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1. INTRODUCTION

F. Marty originated the concept of hyperstructures in 1934,
when Marty, [1] characterize hyper gatherings, break down
their properties and connected them to assemblies. A lot of
papers and several books have been written on hyper
structure theory; see [2, 3 and 4]. In 1990, T. Vougiouklis

[5] introduced the concept of H -structures. After the

introduction of H  -structures, several authors such as

Vougiouklis [6, 7 and 8], Spartalis [9, 10, 11 and 12],
Spartalis et al. [13], Davvaz [14], Nezhad et al. [15] and
Hedayati et al. [16, 17] studied different aspects of it. Kazim
and Naseeruddin[18], presented the idea of LA-semigroups.
Later, Mushtaq [19], and some different mathematicians
further explored the structure and added numerous
functional effects to the hypothesis of LA-semigroups; see
[20, 21, 22, 23, 24, 25 and 26]. Hila et al. [27], initiated the
notion of LA-semihypergroups as a generalization of
semigroups, semihypergroups, and LA-semigroups. Yagoob
et al. [28] extended the work of Hila and Dine and
characterized intra-regular left almost semihypergroups by
their hyperideals using pure left identity.

Mushtagq et al. gave the idea of direct product of abel
grassmann's groupoids [29]. More recently Gulistan et. al
gave the concept of direct products of

H , -LA-semigroups [30]. They proved that if (Hl,*) and
(HZ,O) are two H | -LA-semigroups, then direct product of
two H  -LA-semigroups (H,xH,,®) is again an H -

LA-semigroup, where ® is a hyperoperation on H, xH,,
defined by

(a,b)®(a,b,)={(c.d)|cea *a,, deb eb,},
for all (a,,b;),(a,,b,) e H,xH,. Zadah introduced the

concept of fuzzy sets [31]. The fuzzification of
hyperstructures was considered by many authors. For
instance, Ameri et al. [32 and 33], Fotea et al. [34 and 35],
Davvaz et al. [36], Corsini et al. [37]. A. K. Ray introduced
the concept of product of fuzzy subgroups in his paper [38].
Aktas et al. introduced the concept of generalized product of

fuzzy subgroups and some fundamental properties [39].
Aslam et al. introduced the concept of direct product of
fuzzy ideals in LA-semigroup and the direct product of
intuitionistic fuzzy set in LA-semigroup and obtained some

usful results [40, 41 and 42]. The fuzzification of H -

structures was also considered by many mathematicians, see
Davvaz et al. [43, 44, 45, 46, 47, 48 and 49]. Jun et al. [50]
introduced the notion of cubic sub-algebras/ideals in
BCK/BCl-algebras, and see also [51, 52, 53 and 54]. See
also [55,56,57,58,59,60].

In this paper in section 2, some basic definitions and results
of H , -LA-semigroups have been provided. In section 3, we
define the concept of generalized cubic

H , -LA-subsemigroups, generalized cubic H  -ideals of H

-LA-semigroups and discuss their basic properties. We show
that every (eg,ewvq)-cubic H  -LA-subsemigroup is an

(e,evq,)-cubic H -LA-subsemigroup and every

(e,€vq,) -cubic H , -LA-subsemigroup is an

(e, v, )-cubic H  -LA-subsemigroup, but not

conversely. In section 4, defining the concept of cubic ideals
and generalized cubic ideals of the direct product of H -

LA-semigroups we prove some results.

2. SOME BASIC NOTIONS IN H,-LA-SEMIGROUPS
Throughout the whole article H denotes the H  -LA-

semigroup for simplicity and T =(7,,7,) A=(5,,5,)-
Following are some basic definitions and results.

Definition 1. A map o: SxS —>P"(S) is called a
hyperoperation or join operation on the set S, where S is
a non-empty set and P*(S) =P(S) \{¢} denotes the set of
all non-empty subsets of S. A hypergroupoid is a set S
together with a (binary) hyperoperation.

Definition 2 [27, 28]. A hypergroupoid (S,o) which is left
invertive (non-associative), that is (xo y)oz =(zoy)o X,
VvX,V,z e S ,iscalled an LA-semihypergroup.

Definition 3[30]. Let H be a non-empty set and * be a
hyperoperation on H. Then (H, =) is called an
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H , -LA-semigroup if it satisfies the weak left invertive law
ieforall x,y,zeH, (x*xy)*zn(z*Yy)*X=¢.
Example 1[30]. Consider H ={x,y,z} and define a
hyperoperation * on H by the following table:

* | X y z
X x {xz} H
y | {x,z} x X
z |[{xy}y z {xz}

then (H,=) isanH ,-LA-semigroup.

Definition 4[30]. A non-empty subset K of (H,*) is said
to be an H  -LA-subsemigroup if it is itself an H -LA-
semigroup or a*be K, V a,be K. K is called proper
H , -LA-subsemigroup if K # H.

Definition 5[30]. A non-empty subset K of (H,*) is said
tobeanH  -idealof H if a*xK — K, forall aeH.
Definition 6[30]. Let (H,,*) and (H,,
semigroups. Given (H,xH,,®), ®
on H, xH,, such that
(a,b)®(a,,b,)={(c.d)|cea *a, debeb,},
(a,b).(a,b,) e H, xH,.
(Hl X H2,®) is the direct product of H ,-LA-semigroups
(Hl,*) and (Hz,O).

Proposition 1[30]. The direct product of two H  -LA-

*) betwo H ,-LA-

is a hyperoperation

or all Then we say

semigroups is again an H  -LA-semigroup.

Proposition 2[30]. If (K,*) and (L,e) are two H ,-LA-
(H,*) and (H,,e),
respectively, then the direct product KxL isalsoanH -
H, x H2,®).

Jun et al. [50] introduced the concept of cubic sets defined
on a non-empty set X as objects having the form:

subsemigroups (ideals) of

LA-subsemigroup (ideal) of (

I ={(x,75(x), 19~(x)_> Xe X}, which is briefly
denoted by 3I=(75,9%), where the functions
- . X > D[0,1] and 19~ X —[0,1].

Definition 7. Let \81:< 31,1931> and 3, = <77 VS >
be two cubic sets of H. Then
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<
<X,773 u3 (X)l‘gslusz(x)> - X€ H}
(x g, (), (¥}, min{ds (9,9, (0F) : xe H,

3,3, = { (X iy, (0, 9, (09) 7 X H,

rsup{rmin{i7, (y). 77, (2)}} if xeyoz
7731*32 (X) — Xeyoz )
[0,0] otherwise
|nf {max{19~ (y), % (2)}} ifxeyoz
19“; *‘”52 ( ) ’
' otherwise.

