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ABSTRACT: Using the concept of intra-regular ordered semigroup studied by Chong-Yin Wu [1], we introduce in this paper,
the notion of ternary intra-regular ordered semigroup. Many properties valid for the binary case can be proved for the ternary
case. Our characterization of ternary intra-regular semigroup is partial, a complete characterization still open, is the converse
of the proposition 3.6 true? Another question is: if S is intra-regular, is R = | in the theorem 3.7? For some needs we have
introduced some new notions “Strong and weakly ideals generated by an element,.. The principal references are those used by
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[1], however we add some other references.
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1.Preliminaries

Definition 1.1. Let S be a non-empty set endowed with a ternary
operation ":", S is called a ternary semigroup if
Va,b,c,e€S,ab.(c.d.e)=a.(b.c.d).e=(a.b.c).d.e

In the sequel a. b. c will be just denoted abc.

Definitionl.2.

1. An ordered ternary semigroup S is a partial ordering set at
the same time a ternary semigroup such that for any
a,b,x,y €S,a<b implies xay < xby, axy < bxyand
xya < xyb.

2. An ordered ternary semigroup S with a unary operation
x: §— Sis called an ordered ternary * —semigroup if it
satisfies (x)* = xand (xyz)* = z*y*x*for any x,y,z € S.
Such a unary operation = is called an involution. If for any
a,b with a < b, we have a* < b*, then = is called an order
preserving involution.

Examplel.3. Let S ={a, b, c,d, e } be a set on which we define

a ternary operation ":" by the table below and an order " < " by

<={(a,a),(a,b),(b,b),(c,c),(d,Db),
(d,c),(d,d),(e,c) (e e)}

(S,.,<)endowed with an involution "«" defined by

a*"=e b =cd" =d;

is a ternary ordered *-semigroup with order

preserving involution * .

aaa = blaab = b|laac = d|aad = d|aae = d 1.
aba = blabb = blabc = d|abd = d[abe = d 2.
aca = dlacb = d|acc = d|acd = d|ace =d
ada
=d |adb = d|adc = d|add = d|ade = d
aea = dlaeb = d|aec = d|aed = d|aee =d
baa = b|bab = b|bac = d|bad = d|bae = d
bba = b|bbb = b|bbc = d|bbd = d|bbe = d
bca = d|bcb = d|bcc = d|bcd = d|bce = d
bda
=d |bdb =d|bdc = d|bdd = d|bde =d
bea = d|beb = d|bec = d|bed = d|bee = d
caa = dfcab=d

cac =d|cad = d|cae =d

cha = d|cbb = d|cbc = d|chd = d|che =d
cca=d|cch=d|ccc=c|ccd =d|cce=c
cda = d|cdb = d|cdc = d|cdd = d|cde =d
cea =d|ceb=d|cec=c|ced =d|cee=c

daa
=d |dab =d|dac = d|dad = d|dae = d
dba
=d |dbb =d|dbc = d|dbd = d|dbe = d
dca = d|dcbh = d|dcc = d|dcd = d|dce =d
dda
=d |ddb = d|ddc = d|ddd = d|dde = d

dea = d|deb = d|dec = d|ded = d|dee = d
eaa = dleab = d|eac = d|ead = d|eae = d
eba = dlebb = d|ebc = d|ebd = d|ebe = d
eca =d|echb =d|ecc =c|ecd =d|ece=c
eda = dledb = d|edc = d|edd = d|ede = d
eea = d|eeb =d eed =d

eec =c¢ eee = ¢

2.Characterization of ordered ternary *-Semigroups in which
all Ideals are (Weakly) Prime

In the sequel S will denote an ordered

ternary =-Semigroups. Many of the deepest properties of ordered

ternary =-semigroup depend on ideals. We shall introduce the

basic concepts and derive some crucial important properties.

Then they will permit us to characterize ordered ternary *-

semigroup. Let S be an ordered ternary *-semigroup. For H c S,

we denote (H] :={t €S/ t<hforsomeh€e€H} IfH =

{a}, we write (a] instead of ({a }].

Definition 2.1. A non-empty subset L (resp.R)of S is called a

left (resp. right) ideal of S if

SSL c L (resp. RSS Cc R),

a €L (resp. R),b<a = beL (resp. R).

