585952), (—0.976898,0.585588 ),
—0,913568,0.000116,), (—0.213662,0.903233,, (—0.910374, 0.001188,, (—0.220353,0.808441,,
—0.213416, —0.903297), (0.953606, —0.000041 ), —0.217871, -0.899113,, (0.850751, -0.000412),
—0.669589, 0.405130), (—0.669541, —0.405109,, (—0.669624,0.405273,, (—0.669138, —0.405063 ),
13 13 | (—0.968613, —0.5807941, (—0.968089, 0.580445,

—0.886605,0.000114,), ( —0.223026.0. 8374804, ,
—0.222791, -0.874870), (0.920002, —0.000038,,

(
(
(
(
(—0.970107, -0.581607,, ( —0.970055,0.381572,,
(
(
(—0.662739,0.401684,, (—0.862692, —0.401665)

14

—0.962504. -0.577157), ( —0.962433,0.5377124,,
—0.862507,0.000114), ( —0.231865, 0. 348740,

—0.655643,0.398226 ), ( —0.635598, —0.393208)

’

—0.883558,0.001173,, (—0.229473,0.870013,,
—0.227100,.-0.870703,, (0.926224, —0.000381,,
—0.662646,0401784,, —0.662173,-0.401390,,

1.44

—0,959770,-0.575553), —0.939720,0.575520),

(
(
(—0.231640, -0.84880%8,, (0.906803, —0.000035,,
(
(
(—0.853565,0.000114,, (—0.235274,0. 838887,

(—0.235052, —-0. 838955, (0.898509, —0.000034,,
(—0.652744,0.396847,), (—0.652700,-0.395831 ),

14

—0.961106,-0.576388,, —0.960596,0.576053,,
—0.859592,0.001167,, (—0.233106.0.8439412,,

—0.655417,0.398287,, —0.654960,-0.395109,

1.44

—0.958406, -0.574800,, —0.957202,0.574470,,

—0.85306098,0.001166,, —0.241441,0. 834083,

—0.239198, -0.834796,,(0.895826, —0.000348),
(—0.652464,0.396893), —0.632013, —0.396725)

(
(
(
(
(
(—0.235828, —0. 844648,, 0.904095, —0.000335,,
(
(
(
(

Table 5 Equilibrium points on &77 — plane when

y=1¢,=0, p,=0.001, p, =0.002, p, =0.003 (Cor

responding to the classical case of restricted four-body problem)

B

Location of non-collinear libration points (&;,7,)

(—0.9493850, -0.568865), (—0.949797, 0.5635828),
(—0.924814, 0.000116), (—0.184070, 0.916134),
(—0.183812, -0.916192), (0.957112, —-0.0000486),
(—0.646827,0,390387), (—0.646780, —0.390365)

1.2

—0.927888, —0.556171, —0.927838, 0.556137,
—0.863992, 0.000110, —0.203611,0.854071,,
—0.203379, -0.854133, 0.902220, —0.0000388,
—0.634589,0.384015,, —0.634544, —0.383095,

13

(—0.919551, -0.551309,, —0.919502,0.551276,,
(—0.838707,0.000108,, (—0.212441,0.827345,,
(—0.212219,-0.827408,, 0879127, -0.000036,,
(—0.6280686,0.380743 ), (—0.628022, —0.380725,

14

—0.912448, -0.547150,,  —0.912401, 0.547119,,
—0.818092, 0.0001058,, —0.220781.0.802821,
—0.220568.-0.802886,, 0.858274, —0.0000335,,
—0.621313,0.377463,, —0.621270,-0.377446,

—0.807696,0.0001083,, (—0.223993,0.793545),
—0.223789,-0.793610),, 0.850478, —0.0000328,
, (—0.618555,0.376157,, (—0.818513, —0.376141)

(
(
(
(
(—0.909892, —0.545650,, —0.909343, 0.543619,,
(
(

Table 6 Equilibrium points on &7 —plane when
y=1a,=0,p,=0.01, p,=0.02, p, =0.03,

(Corresponding to the classical case of restricted four-body
problem)