Denote by c(H) the family of all cubic setsin H.
Definition 8. Let I = <773,193> be a cubic set of H. Then
function

the (er,€r v, )-cubic  characteristic

XY :<ﬁng'A)"9xE~F*A’> of s_<77~ 19~> is defined as

. 6,=1ifxe3 ol 9. (< 5,=0 ifxe3
U7 20,0] ifxes Uy, =1 ifxe S
Where 5,7, € D(0,1] such that 7 <&, and

0,,7, €[0,1) suchthat &, <y,.

3. GENERALIZED CUBIC IDEALSOFH  -LA-
SEMIGROUPS

In this section we define the concept of generalized cubic

H |, -LA-subsemigroups, generalized cubic H  -ideals of H
-LA-semigroups and discuss some of their basic properties.
We show here that every (e,ewvq)-cubic H  -LA-

subsemigroup is an  (€,evq,)-cubic H -LA-
subsemigroup and every (€,evq,)-cubic H  -LA-
subsemigroup is an (€.,€ v(,)-cubic H -LA-

subsemigroup, but not conversely.
Definition 9. A cubic set S—<77~ .9~> of H is called

(e,evQq) -CubicH
(S,) Xy) €

-LA-subsemigroup if it satisfies
imply

forall ze x*y

and Ygu) € that

Z(rmin{fl,fa}, max{t, t,}) evagss,

Definition 10. A cubic set I =(7,9;) of H is called

(g,evqy) -cubic H, -LA-subsemigroup if it satisfies,
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(S,) Xgt,) €~ and Y i) € imply  that (i) 3= <773,193> isnotan (g, vq([olls‘o'lg)]oﬁ)) -cubic
Z(rmin{fl,f3},max{t2,t4}) evq3, forall zexx*y . H , -LA-subsemigroup of H, as

Definition 11. A cubic set S:<ﬁ3,193> of H is called
(e, vQ,) -cubic H , -LA-subsemigroup if it satisfies,
Yit,0,) €r 3 imply that

- vq,3, forall zex*y .

(Ss) Xg.,) & 3 and

Z( rmin{f;, 3}, max{t,,t,3})
Definition 12. A cubic set S:<ﬁ3,83> of H is called
(e,evq) -cubic H , left ideal (resp., H , right ideal) of
H if it satisfies,

(1) Yir,) €3 and xeH imply that Z 1) €VAS,
forall ze x*y(resp.,, zey*x ).

Definition 13. A cubic set S:<ﬁ3,193> of H is called
(e,€vqy)-cubic H , leftideal (resp., H  right ideal) of
H if it satisfies,

(1,) Yo €3 and xeH imply that Z ) eV,
forall ze x*y (resp., Ze y*X).

Definition 14. A cubic set S:<ﬁ3,193.> of H is called
(€., vq,)-cubic H left ideal (resp., H  right ideal)
of H if it satisfies,

(1,) Yo Er 3 and imply

2 1,) €r v(Q,, forall ze x=*y(resp.,, zey*X).

XxeH that

Remark 1. Every (e,evq)-cubic H  -LA-subsemigroup
(resp., (e,evq)-cubic H , ideal) is an (&,€ vqy ) -cubic
H , -LA-subsemigroup (resp., (€,€ v Q) -cubic H , ideal)
and every (&,€vq,)-cubic H  -LA-subsemigroup (resp.,
(g,evQy)-cubicH , ideal)isan (e.,<. vQ,)-cubic

H , -LA-subsemigroup (resp.,

ideal), but not conversely.
Example 2. Consider H  -LA-semigroup define in Example

(e, v, )-cubic H

1 and define the cubic sets JI= <773,193.> as
H |7, 4, || t,=[0.22,0.23) 7,=0.7
x [[0.3,0.4) [0.43|[f,=[0.24,0.27) 5,=0.6
y |[0.41,05) [0.4 || 5,=k =[0.18,0.19) | 5,=0.75
z |[0.51,0.6) | 0.3 || 7,=[0.15,0.18) 6,=k,=0.6
such that 7 =[0.15,0.18) <&, =[0.18,0.19) and

0,=0.6<y,=0.7. Then
(i) 3=(775, %) is an

(e([0.15,0.18),0.7) J e([0.15,0.18),0.7) Vq([o.le,o.lg),o.e)) -cubic

H , -LA-subsemigroup of H.

9, (x*y)+0.75+0.6 >1 forevery x e H.
(i) I=(,,95) is not an (e,evq)-cubic H,-LA-
subsemigroup of H, as 7, (x*y)+[0.22,0.23) <1 and

SS(X* y)+0.75>1 for every xeH. Similarly the

case for generalized cubic ideals can be seen.
Proposition 3. For an H  -LA-semigroup, the following

hold:
(i) Every H , -LA-subsemigroup

(resp., (ewvgq,evq)-cubic H ideal) of H
(e, vq)-cubic H  -LA-subsemigroup (resp., (g,evq)-
cubic H |, ideal) of H.

(ii) Every (e,e)-cubic H  -LA-subsemigroup (resp.,

(e vQ, e \/q) -cubic
is an

(e,€) -cubic H , ideal) of H isan (g,evq)-cubicH -
LA-subsemigroup (resp., (e, e vq)-cubic H  ideal) of H.

(iii) Every (evQy,€VvQ,)-cubic H -LA-subsemigroup
(resp., (e vQ,,€VvQ,)-cubic H  ideal) of H is an

(,€ vQ, ) -cubic H , -LA-subsemigroup (resp.,
(g, vqy) -cubic H , ideal) of H.

(iv) Every (g,e)-cubic H  -LA-subsemigroup (resp.,
(€,€)-cubic H , ideal) of H isan (e,evq )-cubicH,
-LA-subsemigroup (resp., (€,€vq,)-cubic H  ideal) of
H.

(v) Every (e, vQ,,€ v(,) -cubic H  -LA-subsemigroup
(resp., (e, vaQ,,€; Vv0,)-cubic H  ideal) of H is an
(1, € vQ,)-cubic H , -LA-subsemigroup (resp.,
(er va,,€r va,) -cubic H  ideal) of H.

(vi) Every (&p,ep)-cubic H  -LA-subsemigroup (resp.,
(er,€;)-cubic H , ideal) of H is an (e.,€.Vv0Q,)-
cubic H |, -LA-subsemigroup (resp., (€., € vq, ) -cubic

H  ideal) of H.

