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ABSTRACT: In this paper, we give a wide range of Hardy-type inequalities for linear differential operator and Widder's 

derivatives. As an application of Hardy-type inequalities we extract the inequalities related to inequality of G. H. Hardy 

involving linear differential operator and Widder's derivatives.  
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INTRODUCTION 

Let 1 1 1( , , )   and 2 2 2( , , )   be measure spaces with 

 -finite measures. Let ( , )U f k  denote the class of 

function 1:g  R  belongs to the class  if it admits the 

representation  

2

2

( ) = ( , ) ( ) ( )g x k x t f t d t


  

and kA  be an integral operator defined by  

2

2

( ) 1
( ) : ( , ) ( ) ( ),

( ) ( )
k

g x
A f x k x t f t d t

K x K x




  
   

       (1.1)  

where 1 2:k   R  is measurable and non-negative 

kernel, 2:f R   is measurable function on 2  and  

2 1

2

0 ( ) : ( , ) ( ), ,K x k x t d t x


                         (1.2) 

Čizmešija, Krulić, Pečarić and Persson has established a lot 

of Hardy-type inequalities in their recent papers [6], [7] 

which is a remarkable contribution in theory of inequalities. 

But our purpose is to give such Hardy-type inequalities for 

linear differential operator and Widder's derivative.  

 

    The following theorem is give in [6](see also [2]).  

Theorem 1.1. Let 1 1 1( , , )   and 2 2 2( , , )   be 

measure spaces with  -finite measures, u  be a weight 

function on 1,  k  be a non-negative measurable function 

on 1 2 ,   and K  be defined on 2  by (1.2).  Suppose 

that the function 
( , )

( )
( )

k x t
x u x

K x
 is integrable on 1  for 

each fixed 2t  and v  is defined on 1  by   

1

1

( ) ( , )
( ) : ( ) < .

( )

u x k x t
v t d x

K x




                 (1.3) 

If   is convex on the interval ,I  R  then the inequality  

   1 2

1 2

( ) ( ) ( ) ( ) ( ) ( ),ku x A f x d x v t f t d t 
 

                                                                               

holds for all measurable functions 2: ,f  R  such that 

,Imf I  where kA  is defined by (1.1).  

       Substitute ( , )k x t  by 2( , ) ( )k x t f t  and f by 1

2

,
f

f
 

where : ,   ( 1,2)if i  R are measurable functions in 

Theorem 1.1 we obtain the following result (see [4]). 

Theorem 1.2. Let 1 1 1( , , )   and 2 2 2( , , )   be 

measure spaces with  -finite measures, u  be a weight 

function on 1,  k  be a non-negative measurable function 

on 1 2.   Assusme that the function 

2

( , )
( )

( )

k x t
x u x

g x
 

is integrable on 1  for each fixed 2.t  Defined v  on 

2  by   

2 1

2
1

( ) ( , )
( ) : ( ) ( ) < .

( )

u x k x t
v t f t d x

g x




                      (1.4) 

If : I R  is a convex function and 1 1

2 2

( ) ( )
, ,

( ) ( )

g x f x
I

g x f x
  

then the inequality  

1
1

2
1

1
2

2
2

( )
( ) ( )

( )

( )
( ) ( ),

( )

g x
u x d x

g x

f x
v t d t

f x









 
 
 

 
  

 





      

holds for all ( , ),   ( 1,2)i ig U f k i  and for measurable 

functions : ,   ( 1,2).if i  R   

    The following theorem is given in [3]. 

Theorem 1.3. Let u  be a weight function on 1,  k  be a 

non-negative measurable function on 1 2 ,   and K  be 
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1 

defined on 
2  by (1.2). Assume that the function 

( , )
( )

( )

k x t
x u x

K x
 is integrable on 1  for each fixed 

2t  and that v  is defined on 2  by (1.3).  If 

: (0, ) R    is a convex and increasing function, then 

the inequality  

 1 2

1 2

( )
( ) ( ) ( ) ( ) ( ),

( )

g x
u x d x v t f t d t

K x
 

 

 
   
 

 

holds for all measurable functions 2: ,f  R  and for all 

( , ).g U f k  

    Substitute ( , )k x t  by 2( , ) ( )k x t f t  and f by 1

2

,
f

f
 

where : ,   ( 1,2)if i  R  are measurable functions in 

Theorem 1.3, we obtain the following result (see [5]). 

Theorem 1.4. Let :if R  be measurable functions, 

( , ),   ( 1,2),i ig U f k i   where 2 ( ) 0g x   for every 

1.x  Let u  be a weight function on 1,  k  be a non-

negative measurable function on 1 2.   Assusme that the 

function 2 ( ) ( , )
( )

( )

f t k x t
x u x

K x
 is integrable on 1  for 

each fixed 2.t  Defined v  on 2  by (1.4). If 

: (0, )  R  is a convex and incresing function, then 

the inequality  

1
1

2
1

1
2

2
2

( )
( ) ( )

( )

( )
( ) ( ),

( )

g x
u x d x

g x

f x
v t d t

f x









 
  
 

 
   

 





                                    

holds. 