Table 7 Out-of-plane equilibrium points when

ﬁ Location of libration points (50,50)
1
(—0.0000172,+ 3.267847), (—0.686833.0),
(0.711249, 0
1.2 (—0.0000143 , +3.267847), (—0.641733.0),
(0.670463,0)
1.3 (—0.000013, +3.267847),
(—0.622991,07, (0.653303.0)
14 (—0.0000123, +3.267847),
(—0.606227, 0y, (0.6378309, o)
144 | (—0.0000119, +3.267847),
(=0.6000032, oy, (0632017, o)

¥ =05,a,=0.2,7=0, p, =001, p,=0.02, p, =0.03,

The Tables 1 to 6 shows that there is no collinear libration
point and at most eight non-collinear libration points exist.
The table 7 shows that there are two non-collinear libration

points which are symmetrical about &—axis and two

collinear libration points. For ¢, >0 , the fourth

infinitesimal mass decreases with time and the libration
points continuously approach towards the origin of the
coordinate system &z, .

4. ZERO VELOCITY CURVE

Zero velocity curves define boundary, which separates
regions where the motion is allowed or forbidden. We can
draw the zero velocity curves by the relation 2W- C = 0.
Thus, the equation

B

Location of non-collinear libration points (&), 7,)

(5 )s

1

(—1.000743,-0.599465), —1.0001381, 0.59%063,,
(—0.974974,0.001256,, —0.200245,0.964530,,
(—0.197489, —-0.965166,, (1.009137, —0.000489,,
(—0.682698,0.4120866,, —0.682191, —0.411330,

2}/3/2[(1_2,”)(1_ p1)+ﬂ(1_ pz)_l_,u(l_ p3)J+a—12§2 —C
Py P P 4

gives more information about the possible dynamics at a
Jacobi constant C. We have drawn the zero velocity curves

of our problem for different values of the Jacobian constant
C corresponding to the table 1 for the value B = 1 and
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similarly we can draw the zero velocity curves for all the
values of B. The infinitesimal body is free to move only
outside of the bounded green regions.

it

w

-y

Zero vé'loéityi curves for different values of C
corresponding to the libration points for g =1, in the table-1.

5 STABILITY OF THE LIBRATION POINTS
For the linear stability of the libration points, we give

displacement to (&,,7,,¢,)as
=& +U,n=1,+V, {=¢ +W,
(u,v,w)<<1 @)
where (&,,77,, G, ) is the libration point for a fixed value of

time t.
From the equations (5) and (7), we obtain the variational
equations as

ISSN 1013-5316; CODEN: SINTE 8

XXXX

V420 =W, )u+W,, )v+W, )W,
w = (\Ngg)ou + (\N;q)ov + (\N;;)OW' ®)

where the subscript ‘0’ in equations (8) represents that the
values are to be found at the libration

point (&,,77,, &,,) under consideration. We have

2 1-p)(£-B ur™)
Wﬁ:(m‘%}wﬁ” (l—2,u)( I - )

(1- pz)(é L1

+u
st

@ £ + P20

+u 5
P
_},3/2[(1_21“)(1_ p) N u(1-p,) N u(1- ps)J
P13 pz3 ,033
(1_2#)(1—&)(5;5\/5#7 )n
W” :W”=3}/3/2 1/2
é 4 (l— pz)[§+\/2§(1_21u)71/2j(77+7 J
iy .
Pa
(1- pa)(§+2(1—2/4)7”2](n—:2]
y - ,
Ps
2
(120 LR
Pi
12 \2
y a-p)| 7 |
W = A | 3,92
n [ﬂ+ 4 j—i_ 7 +’u p25
172 \?
(1_ Ps)(UJ/ZJ
+u
P35
_ 3/2[(1_2/’)(1_ p1)+ﬂ(1— pz)+ﬂ(1— Ps)J
,013 p23 ,033
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(1-p,) (£ -Bwr™)
P

S R

+u
,025

@ £+ P a2

+ U ,
p35

(1-24)

3/2
We =W, =3y7°¢

. (l_ p1)77
(A 2u) 5

1

coosl’y)