\
~

Proof: (i) Let \s=<773,193> be an (e vq, e vq)-cubic H

, "LA-subsemigroup of H. Assume that x. ., €3 and

(f.t2)

Y €3 where x,yeH and t,f;eD(0,1] and

t,,t, €[0,1). This implies that Xg.,) €VAS  and
Y u) € V(3. This shows that
Z(rmin{fl,fg},max{tz,t4}) evg3, for all zexxy by

hypothesis - Hence S=<ﬁ3,193> be an (e, e vq)-cubic
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H , -LA-subsemigroup of H. Similarly the case for

(e vq,e vq)-cubic H  -ideals of H can be proved -
(ii) Starightforward.
(iii) Let I = < ~3,193> be an (€ v(y, < vqy ) -cubic

H , -LA-subsemigroup of H. Assume that X €3 and

(f.t2)

Vi) €3, Wwhere x,yeH and t,t,eD(0,1] and
t,,t, €[0,1). This implies that Xy € VOS and

This shows that

Yigu) € VO 3.

evq,3, for all zex*xy by

Z(rmin{fl,f3}, max{t,,t,})

~

hypothesis - Hence \s=<ﬁ3,193> be an (&, e v(qy ) -cubic

H , -LA-subsemigroup of H. Similarly the case for

(e vq,e vq)-cubic H  -ideals of H can be proved -
(iv) Starightforward.
(v) Let 3= <ﬁ3,193> bean (e va,,<; v0q,) -cubic

H , -LA-subsemigroup of H. Assume that Xx eJ and

(fit2)
Vi) €3 Wwhere x,yeH and t,t;eD(0,1] and

t,,t, €[0,1). This implies that x

(Gt

shows

) Er v(,3 and

Yig,1,) Sr v, This that

€-vQq,J, for al zexxy by

Z( rmin{f;, 3}, max{t,,t,3})
hypothesis - Hence J= <ﬁ3,193> is an (ep,€.v0,)-
cubic H v -LA-subsemigroup of H.

Similarly the case for (€. vQ,,€. vq,) -cubic H  -ideals

of H can be proved -
(vi) Starightforward.
Lemma 1. Foran H  -LA-semigroup, the following hold:

(i) If Aisan H 6 -LA-subsemigroup of H (resp., H
ideal) » then cubic characteristic function of A= <ﬁA,9A>
is an (g,e) -cubic H  -LA-subsemigroup (resp., (e, €)-
cubic H , ideal) of H.

(ii) If A is an H -LA-subsemigroup of H (resp., H
ideal) , then (&,€vq,)-cubic characteristic function
X, =<77XA"9xA> of A=<ﬁA,3A> isan (e, e) -cubic

H , -LA-subsemigroup (resp., (e,e<)-cubic Hv ideal) of
H.
(iii) If AisanH  -LA-subsemigroup of H (resp., H

ideal), then the (e.,€.Vv(,)-cubic characteristic

function X(F’A)A = <ﬁx(l",A) ) l9}((F,A) > of A = <ﬁA’ l9/-\> is

Sci.Int.(Lahore),28(2),767-779,2016

an (e, €;)-cubic H  -LA-subsemigroup (resp., (€;,€;)-
cubic H |, ideal) of H.

Proof: (i) Let A be an H  -LA-subsemigroup of H.
Assume that x. ,eX, and vy,  €X,, where
x,yeH and f,{,eD(0,1] and t,,t, €[0,1). This
that 7, (X)=f > 0, 9, (X)<t, <1 and
7, (V)5 >0, &, (y) <t, <1. Which then implies
that 7, () =7y, () =1 and 8, (x)=5,,(¥)=0.
Thus for all ze x*y, we have ze X,. Which implies

implies

that iy, (2) =1=rmin{t,, £.} and
G, (D) =0<max{t,t,}. ThUS Z e o3 o) €
for all zex=*y. Hence cubic characteristic function

X,= <77XA,9XA> of A= <ﬁA, 3A> isan (e, e) -cubic

H , -LA-subsemigroup of H. Similarly the case for (g,€) -
cubic H  -ideals of H can be proved.

(ii) Let A beanH  -LA-subsemigroup of H. Assume that
X €Xa @d Y. €X,, where x,yeH and
£.6,eD01 and  t,t,€[01). 7, (¥ >0,
S, (x) <t, <1 and ﬁxA(y)gf3 -0, G, (¥) <t, <1.

ik

Which then implies that 77, (X) =7 (Y)==3* and

G, (X) =8 (y)=0. Thus for all zex*y, we have
ze X,. Which implies that 77, (z)=1%>rmin{t,E}
and 9, (X) =2 <max{t, t,}. Thus
2 1mings, £} max{ty ) € 3, for all zex=y. Hence the
(€,€vQ,) -cubic
X, = <ﬁXA , lng> of A= <77A, 9A> isan (e, e) -cubic

H ,-LA-subsemigroup of H. Similarly the case for (e, e) -

characteristic function

cubic H  -ideals of H can be proved.
(iii) Let A be an H  -LA-subsemigroup of H. Assume

that X. e X"YA and Yir) €r XTYA - where

bt
X,y e l(—l )and t,,eD(0,1] and t,,t, €[0,1). This
that Ty (0=h = 7, = 0,
g (0 - 75 =0,
‘gngw (y)<t,<y,=1. Which then implies that
g () =710 () =8, = (01] and
SX;A) (x)= SX;A, (y)=6,=0. Thus for all zexx*y,

implies

lgx(,{'“ x)<t,<y,=1 and
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we have ze. X"MA  Which implies that x y < A then X(m ﬁ) €X, and y(ﬂ ﬁ) €X,. This
~ > - ~ o~ 2 2 22
N (2) =6, = (L1=rmin{t, 1} and
A implies that Z i iy HZ}) ev(, X,, for all
min{=2, =4} max{=2,=2
ng(A‘_'A) (x) =0, =0<max{t,,t,}. Thus ( 2772 2772 B
= i impli 5 — 1k
Z(rmin{fl,f3},max{tz,t4}) Er S for all ZeX*Y. Hence ZeXxy. Which |mpI|es that UXA (Z) -2
(€r, €, vQ,)-cubic characteristic function % (2)= 2 S0 zexxye A Thus AisanH ,-LA-

X =<77xg¢>"9xgm> of A=(,.9,) isan (c;. <)
-cubic H  -LA-subsemigroup of H. Similarly the case for
(€, €r)-cubic H  -ideals of H can be proved.