I iscalled an ideal of S if it is both a left and a right ideal of S.

Definition 2.2. A non-empty subset L (resp. R ) of S s called

a strong left (resp. right) ideal of S if

1. SSLc L (resp. RSScR),

2. a€L (resp.R), b<a=beL (resp.R),

3. a€l (resp.R)=a" €L (resp. R).

Proposition 2.3. Any strong left ideal is a strong right ideal and

vice versa. So there is no need to distinguish between strong left

and strong right ideal, we simply talk about a strong ideal.

Proof. Let L be a left ideal, a € L,s;,s, €S, then a* €L,

51,55 €S s0 sys;ja* €L so (sys;a*)* €L, but (s;sja*)* =

as;s, and then LSS c L. The two other properties hold from

the definition of the the left ideal.

Proposition 2.4. The union of strong (resp. left, resp. right)

ideals is a strong (resp. left, resp. right) ideal

Proof. Let (4;);c ;be a family of strong ideals of S, then :
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1. Leta€e UjgA;and s;,s, €S. a€ Ui d; = i€l
such that a € A; so, us A; is a strong ideal, s;s,a € A; and
then s;s,a € Ui/ 4; -

2. Easythecheckthata < b € UlE,A = a € Ui 4;.

3. ltistrivialthata € U;;4; = a" € U A

Proposition 2.5. If I is a strong ideal then I* = I

Proof. Let I be a strong ideal and a € Ithen a* €1land

therefore (a*)* €I*but (a*)*=a so IcI*. The other

inclusion can be reached by the same arguments.

Proposition 2.6. Let = be an order preserving involution on S .

If Iisaleftideal then I* is aright ideal and vice versa.

Proof.

lleta el and sy, s, €S . Thereexistb € [

suchthat a = b*, as;s, = (s3s;a*)" =

(s3sib)".

But since b € Iand [ is a left ideal then

s;s1b € I and its involute element is in 1"

and finally as;s, € 1"

Let a<b e I". Then there exit ¢ € Isuch that a <b =c"
and then a* < c since * is an order preserving involution. But I is
a left ideal and c € I then a* € I and therefore a = (a*)* € I".
Proposition 2.7. For a € S if * is an order preserving involution
then,

I(a) =(bUSSbUbSSUSS(bSS);be{a,a’}],
is a strong ideal called the strong ideal generated by a and
I,(a) = (@aUSSa U aSS U SS(aSS)],

is an ideal called the weakly ideal generated by a.

Proof.

Let t € I(a) then there exists h € b U SSb U bSS U SS(bSS)

such that t < h.For any s;,s, € §;s;5,t < s;5,h and it is

easy to see that the element s;s,h is always in SShu

SS(bSS)sot € i(a).

It is easy using the transitivity of <, to see that if t < h € I(a)

then there exist k € b U SSb U bSS USS(bSS)

such that h < k and then t < k and therefore t € I(a). 1.

If t €l(a) then there exists h € b U SSb UbSSUSS(bSS)

such that t < h. So a* < h*and from the different forms that h

can take in the set

bUSSbUbSSUSS(bSS); h* is also in this set and then

t* € I(a).

a. Let tel,(a)then there exists h€ aUSSauUaSSuU
SS(aSS ) such that 3.

t<h.Foranys;,s, €S;

515,t < 515, hand it is easy to see that the

element s; s, h is always in 4

SSauSS(aSS)sot € l,(a). '
b. It is easy using the transitivity of < ,toseethatif t<he

I,,(a) then there exist k € a U SSa U aSS U SS(aSS ) such

that h < k and then t < k and therefore t € I,,(a).
Proposition 2.8. Let S be a ternary ordered *-semigroup with
order preserving involution.

1. Ac (A]forany A c S.

(A] c (B] forany A,Bwith Ac B cS.

(A1(B](C] c (ABC]forany A,B,C c S.

((A]] = (Al forany A c S.

(11 = 1 for any strong ideal ( resp. left ideal, right ideal,

ideal) I of S.

(AB Cland AN Bare ideals for any ideals 4, B,C of S.

a0

e
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7. If ABC = CBA then (ABC]is a strong ideal for any strong
ideals A,B,C of S.