Remark 1.5. If   is strictly convex and 1

2

( )

( )

f x

f x
 is non-

constant, then inequalities given in Theorem 1.2 and Theorem 

1.4 are strict. 

Theorem 1.6. Let 0 p q   and let the assumptions 

of Theorem 1.1 be satisfied but now with 

1

1

( , )
( ) : ( ) ( )

( )

p
q q
pk x t

v t u x d x
K x




 
        

 

  

If Φ is a non-negative convex function on the interval

I  R , then the inequality 

 

 

1

1

1

1

2

2

( ) ( ) ( )

( ) ( ) ( ) ,

qq

p
k

p

u x A f x d x

v y f y d y









 
    
 

 
  
 
 





 

holds for all measurable functions 2:f  R   such 

that  Im f I , where kA is defined by (1.1). 

    The upcoming theorem is  given in [7].  

Theorem 1.7.  Let 0 p q   .  Let 1 1 1( , , )   

and 2 2 2( , , )   be measure spaces with  -finite 

measures, u  be a weight function on 1,    be a 2 -a.e. 

positiv function on 2 ,  k  be a non-negative measurable 

function on 1 2 ,   and K be defined on 1  by (1.2). 

Suppose that the ( ) 0K x   for all 1x  and that the 

function 
( , )

( )
( )

q

pk x t
x u x

K x

 
 
 

 is integrable on 1  for 

each fixed 2t . Let  be a non-negative convex function 

on an interval I  R . If  

2
1

1

1

( , )
sup ( ) ( ) ( ) ,

( )

p
q q
p

p

t

k x t
A t u x d x

K x
 






 
        

 

 then 

there exists a poistive real number C such that the inequality  

 

 

1

1

1

1

2

2

( ) ( ) ( )

( ) ( ) ( ) ,                         (1.5)

qq

p
k

p

u x A f x d x

y f y d y



 





 
    
 

 
  
 
 





 

Holds for all measurable functions 2:f  R  with the 

values in I and kA f be defined by (1.1). Moreover if C is 

smaller constant for (1.5) to hold, then C A . 

    Our  analysis  continues  by  providing  a  new  two-

parametric class  of sufficient conditions  for a weighted  

modular  inequality involving  the  operator kA    to  

hold. The conditions obtained depend on a real 

parameter s  and a positive function V  on Ω2. 

  Next result is given in [7]. 

Theorem 1.8. Let1 p q   . Let 1 1 1( , , )   and 

2 2 2( , , )   be measure spaces with  -finite measures, u 

be a weight function on 1,  v  be a measurable 2 . .a e   
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positive function on 
2 ,  k  be a non-negative measurable 

function on 
1 2 ,   and K be defined on 

1 by (1.2). Let 

( ) 0K x   for all 1x and let the function  

( , )
( )

( )

q

pk x t
x u x

K x

 
 
 

is integrable on 1  for each fixed 

2t . Suppose that : [0, )I   is  a       bijective 

convex function on an interval I  R . If there exists a real 

parameter (1, )s p and positve measurable function 

2:V  R  such that 

2

1

1

1

1

1

5
11-

( , ) ( , )sup ( )

( , )
( ) ( )

( )

( )
( , ) ( , ).

( ( ))

s

p

t

q q

n

n

A s V F V v V y

k x t
u x d x

K x

K a
f a b L f a b

g b



 













  
       

 
  
 

  

where 

' '

'

1

( 1)

1

2( , ) ( ) ( ) ( )

p s p

ppF V v V t v t d t

 


 
 
 
 

 

and 
'p is exponent conjugate of p, thre exists  a positive real 

constant C  such that the inequality  

 

   

1

1

1

1

2

2

( ) ( ) ( )

( ) ( ) ( ) ,           1.6

q
q

k

p

p

u x A f x d x

C y f y d y



 





 
    
 

 
  
 
 





 

holds for all measurable function 2:f  R with the 

values in I and kA f be defined by (1.1). Moreover if C  is 

smaller constant for (1.6) to hold, then  

1

0

inf ( , )
s p

V

C A s V
 



 . 

 

    Modification of tTheorem 1.8 give the next result and is 

given in [7]. 

Theorem 1.9. Let 1 ,p q    1 ,s p   and  0 b 

. Let u  be a weight function on (0, ),b   be an a.e. positive 

measurable function on (0, ),b  k  be a non-negative 

measurable function on (0, ) (0, )b b  and 

0

0 ( ) : ( , ) ,     (0, ).

x

K x k x t dt x b    

Let I be an interval in R and  : [0, )I    be a bijective 

convex function. If  

' '1 1

0

( ) ( )

t

p pV t x x dx      

holds almost everywhere in (0, ),b  and  

1

( )

0

1

( , )
sup ( ) ( )

( )

   ( ) ,

q q p s qb

p

t b
t

s

p

k x t dx
A u x V x

K x x

V t



 



  
      

  


 

then there exists a positive real constant C such that  

 

 

1

0

1

0

( ) ( )

( ) ( ) ,                            (1.7)

b q
q

k

b p
p

dx
u x A f x

x

dx
C x f x

x


 
   

 

 
  

 





 

holds for all measurable functions : (0, )f b R with the 

values in I and the Hardy-type operator kA f defined by  

 
0

1
( ) : ( , ) ( ) ,   (0, ).       1.8

( )

x

kA f x k x t f t dt x b
K x

 

Moreover if C is the best possible constant in (1.7), then  

'

1

1

1
inf ( ).

p

s p

p
C A s

p s 

 
  

 
 

    New general refined  weighted Hardy-type inequality 

w i t h  a non-negative kernel, related to an arbitrary 

non-negative convex function is given in the upcoming 

theorem and is given in [6]. 