Lemma 2. For an H  -LA-semigroup, the following hold:

of A
(e, € vQ) -cubic H  -LA-subsemigroup (resp., (e, €) -cubic

(i) Cubic characteristic function X, is an
H, ideal) if and only if A is an H  -LA-subsemigroup
(resp., H , ideal) of H.
(i) (e,evq, )-cubic characteristic function of X, of
A is an (e,equ)—cubic H , -LA-subsemigroup(resp.,
(e, vq )-cubic H ideal) if and only if A isanH -
LA-subsemigroup (resp., H , ideal) of H.
(iii) (€, vq,)-cubic characteristic function X{*) of
Aisan (€., €. vQ,)-cubic H  -LA-subsemigroup (resp.,
(er,€r v, )-cubic H  ideal) if and only if A isanH -
LA-subsemigroup (resp., H , ideal) of H.
Proof: (i) Let us assume that cubic characteristic function
X, :<’7XA"9xA> of A=<77A,.9A> is an (g, e vq)-cubic
that
This

then
that

H , -LA-subsemigroup. ~Assume
y(i,o) eX,.
) evgX,, for al zex*y. Which

X, yeA

X(i,o) €eX, and implies

Z(rmin{i,i},max{o,O}
implies that 77, (2) =1, G, (2)=0. S0 zexxyeA
Thus A isan H  -LA-subsemigroup of H. Conversely let
A is an H  -LA-subsemigroup of H, then by Lemma 1,
X, =<ﬁXA,3XA> of A:<ﬁA,9A> isan (e, e) -cubic

H , -LA-subsemigroup. ~ Then by  Proposition 3,
X, :<ﬁxA"9xA> of A:<ﬁA,.9A> is an (g,e vq)-cubic
H , -LA-subsemigroup of H. Similarly the case for (g, €) -
cubic H  -ideals of H can be proved.

(ii) Let us assume that (e,ewvq, )-cubic characteristic
function X, :<ﬁxA1‘9xA> of A:<ﬁA,,9A> is an

(g,evq,)-cubic H , -LA-subsemigroup. Assume that

subsemigroup of H. Conversely let A is an H  -LA-
subsemigroup of H, then by Lemma 1, X, = <ﬁXA,19xA>
of A=<ﬁA,3A> is an (e, e) -cubic H |, -LA-subsemigroup.
Then by Proposition 3, X, = <77XA , SXA> of A=(7j,, %)
is an (€,evq,)-cubic H -LA-subsemigroup of H.
Similarly the case for (<, ) -cubic

H ,-ideals of H can be proved.
(iii) Let us assume that cubic characteristic function

) _ /= =~ .
X _<77x([’“’19x5f'”> of A= <nA,9A> is an
(er,€r vQ,)-cubic H  -LA-subsemigroup. Assume that
(T, 4) (T',A)
X,y e A then X @.0) €r Xa and Ywmo) €r Xa' -
This that
z =z e vg, X\, for all
(rmin{(1,1],(1,11}, max{0,0}) (@11,0) =T qA A '

zexxy. Which implies that 7., (2)=(11]=4,,

implies

gxgr‘M(z) <0=0,.S0 zex*xye A Thus AlisanH -
LA-subsemigroup of H. Conversely let A isan H -LA-
subsemigroup of H, then by Lemma 1, x{* of A isan

(€r,€r)-cubic  H  -LA-subsemigroup. ~ Then by
Proposition 3, Xf’A) =<ﬁx&r,A),l9x(;,A)> of A= <ﬁA,9A>

is an (e, vq,)-cubic H  -LA-subsemigroup of H.
Similarly the case for (g, <) -cubic H | -ideals of H can be

proved.
Theorem 1. For an H  -LA-semigroup, the following hold:

(i) A cubic set I=(7j;,9) of H isan (e e vq)-cubic
H , -ideal of H if and only if

(@)

{rinf iy (z)}z rmin{rmax {77 (), 7 (y)}(0.5,0.5]},
Zexxy

(b)

{SUD, .0y % (2)} < max{min{; (x), % (y)},0.5}.
(ii) A cubic set I=(775,95) of H isan (c,evq )-

cubic H -ideal of H if and only if

March-April
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@ [
. e~ . ~ ~ Ik,
{ngyns(Z)}zrmm{rmaX{ns(X),ns(y)}, 2} . oo
(b) SO Z4505105 03 Hence Z 5,5 05€ V03, Wwhich is
. - i diction. Hence (a) and (b) are valid.
. < 1k, again a contra

{SUpZEX*y e (Z)} - max{mln {83 (X)’93 (y)}’ 2 } Conversely, suppose that (a) and (b) are valid. Let
(iii) A cubic set JI=(7j;, %) of H is an is an Xy €3 and y. €3, where t,f,eD(0,1] and
(er, € v0,)-cubicH  -ideal of H ifand only if t,,t, €[0,1). This implies that
@ _ - . -

o ) _ ) ) 500,95 (x) <t and 75 (y)Es, 95 (y) <t,.
rmax{rlnf 75(2), 71} >=rmin{rmax {77 (X), 775 (¥)},6.},  Now by hypothesis we have

Zexxy

rinf ﬁj(z)=+(0.5,0.5] <(05,0.5]+(05,05]= (Ll],{sup 93(2)}+0.5>0.5+0.5:1.

zex+y zexty

(b) }rinf 773(z)}trmin{rmax{fl,fs},(0.5,0.5]},{sup 93(z)}smax{min{t2,t4},0.5}.
. . exty 1eXty

MiN {SUp,.,., 95 (2),7,} < max{min{g (x), % (y)}.5,}, If

where 5,7, €D(0,]] such that 7 <&, and rmax {f,f,} <(0.5,0.5] and min{t,,t,} >0.5,

6,,7, €[0,1) suchthat 5, <y,. then X 3. On the other hand if

(rmin{fy,t,3, max{t,,t,}) €

Proof: (i) Let 3=(77;,%) is an (<.« va)-cubic H,- rmax {f;,,} > (0.5,0.5] and min {t,,t,} <0.5,

ideal of H. Let there exist x,y e H, such that (a) and then x
(b) are not valid. So for some pe D(0,1] such that (rmin{fy,t;}, max{ty ts}
g €[0,1), we have )equ. Thus S=<ﬁ3,193> is an

)qS. Hence

X(rmin{t'l,tz}, max{t;,t,}
Hinf 7 (2){ < p=rmin{rmax 7, ()7 (1)}, 05,0813, (<, va)-cubic H ,iceal of H.

zexsy (ii) Starightforward.
{Supn%(Z)}Zq>maX{min{:%(X)n%(Y)}aO.S}. (i) Let 3=(7i;, ) is an (e,& vq,)-cubic H -

NZEX*_yf ideal. Let there exist x,y « H, such that (a) and (b) are
ow i . .
rmaX{ﬁS(X),ﬁS(y)} < (05,05] and min {]93 (X),lgs(y)} >0.5, not valid. Then there exist % eXxy such that
then we have 8K (2), 7 < i ), y), 03 min| 9 (2., >, mex{ 8 (x), 9 (1), 6.
{Qilfyﬁs (Z)} =< p=rmax {7, (x). 77, (¥)}, Choose £,3, € D(0,1], t,,5, €[0,1)
such that
{Zselipy I (Z)} >q>min {9 (x), % ()} max! inf (z),yl}<flrmin{f)3(x),ﬁ3(y),51}, min{sup 9\(2),y2}>t2 2K (9, (),9(1).6,
_ texy 1 ey
Then x, €3 and y, €3, but 7, 3. Also Then

rinf 7. (z),?l} <f=rinfj (z)<f1<71,min{sup9\ (z),y2}>t2 > (1)>4,>7,
Texxy Y Texxy Y 3 3