8. (SaS]is an ideal for any a € S and if in addition a* =
s s'a then (SaS] is a strong ideal.

Proof. The first and the second assertions are easy to prove.

1. Let a€(A],b € (B],c € (C] there exist h, €A h, €

B,h; € C such that a < hy,b < h,,¢c < h;. abc < hibc <

hih,c < hyhyhs and hyh,hy € ABC then abc € (ABC].

From the first assertion the relation is easy to establish.

3. From the first assertion it suffices to prove that (I] c I. Let
t € (I] then there exist h € I such that t < h. Since [ is an
ideal ¢ is also in I and then (I] c I.

4. The intersection of ideals is an ideal is simple to check. Let
t € (ABC] then t < abc for some a € A,b € B and c € C.
For s;,s, €S we have s;s,t <s;s, (abc) = (s15,a )bc.
But since A is an ideal then (s;s,a) belongs to A and
therefore (s;s,a)bc is in ABC and s;s,t belongs to (ABC].
The other properties are simple to get.

5. Using the previous property, to prove the assertion 7; it
suffices to prove that t € (ABC] implies that t* is in
(ABC].

But ¢t € (ABC] implies t < abc for some a € A,b € B,c €
C and then

t* < c*b*a* € CBA since A, B, C are strong ideals. From the
equality ABC = CBA we deduce that c*b*a* € ABC and
finally t* € (ABC].

6. The proof ensues from
(ss'sy)as,.

Proposition 2.9. Let S be a ternary ordered *-semigroup with

order preserving involution.

1. (bSal* = (a*S b*] forany a,b € S.

2. (SaS]* = (Sa*S] foranya € S.

3. I isanideal for any ideal I of S.

Proof.

Let t € (bSa]* then there exist t; € (bSa] such that t = t; and

therefore t; < bsa for somes € S. Wethenget t =t; <

(bsa)* = a*s*b* which implies t € (a*Sbh*]. The other

inclusion is trivial.

Let t € (SaS]* then there exist t; € (SaS] such that ¢ = ¢t but

t; < s,as, forsomes;,s, €S.

Finally t = t{ < s;a*s; € Sa*S and then t € (Sa*S]. Now let

t € (Sa*S] then t < s;a*s, = t* < s;as; = t* € (SaS] and

thent = (t*)* € (SaS]".

Let t € I* then there exist t; € I such thatt =t;, so for

51,8y € S; 85185, = s1S,t1. t; € 1,1 ideal imply t;s{s; €1 =

(t;s1s3)* €I* and therefore s;s,t =s;s,t; € I*. Let t€S

such that t <t, with t, €I*. t; €I" = 3t, € such that

t; =t;. S0 t* <t; =t, €1 and since [ is an ideal then t* € ]

and finally t € I

Definition 2.10. Let S be an ordered *-semigroup and P be an

ideal of S. The ideal P is said to be prime if ABC c P implies

A*c P orB*c P or C* c P. Equivalently: abc € P implies

a*€P orb*€ePor c*eP.

Definition 2.11. Let S be an ordered *-semigroup an element

a € S is said to be prime if for all s, s5, 53 € S;5,5,5; € [(a) =

s; € I(a) for some 1 < i < 3; (that is; the ideal generated by a

is prime).

N

the property ss'(s;as,) =

March-April



Sci.Int.(Lahore),28(3),2167-6172,2016

Definition 2.12. Let S be an ordered *-semigroup and P be an
ideal of S. The ideal P is said to be weakly prime if for any
ideals

A,B,C the relation ABC c P implies A*c P or B*c P or
C* c P. Equivalently: abc e P = a* € P orb* € P orc* € P.

Definition 2.13. Let S be an ordered

*-semigroup and P be an ideal of S. The ideal P is said to be
semiprime if for any ideal A the relation AAAc P = A* c P.
Equivalently: aaa € P = a* € P.

Proposition 2.14. Let S be an ordered

x-semigroup and P be a strong ideal of S. P is weakly prime if
and only if it is prime.

Proof. It is clear that if P is prime it is weakly prime.

For the converse; let A, B, C be subsets of S suchthat A.B.C c
P.