Wf?é“ :Wé“n :373/25 H 5
P2
1/2
Y
1— _
a-e)(n-7]
+u 3
L3
1-p
a? (1_2/“)( psl)
W :_1_'_373/24/2 1
4
4 _ _
T Coll 20 B €l 9
L2 Ps
(1-24)(1-p,)
_ys/z p13
+ﬂ(l_ p2)+ ;U(l_ ps)
3 3
L2 L3

©)

If we take @ = 0, the system (8) reduced to a system with

constant mass. For ¢, >0, the coordinates of the three
primaries vary with time t and their distances to the libration
point (&,,77,,&,) decrease with time. So, we use the space-
time transformations of Meshcherskii  [19]
ie.x=y"E y=y"n, z=y"2C . The positions of
the primaries are fixed therefore their distances to the
libration points will not be changed.

In phase-space, equations (8) may be written as

inverse

u=u,, V=V, W=w,,

U, —2a v, = W, )ou+ W, )ov+ (W, )W,

Vy +2au, = (\ij)ou + (\N,m)ov"' q;)owi

W = (\Ngg)ou + (\Ngq)ov + (\Ngg)ow- (10)
Using Meshcherskii [19] inverse transformations, and
putting
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X! — 7/71/2u ] y! — 7/71/2\/l Zl — 7/_U2W,
u! — 7/—1/2u1’ V! — }/71/2V1] WI — }/—1/2W 1
in the matrix, the system (10) can be written as follows:

‘;—’i % 0 1 0 0 (11)

% 0 % 0 1 0 x:

% o 0 % 0o 0 1 ) z

W W, W) 0 % 2a o v

) lw, w,), 0 2a 2o | W

% 0 0o Ww.), 0o o &

2
The linear stability of the solution of the matrix depends on
the existence of stable region of the libration™n point, which
in turn depends on the boundedness of the solution of linear
and homogenous system of equations (11). We have
determined the linear stability of the libration points. For
this, we found the characteristic roots of the coefficient
matrix of equation (11) numerically.

The characteristic equation of the coefficient matrix is

A% —3a,2° +(%af + Pjﬂ“ 7[20@3 +2Pa1)13 +(%a{‘ +%Paf +QJ12

3 1 1 1 1
f(Eaf +§Pa13 +Qa1j/1+(aaf +EPa1“ +ZQaf + R): 0,
(12)

where

P =42 —(\N§§)0 —(W,m)o _(\N§C)0 '

Q= (\Ngg)o (\Ngg)o + (\N;m)o (\Ngg)o + (\Ngg)o (\N;m)o
—da® W) — W, )g,
R=—(W.)oW,, )6 (W, )o + W, )o (WL, )o,

where values of W&f, sz’ W@V and Wgﬂ are given by
equations (9).

The characteristic roots of the equation (12) have been
calculated at wvarious libration points in the range

O<y<], 0Sa1£0.2, #=0.019,1< 5<1.44
and p, <<1 (i=1to3).

We have observed that in all eight liberation points, for
three liberation points (dark black coordinates in the tables)
there exists complex characteristic roots, means the
liberations points are asymptotically stable and rest five
liberation points have at least one real characteristic root,
means that these five libration points are unstable.

5 CONCLUSION AND DISSCUSSION

We have investigated existence and stability of the libration
points in the photogravitational circular restricted four-body
problem with the effect of perturbation and variable mass

and the primaries with masses m, , M, and m,
(m z2m,=m,). It has been found that at most eight
libration points exist and all are non-collinear. We have also
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found that the libration points exist in the out-of-plane
(Table 7). Also we have drawn the zero velocity curves and
found that the infinitesimal mass will move only in the
particular region of the whole region and forbidden in the
bounded green region. And finally, we have investigated the
stability of the liberation points. And found that out of eight
liberation points, three are asymptotically stable (dark black
in the tables) and five are unstable for all values of the
parameters. Our result is differ from the result of Singh et al.
[8] as they found that two out of eight liberation points are
stable and rest six are unstable.
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