TeXHy 1Ky

{rinf 7y (z)}+ p<(05,05]+(0.5,05]= (1,1],{sup 9, (z)}+q >05+05=1, MaX

zex+y Zexsy

93 3. which i icti Z). €, .V 3 *
S0 7,5, 03. Hence z,, . € \vq3, which is contradiction.  then ( )(tl,tz> (71n) q(fi«sz)‘s for zex=*y. On the

On the other side if other hand if
max {7 (X). 7 (¥)} (05,081, min{8;(x). &, ()} <05, g <rmingi (x), 77 (), 63, t, > max {9 (x), 5 (1), 5,
then we have we get
{rin*f A (z)} < (O.5,0.5],{sup 9, (z)} >0.5. s (X)o7 (V)2 - 720 9 (X) <t < (Y) <t <7
o e then X €S and Y o€, S but
1, ) (77) (& ) ~(7.0n)

Then XM0.505005=5 f anq YM.505005=3 fo pyt
2£0.5,0.50,05=9 f -

i ) €(n) vq(glﬁz)\s for zex=*y. Which is

contradiction to the hypothesis. Hence (a) and (b) are
valid. Conversely assume that there exists Xe S, and

Also
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f,5,eD(0,],t,,5, €[0,1) such that x 3
and Y o) i)

ﬁj(x)>_{~>-j71,195(X)SS<}/1, ﬁs(y)tﬁ >'771,'93(Y)551 <n
So

rmax{r inf 7, (z),yl}zrmin{ﬁ3 (x),775 (y), o= rmingf, £, 53

(t.5) S(7n)

3. This implies that

min{sup g (z),yz}smax{BS(x),Sj(y),@}gmax{s,sl,dz}.

Zex*y
We have the following two cases.
(i) 1F{E,£3< S and |s,8,} > 0,, then
rinf 77, (z)=rmin{f,£3 > 7, sup & (z)<max{s,s,} <7,.
Zexxy zexry

This implies that Z(rmm{f‘fl}‘max{s’sl}) i) S

(i) 1f {€,£3> &, and Is,s,} < J,, then

rinf 77, (z)+max{f,£}> 26, sup 9 (z)+min{s,s,} <24,
Zex*y zexry
(rmin{f,fl},max{{s,sl}})q(Sl,ﬁz)‘S' Hence from
both the cases we get

This implies that z

3. Thus I=(775,9%)

(minfe &) max({s.sp)) SGan) Y Ha)

isan (€, €. vQ,)-cubic H v-ideal of S.

Theorem 2. For an H | -LA-semigroup, the following hold:

(i) A cubic set I = <ﬁ3,193> of H isan (g,ewvq)-cubic

H , -ideal of H if and only if the non-empty cubic level set

U(3;t,s) isanH  -ideal of H.

(ii) A cubic set I=(7;,9) of H is an (e.evq)-

cubic H  -ideal of H if and only if the non-empty cubic
U(3;t,s) H , -ideal H

t € D(O, 1’2@] and s e[52,1).

~

(iii) A cubicset S =

level set is an of for

<ﬁ3,193> of H isan (e,€. v0Q,)-
cubic H  -ideal of H if and only if the non-empty cubic
level set U (3;(t,7,),(s,7,)) isan H -ideal of H for
t €D(0,1] and s e[0,1).

Proof: (i) Let I=(7;,%) is an (e,evq)-cubic H -
ideal of H. Let there exist x,y e H, such that (a) and

(b) are not valid. So for some pe D(0,1] such that
g <[0,1), we have

{rinf s (z)} < p=< rmin{rmax{ﬁS (x),ﬁj(y)},(O.S,O.S]},

zex+y

{sup 9y (z)} > > max {min {9, (x), % (y)},05}.

zexxy

Now if
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rmax {7, (X), 775 (¥)} < (05,0.5] and min {9 (x), % (y)}>05,
then we have

{QQ‘;'I‘(Z)} < pjrmax{ﬁ3(x),ﬁ3(y)},{sup 93(2)} >(> min{é’3 (x),93(y)}.

zeX*y

(a3 o~ _N
Then x, €3 and y, €3, but z, €3I Also

{rinf s (z)} +p<(05,0.5]+(05,0.5]= (Ll],{sup 9, (z)}+q >05+05=1,
Zex+y zexty
So Z(M)a&

Hence z , .y€vQq3, which is a contradiction. On the other
side if
rmax {7, (X), 7 (¥)§=(0.5,0.5], min{J(x),9(y);<0.5,

then we have

{QDE s (z)} <(0.5,0.5], {sup 9. (z)} >0.5.

Zexxy

Then and but

X((055,051,05) € 3 Y(05,051,05) € 3,

Z((05,05],05) €3. Also

zexxy

{ngy 773(2)}+(O.5,0.5]<(0.5,0.5]+(0.5,0.5]:(1,1],{sup 93(2)}+0.5>0.5+0.5:1.

So Z((05,05],05) g3. Hence Z((05.051,05) € v(Q3, which is
again contradiction. Hence (a) and (b) are valid.
Conversely, suppose that (a) and (b) are valid. Let
o) €3 and y, €3, where t,f,eD(0,1] and
t,,t, €[0,1). This implies that

ﬁs(x)i'fp‘gs(x)gtz and ﬁs(y)i'fs’lgs(y)gtm

Now by hypothesis we have

zex+y

{glgfyn (z)}trmin{rmax{fl,g},(0.5,0.5]},{sup 9 (z)} < max{min {tz,tA},O.S}.

If
rmax {f,,} <(0.5,0.5] and min{t,,t,} >0.5,

then X 3. On the other hand if

(rmin{f;,t,3, max{t,,t,}) €
rmax {f,f,} > (0.5,0.5] and min{t,,t,} <0.5,

then . Hence

2

X(rmin{t'l,tz}, max{tz,tA})q
ev(q3. Thus S=<ﬁ3,19§> is an

X(mingg, b3, maxt, £,)
(e, e vq)-cubic H _-ideal of H.
(ii) Straightforward.

i
,-ideal. Let there exist x,y e H, such that (a) and (b)
are not valid. Then there exist z € X*y such that

rmax{ﬁg(z),71}<rmin{rij(x),vg(y),(i},min{93(z),y2}>t2 max{93(x),83(y)
Choose f,, 5, € D(0,1], t,, 5, €[0,1) such that

~

\5=<~3,,93> isan (€.,ep vQ,)-cubic H

March-April
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fMax

[igfyﬁs(z),il}<fl<rmin{ﬁj() ()§}m|n{sup3() }

Texsy

Then
rqu ( ),yl}dl:rinfj (z)<f1<yl,min{sup3\ (Z),yz}ﬂ
ngty N 3

Texky Zexy

max L= 38 (2)>4,>7,

Texty

then (Z)<f1,t2>e(?1vn) Vq(&,b‘z)‘s for zex*y. On the

other hand if

£ <rmin{7; (x),7

we get

( )>t1>71! ( )>t1>71’ ‘9:( )<tz<72133(y)5t2<721
then x< and I but

(4). 83 > max {5 (). 8 (1).6,

y<f1v t2> 6(71v71)
Which is

E(?lxh)

t t2>e(71v71) vq(é‘l,éz)‘s
contradiction to the hypothesis. Hence (a) and (b) are
valid.