A.B.Cc P = (A.B.C] c (P] =P since P is a strong ideal
[proposition 2.7(5)]; but by the same proposition (A](B](C] c
(ABC] so (A](B](C] c P and since P is weakly prime the
(AlcP or (B cP or (Cl]cP and finally Ac (A]cP or
Bc (Bl]cPorCc (C]cPandP is prime.

Theorem 2.15. Let S be a ternary ordered * —semigroup with
order preserving involution = . An ideal of S is a strong and
prime if and only if it is both weakly prime and semiprime.
Furthermore, if S is

commutative, then the prime and weakly prime ideals coincide
Proof. Suppose that I is a prime ideal of S. It is trivial that I is
both weakly prime and semiprime.

Conversely; let an ideal I be both weakly prime and
semiprime. If a € I then aaa € I and as I is semiprime then
a* €1 and then I isa strong ideal. By the above proposition I
is prime.
Proposition 2.16. Let S be an ordered and principal =-semigroup
(e.g. its ideals are of the form I(a) with a €S). If a€S is
maximal then I(a) is a maximal ideal.
Proof. Let J be an ideal of S such that I(a) c J. Since any ideal
of S is principal then there exist b € § such that ] = I(b) and
then a € I(a) c I(b) imply that a < b and by the maximality of
a then b = a and finally 1(b) = I(a). and I(a) is then maximal.
Proposition 2.17. Let S be an ordered
* —semigroup with order preserving involution . The following
statements are
equivalent:
1. (I'r'r:] =1foranyideal I of S,
2. I'nJ*nK* = (IJK] for any ideals

I,],K ofS,
3. Ly(a)nl, )] NI,(c) =

(Iw(@)"1, (b)" 1,,(c)*] (resp. I(a) N 1(b) N 1(c) =

(I(@) 1) 1(c)' D)

forany a,b,c € S;

I(a) = (I(a")I(a")I(a")] for

any a € S.
Proof.
1. 1)=2).
Since I*,J* and K* are ideals, by Propositions 2.8. We then have
(Kl c (sSlc (N =(arrl]=uqrric ] =r
Similarly
WKl S1c 1= (TN =077 1cy1=7
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and

(UK < (SSK] c (K] = (K*'K*K*]] = (K*K*K*] € (K*] = K~
Thus (JKlcI'nJ*NnK"*.

Since I"*nJ* N K™ isan ideal, we have

rnnK =(@'nj" nK)"I"nj*nK)U"nj N

K*)*] —

(UnJnK)YUINJNnK)UNn]NK)]| < (IJK], therefore
rnjnkK* = {JK].

2) = 3):

Since I,,(a),I,(b),I,(c)  are ideals so are (I,(a)),
(1,()", (1,(c))" and then by taking in 2) I = (I,(a))’,
J = (L,() K = (I,(c))", the result fallows.

3) = 4):

To get this implication it suffices to prove that I(a*) = I1(b*)
and apply 2 to the case where a = b = c.

Clearly a* € (I(a))” and then (I(a®)) < (I(@))".

Letx € (I(a)) then x € I(a), this means that x* < a or

x* < sy5,a or

x* < as;s, or x* < s;5,(as;s3) and as the involution is order
preserving we get

x<a" orx <s;sza*orx <a’
then x € I(a”).

Finally I(a*) = (I(a)) .

4) = 1):

Let a € I and we have to prove that

a € (I'I'I].

Ifael =a<a€eaUSSauaSSuSS(aSS) and then

a € I(a). From the condition 4) we deduce that a €
(I(a*)I(a*)I(a™)] and then a < b,b,b; Where
b;€l(a").Buth; € I(a*) & b; €Ea*USSa*Ua*'SSuU
55(a*SS). We can then write

a*
518,a"
a*s;S,

515,(a*ss")

As a € I,a* € I" and then b; € I* and finally a € (I*I*I"*].

Now let a € (I*I*I*] then a < b,b,b; for some by, b,, b; € I”
S0 a < byb;b; and as by\in I, b3b;b; € I and then a € I".
Theorem 2.18. Let S be an ordered semigroup with order
preserving involution . The ideals of S are weakly prime if and
only if I* = (IIIT* for any ideal I of S and any two ideals are
comparable under the inclusion.

Proof.