Conversely assume that there exist xeH, and

f,5,eD(0,],t,,5, €[0,1) such that x 03

(©s) Sonm) >

. t)

Z< for zex=y.

and Y5 € 3. This implies that

(}71&/1)

75 (%) =795 (X) <5<, 715 (V) A - 72 3 (V) <8 < e
So

rmax{zrlgfyn( );/1}>rm|n{nﬁ( )77 (¥), Sk=rmingf, £, 6.3,

smin{sup g (Z),;/Z}S max {9, (x), 95 (¥),6,} < max{s,s,, s,

Zexxy
We have the following two cases.
@it {£,£3<6, and {s,5,}>3,, then

rinf 77 (z)>=rminff, £} > 7, sup 9 (z)<max{s,s} <7,.
zexky zexxy

~

This implies that Z( . € 3

rmin{f £}, max{s,s;})

Mt {f£}> 6, and «’,SLS1}<57, then
rinf 77, (z)+rmax{f,£}> 26, sup 9 (z)+min{s,s,} <2,
zexxy zexky

This implies that z 3. Hence from

fi2s) Yo
(min{f, 5}, max{{s,s,}}) Strn) Vq(gl,b‘z)

(rmin{f,t'l},max

both the cases we get z 3.

Thus 3=(775, %) isan (e, va,)-cubic H ,-ideal of
S.

Theorem 3. For an H  -LA-semigroup, the following hold:
(i) A cubic set I =(775,95) of H isan (e,e vq)-cubic
H , -ideal of H if and only if the non-empty (e \/q) -cubic

level set [ 3] isan H _-ideal of H.

va(f.5)
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(ii) A cubic set I =(775,95) of H isan (evq_)-cubic

H , -ideal of H if and only if the non-empty (evQ,)-

(0,0] otherwise

cubic level set [S]qu.((fﬁ) is an H  -ideal of H for
f e D(0,54] and s e[52,2).
(iii) A cubic set I=(77;, %) of Hisan (e, va,)-
cubic H  -ideal of H if and only if the non-empty
(e vQ,) -cubic level set [\s]erqu ) isanH  -ideal of
H .
Proof: Straightforward.
Theorem 4. Let | be an H  -ideal of H and

<77~,19_> be a cubic setin H .

>~(0.5,0.5] ifxe |

(i) If A (X) = {—( ] and

9.0 = <05ifxel
S 1 otherwise

then I =(7;, %) isan (e,evq)-cubic H ,-ideal of H.

i k1 1k,
(i) If 5(X) = =77 ]iTxel and
(O, O] otherW|se
<Lk
9.0 =157 |fx_el’
) 1 otherwise
then 3=<773,193> is an (e,evq)-cubic H -ideal of
H.
if |
(iii) If n5(x) = =(0, 0] ifx e. and
) >=(7,,7,] otherwise
<o, ifxel
9(x) ={ 2 TS
) ¥, otherwise

~

then 3= < ~3,193> isan (€,€. vq,)-cubic H  -ideal of

H.
Proof: (i) Letus suppose that x,y e H and let Xe.1,) € €3
where t, € D(O 1] and t, €]0, 1) Then

i, (X)=f = 0and 4 (x)<t, <1.

This shows that X el andso z e x=*y 1. Thus

71-(z) >(0.5,0.5] and 9. (z)<0.5.
Now if

rmin{t,, £,}<(0.5,0.5] and max{t,,t,}>0.5,

then

775(2)-10.5,0.5]>- rmin{f,, t.}, 9; (z) < 0.5 < max{t,,t,},
forall z € x*y. On the other hand if

rmin{t,,£,} >~ [0.5,0.5] and max{t,,t,}<0.5,

then
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7(2)+mingt, £} - 05,05]+{05,05] =L & (2)+ maxft, t,} < 05+05=1,

forall z e x*y. Therefore z evqs,

(rmindE, &3 max{t; . t, })
forall ze x*y.

Hence T—<77~ 19~> is an (e, e vq)-cubic H | -left ideal
of H.

(ii) Straightforward.

(iii) Let us suppose that x,y e H and let x(qvlz)qAS
where £,6, € D(0,1] and t,,5, €[0,1). Then

i, (X)+T = 25, and 9, (X)+1, < 23,.

This shows that X e | andso z e x*y e I. Now if

7, < rmin{t,, £,}<[0.5,0.5], 7, > max{t,,t,}>0.5,
then

75(2)+0.5,0.5]-mmin{t, £}~ 7, 9, (z)<05<maxft, t,}<,,
forall z € x*y. On the other hand if

rmindt,, £}~ [0.5,0.5] - &, and max{t,,t,}<0.5< &,

then

A5 (z) + rmin{t,,£,} - [0.5,0.5] +[0.5,0.5] = 24,
9 (z)+max{t,,t,}<0.5+0.5=26,,

forall z e xxy. Therefore z .. o1 g 1) Sr VO
forall ze x=*y.

Hence S=<~3,,93> is an (€p,€. v(,)-cubic H  -left
ideal of H.

Theorem 5. The cubic set JI=(7;, %) of H is an

(,eva)( resp., (g,evq ), (er,€r vQ,))-cubic H -
ideal of H. Then the set S<6 1 isan H  -ideal of H.

Proof: (i) Let I=(7;, %) be an (e,evq)-cubic H -
ideal of H. Let X, yeJ<61>. This implies
71-(X) = 0,9:(x) <1, 75(y) = 0,9(y) <1,

for ye H. Let 77,(z) =0 and 9,(z) =1 for ze x*y.

Then X e 3 but

(775 (x), 95 (X))

7-(2) = 0 < rmin{. (x), 7~ ()}, 9.(2) =1> max{% (X), % (y)}.
Also i

Aa(2) + mingi (), 7, (V)0+1=1 4 (2) + mex{ (%), 8, ()} 20+1=1
Thus z

€ v(Q3J, acontradiction

(rmingis (x), 713 (v} max{ 5 (x), 95 (¥)3)
and hence 7j,(z) >0 and $(z) <1 for Z E X TY. So
ZeX*ye 3(6,1)' Hence S<6,l> isanH  -ideal of H.

(ii) and (iii) are straightforward.

4. DIRECT PRODUCT OF H  -LA-SEMIGROUPS IN
TERMS OF GENERALIZED CUBIC SETS
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In this section we define the concept of cubic ideals and
generalized cubic ideals of the direct product of H  -LA-

semigroups and discuss some basic properties.
Definition 15. Let 3= <773,,93> and F = <ﬁF,19F> be two

cubic subsets of H, and H, respectively. The direct

product of the cubic set J = <77~ , 193> and F = <ﬁF, 19F > is

defined by IXF = (7., Is

M,), where
e (X, Y) = rmini7 (X), 7 ()} and .5 (x, y) = maxd&;(x), 4, (¥}

forall (x,y) e H; xH,.

Definition 16. Let 5 =(7j, ;) and F=(7,, ) be two

cubic subsets of H, and H, respectively . The direct

product  IXE = (7.,

JxF

> is called cubic H  -LA-

subsemigroup of H, xH,, if

@@
rinf

(b)

{n~..(e, ) -rmin{7- . (a,b), 77~..(c,d)},
sup  {Fz (e f)F<max{d;.(ab), Y. (c,d)}

(e, f)e(a,b)=(c,d)

forall (a,b),(c,d),(e, f)e H, xH,.
Example 3. Let H, ={a,b,c} and H, ={x,y,z, w} be
two H V -LA-subsemigroups with the following table:

*| a b C * X y zZ W
e X[ G Gy G
bl{ac} a a y|{oywk o {y.wp o x {y,w}

b} C {a C} X y z W
e owl oy owoow
Then

H,xH,={(a,x),(a.y). (@2), (a,w), (,x), (b, ), b, 2), &, W), (€. %), (¢, ), (¢.2), €, w)}
isan H V -LA-semigroup with the hyperoperation defined as

(a,b)®(a,b,)={(c.d)|cea *a,, deb eb,},
for all (a,,b;),(a,,b,)eH,xH,. Define the cubic set

SXF = <ﬁ~s><F’19~s><F>

e (@ X) =155 (@ Y) = 1. (8,2) = 1 (@ W) = 1, (0,X) = 7,5 (€,X) = (0.6,0.7]
Tie0.Y)= Xp(b )= 15 0.0) =713, (€,Y) =15 (6.2) = 7, (0. 0) = (0.7,08]
and

9~w(a, X)= 068 Y) = 0 (8,2) = 8, (8,W) = 1 (0,) = 8., (€,X) =05,
G (0Y) =8, (0,2) = S (0,) = 9”( )= 85(0,2) = 8.5 (0, W) = 04,
Then it is clear that IX F = (75,7 ) is cubic H V-
LA-subsemigroup of H, xH,.

March-April
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Definition 17. Let S=<ﬁ3,193> and F:<ﬁF,19F> be

cubic subset of H, and H, respectively . Then direct

product SxF=<ﬁ3xF,]9~ > is called a cubic H V-left

SXF

(resp., H v -right) ideal of H, x H,, if

(@ e f)gr('ar']bf)*(cyd){%m (e f )}i_ngxp (c,d) (resp.,
(e, f)eI;Lnbi;*(c,d){USXF (e’ f )}>_'77er (a, b) )
(b) sup {6, F)}< S .(c,d)  (resp.,

(e, f)e(a,b)=(c,d)

sup {0 (e f)}<d.(a,h))

(e, f)e(a,b)x(c,d)
forall (a,b),(c,d) e H,xH,.
Definition 18. The direct product IXF = (7., .z ) is

called (e, e vq)-cubic H | -LA-subsemigroup of H, x H,,
if it satisfies,
(DS,) (a,b)

that

e 3xF and (c, d)(f3vt4) e IxF imply
(e’ f )(rmin{fl,f3},max{t2,t4}) € Vqs x F’ for all
(e, f) e (a,b)*(c,d).

Definition 19. The direct product IxF :< ‘XF,83xF>

called (g,evq,)-cubic H  -LA-subsemigroup  of
H,xH,, ifitsatisfies,

(DS,) (a, b)(t},tz) € IxF and (C,d)(fw) € IxF imply
that (e, f)(rmin{t_l’%}’max{tz’u}) eVvQ3IxF, for all

(e, f)e(a,b)*(c,d).
Definition 20. The direct product IxF = < ‘XF,SMJ
called (e.,€; vQ,)-cubic

H, xH,, if it satisfies, (DS,) (a, b)) Er IXF and
(c.d)

H |, -LA-subsemigroup  of

€. IXF imply that

(f:ts)

~
(e, f)(rmin{fl,f3},max{t2,t4}) €~ V0,3, for all

(e, f) e (a,b)*(c,d).
Definition 21. The direct product IXF = (75 o, %z ) is

called (e,evq)-cubic HV-left (resp., H V -right)ideal of
H,xH,, if it satisfies, (DI,) (c.d)g,,) €3 and

(a,b)e H, xH, that

imply

~
e, f)(rmin{fl,fg},max{tz,t4}) € V(s for all

(e, f) e(a,b)=(c,d) (resp., (e, f) e(c,d)*(a,b)).
Definition 22. The direct product IxF = (7 ., 9. ) is
called (&,€vqy)-cubic HV-left (resp., H V -right) ideal

of H,xH,, if it satisfies, (DlI,) (C’d)(fg,u)es and
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(a,b)e H,xH, imply that
(e, f)(rmin{fl,f3},max{t2,t4}) e Vv, for all

(e, f) e (a,b)*(c,d) (resp., (e, f) e (c,d) *(a,b)).
Definition 23. The direct product IxF = (75 ., 9.z ) is
called (e, vQ,)-cubic HV-left (resp., H V-right)
ideal of H, xH,, if it satisfies, (DI,) (C’d)(t},u) e 3
(a,b)e H; xH, imply that

~
er V0,3, for all

and

@ ) mings, 3. mascs 1.9
(e, ) e (a,b)*(c,d)(resp., (e, f) e (c,d)*(a,b)).
Theorem 6. For the direct product of two H  -LA-
semigroups, the following hold:

(i) A cubic set IXE=(fjy 0 Gp) of HyxH, is an
(e, vQq)-cubic H  -LA-subsemigroup (resp., cubic H -

ideal) of H,xH, if @l

| e mingme i, (a0).7, (69)], 05030

‘b(
[SUDL 1m0 S (8 )V <max{min {9, . (a,b), 4., (c.d)},05].