1."="

Let I,/ be two ideals of S. From the proposition 2.8, J* and
(1]J*] are ideals and then (IJJ*] is a weakly prime (that is if
abc € (IJ]*], there existi € 1,j,,j, € J such that abc < ij;j, €
1, since I is an ideal and therefore abc € I which implies a € 1
or bel or cel. But [JJ* c (IJ]J*] implies I* c (IJJ*] or
I ejlorj el

IfI* c (IJJ*] thenI* c (S§Sj*] c (J*] and therefore I c J.

If J* ¢ (IJJ*] then J* € (ISS] < (I] = I therefore J c I.

If ] c (IJJ*] then] c (ISS] c (I] = I therefore ] c I.

next we have to prove that I* = (III]. Since I1I c (III]and (I11]
is weakly prime then I* < (I11]. Now let x € (I11] then

x < a,a,a5 for some ay,a,, a; € 1. From the inclusion I* c
(111] we get aj < uyvywya; < u,v,wyas < usvsws for some

5155 Or x < sysy(a*s3s,) and

bi=
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u;, v;, w; € I and then
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Proposition 2.23. Let S be an ordered

X < aqa,05 < (U VW) (Uvwy)* (uzvsws)™ € (IID)*(II1)*(11T)* *-semigroup with order preserving involution . If the ideals of

since I*is an ideal and consequently

x € (I*] = I"and therefore (I1I] c I*).

o

Let I,],K,Lthree ideals such that IJK c L. Since for any

ideal A* = (AAA], by proposition 2.17 ; we have " nJ* N K* = 1.

(IJK] and as any two ideals are comparable among I,], K there
exists one ideal included in the two others, suppose that I c J
and/ c K, then ["cJ" and I"c K" so I"=1I"Nn]"NK*c
(InJnK]by proposition 2.17. But by hypothesis; (InJn
K] c (L] = L and thus L is weakly prime
Definition 2.19. An ordered * ternary semigroup S is called
intra-regular if a € (S(a*a*a*)S] forany a € S.
Proposition 2.20. Let S be an ordered *-semigroup. Then S is
intra-regular if and only if the ideals of S are semiprime.
Proof. Suppose that I is an ideal of S with aaa €1 for
somea€S. Since S is intra-regular, we  have
a* € (S(aaa)S] c (SIS] < (I] =1 and hence I is semiprime.
Conversely, suppose that a is an element of S. Clearly
(S(aaa)S] is anideal. So
(S(aaa)S] is semiprime by hypothesis and then; since
(a*a*a*)(a*a*a*)(a*a*a*) € S(aaa)S € (S(aaa)S] we have
(a*a*a*) € (S(aaa)S] < aaa € (S(aaa)S] and for the same
reason a* € (S(aaa)S]. But this last relation implies a*a*a* €
(S(aaa)S] and we finally get a € (S(aaa)S] and S is intra-
regular.
Proposition 2.21. Let S be an ordered *-semigroup. If S is intra-
regular, then (S((xyz)S] = (SS(x*z*y*))SS)] forany x,y,z €
S.
Proof. Let x,y,z € S. Since S is intra-regular, we have xyz €
(S((xyz)"(xyz)"(xyz)")S] =
(S((z*y*x*)(z*y*x*)(z*y*x*))S]. Since
s1( Yy x) ("Y' x) 2y x"))s; =
(5127y ) (X" 2"y )x"(z"y x"))s, =
s3(x"y"z) (X" (2"y"x")s;) = s3(x"y"z")s,

where s; =s,z"y*and s, = x*(z"y*x™)s, , we can

deduce that (S((xyz)*(xyz)*(xyz)*)S] < (S(x*z*y™)S]

and then xyz € (S (x*z*y*)S].

Then xyz < s(x*z*y*)s' forsome s,s’ € S)

and then if Sp 5, Qe in S;

s1(xyz)s; < s1(s(x"z"y")s")s, =

518 [(x*z*y*)s's, € SS((x*z*y*)SS) c (SS((x*z*y*)SS]

and then

(S(xyz)S] © (SS((x*z"y™)SS)).

For the other inclusion, let
slsz((x*z*y*)ss’) = 5;(s,(x*z*y")s)s’.
But by symmetry
S,(x*z*y*)s € ((8S(xzy)SS)], so
S, (x*z"y™)s < 535, ((x2y)ssse) and then
51(5,(x"2'y")5)s" < 51 [535,((x2Y)s556)]s" ==

= (515354)(xzy)(s5S6s") € S(xzy)S < (S(xzy)S] and finally
(8S((x*z"y™)SS)] < (S(xzy)S].
Definition 2.22. A ternary semigroup S is said to be
commutative if for all a, b, c € S; abc = bca = cha = bac =
acb = cab. and circularly commutative if abc = bca = cab

S are semiprime, then
1. I(x) = (§xS] forany x € S, and
2. I(xyz) c 1(x) nI(y) N I(z) for any
X,y,Z €S.
Proof.
Let x be an element in S. Note that (SxS] is an ideal whence
is semiprime. Applying this fact and
() () (x?) = ((eaxx)xx)x(xxx) € (SxS] yields (x%)* =
x*x*x* € (5xS].
Applying another time the fact: (SxS] is semiprime, we
get x € (§xS] and then I(x) < (SxS]. Furthermore
(5xS] € (x U xS U Sx U SxS] = I(x). Hence I(x) = (SxS]
2. Since xyz € I(x)SS < I(x), we have I(xyz) c I(x). Also

I(xyz) cI(y) and I(xyz)cI(z) because xyze

SI(y)S c I(y) and xyz € S§SI(z)S < I(z). Thus
3. I(xyz) cI(x)nI(y) nI(z).

Proposition 2.24. Let S be a commutative ordered *-semigroup
with order preserving involution *. If the ideals of S are
semiprime,

then I(xyz) c I(x) nI(y) nI(z) forany x,y,z € S.

Proof. From proposition 2.23; it remains to prove that the
commutativity implies the other inclusion, that is:

I(xyz) 2 I(x) nI(y) nI(z) for any

x,y,Z€S.

Let ael(x)NI(y)nI(z), then ae€ (SxSIn (SySIn
(5zS]by the first statement, whence a < u,xu,, b < v;yv, and
¢ < wyzw, for some uy, u,, vy, v,, Wy, w, € S. S0
a‘a*a* < (wixul)(vyy*vy) =
(wiz'wi) = (Wouix")(y v;vi) (2" wiwy)
= wyui[x*(y vz (Z'wiwp)] =
wui[ xy* (vivi (2 wiwp))|
= uzui[xy ((w3vizHwiwi)] =
wyuil x"y" ((z"vzvp)wiwi)] =
wsui[x'y* (2" w3 (wiwsw)] =
wyui[ (x"y z")vz(viw;wy)] € SS((xyz)SS)
and then a*a*a* € I(xyz) and since I(xyz) is semiprime we get
a € I(xyz).

Theorem 2.25. Let S be an ordered

*-semigroup with order preserving involution =. If the ideals of S
are prime; then S is intra-regular and any two ideals are
comparable under the inclusion relation.

Proof. If the ideals are prime, then they are weakly prime, and
hence Theorem 2.18 implies that any two ideals are comparable.
Let a € S. Note that (S(a*a*a*)S] is an ideal by Proposition 2.1,
whence is prime. Therefore as
[(a*a*a*)(a*a*a*)(a*a*a*)]
[(a*a*a*)(a*a*a*)(a*a*a*)]
[(a*a*a*)(a*a*a*)(a*a*a*)]

— (a*a*a*)(a*a*a*)[(a*a*a*)
[(a*a*a*)(a*a*a*)(a*a*a*)]
[(a*a*a*)(a*a*a*)(a*a*a*)]]

€ (S(a*a*a*)S], then
(S(a*a*a*)S] which implies that
(aaa)* € (S(a*a*a*)S] and finally
a € (S(a*a*a*)S] and S is then intra-regular.

Corollary 2.26. Let S be a commutative ordered *-semigroup

[(aaa)(aaa)(aaaa)] €
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with order preserving involution * . The ideals of S are prime if
and only if S is intra-regular and any two ideals are comparable
under the inclusion relation.
Proof. From the theorem 2.25 it remains to prove that the
commutativity implies the if S
is intra-regular and any two ideals are comparable under the
inclusion relation; then the ideals of S are prime.