(ii) A cubic set IXF =(7jy . ) of H xH, is an

and only if

(g€ v, ) -cubic H  -LA-subsemigroup (resp., cubicH -

ideal) of H, x H, if and only if

ad
ZM inf { (e, s mingmax(i (ab).i (c.d) Y,

[8UD, 10 B (8, )} <max[min{ 8., (@,0), 8., (c, 0 )}, 2],
(iii) A cubic set IXF=(7.,9vp) of HyxH, isan

(er, € va,)-cubic H  -LA-subsemigroup (resp., cubic H

,-ideal) of H, x H, ifand only if

e )
max|  finf {ii(e, (%7 - mingmaxli (ab)i (d)d,
(1

M {SUD 11500 S (& ). 72} < {min {9 (a,b), 8, (c.d)) 6, .
Proof: Straightforward.

Theorem 6. Let 3= <77, ‘9~> and F=<ﬁE,9F> be any
two cubic H  -LA-subsemigroups (resp., cubic H
of H and H,

IXF = (Fapr 95

SXF

, -ideals)
respectively - Then the direct product
> is cubic H  -LA-subsemigroup
(resp., cubic H _ -ideal) of H1 <Ho>.

Proof: Let S=<ﬁ3,193> and F=<ﬁF,'9F> be any two

cubic H | -LA-subsemigroups of H, and H, respectively -

Forany (a,b),(c,d) e H, xH,, we have
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{n”(e f)}= rlnfn (e )rminrinf Me(f)

> rmin{ij, (), 75 (C)rmin rmin{iz, (b), 7
= rminr; (a) rmin 7, (0), 7, (c) rmin 7, (d
= MMin{fj, (&,0), 775, (¢, 0)}

{5¢ (8, )} =sup 3 (e) v sup 9 (f)

F
d) ecaC

<sUp{S @) 9 (€)} v supf, 0) . ()}
=sup{d; (a) v 3 (b), %(c) v 3 (d)}
=sup{J, ¢ (a,h), 4. (c.d)}.

SXF:<773xE"9’sxF> is

r|nf
(ef)ela

(d)}
)}

and

sup
(e, )e(ab)c,

JIxF

Hence cubic H ,-LA-

subsemigroup of H,xH,. Similarly other case can be
proved.

Theorem 7. Let S=<ﬁ3,,93> and F:<ﬁF,3F> be any
two (e,evq) (resp., (€,€vay) (€-,€ vQ,)) cubic H
, "LA-subsemigroups (resp., cubic H  -ideals) of H, and
H2
SXF = <ﬁ3xs"9~sxp> is
(e,evay), (g, € va,))-cubic
(resp., cubic H  -ideal) of H,; x H,.

respectively - Then the direct  product

an (e,eVvQ) (resp.,

H , -LA-subsemigroup

Proof: Let 3=(7j;, %) and F:<ﬁF,19F> be any two
(e,€ vq)-cubic H  -LA-subsemigroups of H, and H,
respectively - Forany (a,b),(c,d) e H, xH,, we have
o rlnf {n (& F)}= rinf{ﬁS (e)}rmin rinf{ﬁF(f)}

> min{rmax[77, (), 7,(c)], (0.5,0.5]}

rmin rmin{rmax(7, (0), 7, (d)], (0.5,0.5]}
= rmin{rmax[7, (&) rmin 7, (b), 7, (¢) rmin 7, (d!)], 0
= rmin{rmax[7,, . (a,b), 7. (. d)], (0.5,0.5]}

and

sup  {8.¢(&, f)}=sup{d;(e)}v sup{d ()}

(e, )e(a,b)¥(c,d) eearc f ebrd
< max{min[%(a), %(c)],0.5}
vmax{min[4 (b),4 (d)],0.5}
=max{min[J;(a) v 4 (b), % (c)v 3 (d)],04
3,.¢(c,d)],0.5}.

> is an (e,ewvq)-cubic H -

=max{min[J; . (a,b),
Hence JIxF :< werr Fn

SXE

LA-subsemigroup of H, x H.,.
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Similarly it can be shown for (e,evq,)-cubic H  -LA-

subsemigroups  and  (e.,€; v(Q,)-cubic H -LA-

subsemigroups of H, xH,.

S xF = <7731xrl , ‘931XF1>
3, xF, =<ﬁ32w2,,932w2> be any two cubic H  -LA-
,-ideals) of H, xH, and

Theorem 8. Let and

subsemigroups (resp., cubic H
H, xH,
H , -LA-subsemigroup (resp., cubic H
Proof: Straightforward.
Let

respectively - Then 3, xF, N3, xF, is cubic
,-ideal) of H, xH,.

Theorem 9. and

3, xF = <ﬁ31><F1 , 193le1>
J,xF, = <77‘ <5, 19‘2@2> be any two (e,evq) (resp.,
(e.eVvy) (€r, € vQ,))-cubic H  -LA-subsemigroups

(resp., (€,eVvQy),(€r,€rva,) cubic H  -ideals) of

fir-Fi1gf2-F2

Then isan (e,evq)
(e,evay), (g, € va,) )-cubic H,-LA-
subsemigroups (resp., (€,€VvQy), (€., € va,) cubic H
,-ideals) of H, xH,.

Proof: Straightforward.

Definition 24. Let JI=(7,,9) and F=<ﬁF,,9F> be

cubic subset of H, and H, For any
teD(0,1 and se[0,1) we define the set
UGxEL ) ={(x,y)eH,xH, : 7. (X, )=, F (X, y) <5}
is called the cubic level set of IxF = <77M, , 193xF>.

Hi . Ha.

(resp.,

respectively -

Theorem 10. (i) Let S=<ﬁ3,193> and F=<ﬁF,,9F> be
any two cubic H  -LA-subsemigroups (resp., cubic Hv-
ideals) of H, and H,
SXF:< ser s Fr
,-ideals) of H, xH,
USxEt,s) s

subsemigroup(resp., cubic H , -ideal) of H, x H,.

(i) Let S:<ﬁ3,193> and F:<ﬁF,,9F> be any two

respectively. The direct product
> is cubic H  -LA-subsemigroup
(resp., cubic H if and only if the non-

empty  level  set H , -LA-

(e,evy). (€, vQ,) )-cubic H -
,-ideals) of H, and H,

(g,evq) (resp.,
LA-subsemigroups (resp., cubic H

respectively Then the direct product IxF = < Sy BM.>

is (g,evq) (resp., (€,€VvQy), (e, € vQ,))-cubic H
-LA-subsemigroup (resp., cubic H  -ideals) of H, xH, if

March-April
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and only if the non-empty level set U (IxE;f,s) isH -

LA-subsemigroup (resp., cubic H  -ideal) of H, x H,.
Proof: Straightforward.
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