Let I be an ideal of S and abc € I. We claim that a* € I or
b* €l orc*el. By virtue of Proposition 2.22, I(a) is
semiprime. Thus
aaa € I(a) implies a* €I(a), b* €1(b) and c* €I(c) are
proved similarly. Furthermore by hypothesis one of the ideals is
included in the two others. Suppose I(a) c I(b) and I(a) < I(c)
S0
a*€l(a) cI(a) NnI(b) NnI(c) =I(abc) c I since abc € 1.
Definition 2.27. An element a of a ternary semigroup is said to
be an idempotent if aaa = a. The set of the idempotents in a
subset A of S will be denoted by E (A). Evidently E(A) c A.
Proposition 2.28. Let S be a ternary *-semigroup and [ a
semiprime ideal.
(E(D)) <.
Proof. Let a € E(I) c I, since a = aaa and I is semiprime then
a*€l.Buta*a*a” =a".
3. Characterization of Intra-Regular Ordered * —Semigroups
In Section 2 we considered ideals. In this section we shall
introduce the notion of filters which will be used to establish
some congruence. Once some properties are well made it is not
difficult to establish the characterization. For convenience we
define a R b if and only if I(a) = I(b).
Definition 3.1. Let S be a ternary ordered
*-semigroup. A subsemigroup F of S is called a filter if

1. for any a,b,c € S,abc € F implies a* € F,b* € F
and c* € F,

2. foranya€F,b€eS,c=a impliesb € F.
Proposition 3.2. Let a be an element of a ternary ordered * -
semigroup S. The intersection of all the filters containing a is a
least filter of S containing a it will be denoted by F (a).

Proof. S is a filter of S containing a.
Let F(a) = N;e; F;, where the intersection is taken over all the
filters containing a. Let x,y,z € F(a),thenVi € I, x,y,z € F;.
Each set F; is a subsemigroup, then xyz € F; forany i € I and
then
xyz € Nig Fi = F(a).

Let x,y,z € S such that xyz € F(a) = N, F;.As for all
i €l,xyz € F; and F; is afilter then foralli € I,x* € F;,y* €
F; and z* € F; which imply
x" €N Fi=F(a),y" € Nigg Fi=F(a)and z* € Ny, F; =
F(a).

Now let x € F(a) = N;e; Fi,y € S such that y > x.Since for
alli € I,x € F; and F; is a filter.
Thenforall i €1,y € F;andtheny € N;e; F; = F(a).
Proposition 3.3. Let S be a ternary ordered
x-semigroup. The relation R on S defined by
aRb < F(a) = F(b),isacongruence on
S (i.e. an equivalence relation closed for both
the ternary operation and the involution).
Proof. It is easy to see that R is an equivalence relation. Let
a,b,c,d € S such that aRb. Since acd € F(acd) then a* €
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F(acd),c* € F(acd)

and d* € F(acd) and as F(acd) is a subsemigrou a*a*a* €

F(acd),

c*c*c* € Flacd) and d*d*d* € F(acd) and we finally get

a,c,d € F(acd).

On the other hand the relations,
b e F(b) = F(a) c F(acd) imply
b € F(acd).and then bcd € F(acd) and
F(bcd) c F(acd) D).

Similarly bed € F(bed) implies b, c,d € F(bcd). And as

a € F(a) = F(b) c F(bcd), we get a € F(bced) and then

acd € F(bcd), so a € F(bcd)

and then acd € F(bcd) and

F(acd) € F(bcd) (2)
The relations (1) and (2) imply
F(acd) = F(bcd)

Similarly, we use the same techniques to get F(cda) = F(cdb)

and F(cad) = F(cbd).

a € F(a) = aaa € F(a), because F(a) is a subsemigroup

and then a* € F(a), (F(a)

is a filter ), we then have F(a*) c F(a). By symmetry, we

obtain

aRb < F(a) =Fb) © F(a") =
F(b*) © a*Rb*

Definition 3.4. A congruence R on an ordered = —semigroup S is

called semilattice

congruence if a*a*a™Ra and a;a,a; R ay1)ae2)A0(3), TOr

any a,a; €S and o € S;. A semilattice congruence R on S is

called complete if a < b implies a R aab

and a R abb.

Proposition 3.5. Let S be an ordered semigroup. Then the

relation R of the proposition 3.3

is a complete semilattice congruence on S.

Proof.

1. Leta € S, since a € F(a) and F(a) is subsemigroup then
aaa € F(a) which implies that a* € F(a) and therefore
a*a*a” € F(a). Consequently, F(a*a*a™) € F(a). On
the other hand a*a*a* € F(a*a*a*) so a € F(a) and then
F(a) c F(a*a*a*) c F(a) and finally

F(a) =F(a*a*a*) © (aa*a*) Ra.

2. Since a,aya; € F(aja,as3), then aj, a3, a3 € F(a,a,a3)
and therefore aj ajaj, asaya;, azasa; € F(a,azas)
which imply that a,, a,, a; € F(a,a,a;) and then
A1) A6 (2) A0 3) € Fa1aza3) and F(ag(1)as(2)a0(3))
F(a,a,as).

Similarly we can prove that

Vo € 83, F(a,a,a3) € F(Ap(1)00(2)00(3))-

3. Now let a,b € Ssuch that a <b. In one side, aab €
F(aab) implies a* € F(aab) and b* € F(aab).

Then a*a*a* € F(aab) which implies a € F(aab). Finally
F(a) c F(aab). 3)

On the other hand since a < b and a € F(a) we get b € F(a)

and then

aab € F(a),so F(aab) c F(a) (4)

The relations (3) and (4) imply

F(aab) = F(a) © a R (aab).
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Similar arguments, we can get

F(aab) = F(a) © a R (abb).
Proposition 3.6. Let S be an ordered =-semigroup with order
preserving involution. If
F(x) ={y €S |x € (Sy*S]}forany x € S, then Siis intra-
regular.
Proof. If F(x) ={y € S |x € (Sy*S]} forany x € S, since
F (x)is a subsemigroup, x € F(x) then xxx € F(x) and so
x € (S(xxx)*S] = (S(x*x*x*)S], which means that S is intra-
regular.
Theorem 3.7. Let S be an ordered * -semigroup with order
preserving involution. If I = R then S is intra-regular.
Proof. Recall that
aRb © F(a) =F() and
alb o I,(a) =1, (b).
By the Definition 3.4 and the Proposition 3.5, for any a €
S, (a,a*a*a*) € R. As
I =R, (a,a"a’a”) € I.Buta € I,(a) =1, (a*a*a") which
implies a € I,(a*a*a™) and then

( a‘a*a* (@Y

(a*a*a*)s;s; $1S, €S 2

as s;sp(a*a*a*) 515, €S 3)

lesz[(a*a*a*) ss'| sysy,55s €S (4)
Case (a).

Froma < a*a*a” we get a* < aaa andthen a < a*a*a” <
(aaa)a*a* < [(aa(a*a*a*))]a*a* = [(aaa*)a*a*]la*a* =
(aaa*)(a*a*a*)a* € (S(a*a*a*)S]. Thena € (S(a*a*a*)S].
Case (b).
a < (a*a*a’)s;s; < [(aaa)a*a’ls;s, < [(aa(aaa®))]s;s, <
[aa[(a*a*a*)a*a*]]5152 = [(aaa*)(a*a*a*)a*]s;s, =
(aaa*)(a*a*a*)(a*s;s;) € (S(a*a*a*)S] and then a €
S(a*a*a*)S].
For the cases (c) and (d), we use similar arguments and
techniques to prove that a € (S(a*a*a*)S]. Finally S is intra-
regular stated.
Example 3.8.

As itis easy to see that S = (Z7,%, <) where Z~ =
{..,—4,-3,-2,-1}
(the set of negative integers) is a ternary semigroup. If we define
the involution to be the identity mapping and since Vb, c € S,
bc = 1, thenforall a € S,a = abc and consequently a €
(S(aaa)S] = (S(a*a*a*)S] and S is intra-regular. ~ We also
have forall a € S, (SaS] ={x € S | x < a}. But x < a implies
that x < (—1)a(—1) € SaS and if b,c € S,bc = 1 and then
bac < a (a is negative), from which we get

bace {x €S |x <a}.

Many other investigations can be done; as studying filters,
ideals,...
Remark 3.9. In next work we will study the semigroup S =
(Z=,%,=), where =« is supposed to be a semi-involution (i.e. it
verifies only (a*)* = a. The unary operation * will be defined
by

. _fa+1 ifaiseven
_{a—l if ais odd.
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