Theorem 1.10 Let  R , 1 1 1( , , )   and 

2 2 2( , , )   be measure spaces with  -finite measures, u 

be a weight function on 2 ,  k  be a non-negative 

measurable function on 1 2 ,   and K be defined on 1 by 

(1.2). Suppose that the ( ) 0K x   for all 1x and that thte 

function  

( , )
( )

( )

k x t
x u x

K x


 
 
   

is integrable on 1  for each fixed 2t and that v is 

defined by 

1

1

( , )
( ) : ( ) ( )

( )

k x t
v t u x d x

K x






  
       

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If   is a non-negative convex function on an interval 

I  R and : I R  is any function, such that 

( ) ( )x x  for all  x Int I , then the inequality 

 

 

2

2

1

1

1

1

2 1

2

( ) ( ) ( )

( ) ( ) ( )

( )
( ( ))

( )

( , ) ( , ) ( ) ( )                          (1.9)

k

k

v t f t d t

u x A f x d x

u x
A f x

K x

k x t r x t d t d x













 











 
  
 
 

 
    
 

 











                                                                     

holds for 1   and all measurable functions 2:f  R

with the values in  I , where kA f be defined by (1.1) and the 

function 1 2:r   R is defined by 

  ( , ) || ( ( )) ( ( ))

| ( ( )) | ( ( ) ( )) ||                       (1.10)

k

k k

r x t f t A f x

A f x f t A f x

   

 
 

If (0,1]  and the function : I R  is positive and 

concave,  then the order of term on the left hand side of 

inequality (1.9), is reversed, that is, the inequality 

 

 

1

1

1

2

2 1

2 1

2

( ) ( ) ( )

( )
( ) ( ) ( ) ( ( ))

( )

( , ) ( , ) ( ) ( )

k

k

u x A f x d x

u x
v t f t d t A f x

K x

k x t r x t d t d x









 

 





 



 
    
 

 
    
 
 





 



holds. 

Let the function 1 1 2:r   R  be defined by 

1 ( , ) [ ( ( )) ( ( ))

| ( ( )) | ( ( ) ( ))]                        (1.11)

k

k k

r x t f t A f x

A f x f t A f x

   

 
 

If   is a non-negative monotone convex function on the 

interval I  R and : I R  is any function, such that 

( ) ( )x x  for all x IntI , then the inequality 

 

 

2

2

1

1

( ) ( ) ( )

( ) ( ) ( )k

v t f t d t

u x A f x d x













 
 
 
 

 
     
 





 

1

1 2

2 1

( )
( ( )) sgn( ( ) ( ))

( )

( , ) ( , ) ( ) ( )                           (1.12)

k k

u x
A f x f t A f x

K x

k x t r x t d t d x



 



 

  



 
 

holds for all measurable functions 2:f  R such that 

( )f t I  for all fixed 2t  where kA f be defined by 

(1.1) 

If   is non-negative monotone concave, then the order of 

the terms on the left hand side of (1.12) is reversed. 

    In [6], the next theorem with one dimensional is given. 

Theorem 1.11. Let 0 b   and 

     : 0, 0,k b b R ,   : 0,u b R be non-negative 

measurable function and 

( , )
( ) : ( ) ,   (0, )

( )

p
q q

b p

t

k x t dx
t t u x t b

K x x


 
         

 

  

If 0 ,  or 0,p q q p         is non-

negative convex function on the interval I  R and 

: I R  is any function ( ) ( )x x  for all 

,x IntI  then the inequality 

   
0 0

1

0 0

( ) ( ) ( ) ( )

( )
( ( )) ( , ) ( , )     (1.13)                                  (1.13)

( )

q
b b qp

p
k

qb x

p

k

dt dx
t f t u x A f x

t x

q u x dx
A f x k x t r x t dt

p K x x





   
       

   

 

 

 

holds for all measurable functions : (0, )f b R  with 

values in I , where kA f  and r are respectively defined by 

(1.8) and (1.10). 

If   is non-negative monotone convex function on the 

interval I  R  and : I R  is that ( ) ( )x x  for 

all x IntI , then the inequality

   
0 0

1

0

1

0

( ) ( ) ( ) ( )

( )
| ( ( ))

( )

sgn( ( ) ( )) ( , ) ( , ) |    (1.14)

q
b b qp

p
k

qb

p

k

x

k

dt dx
t f t u x A f x

t x

q u x
A f x

p K x

dx
f t A f x k x t r x t dt

x





   
       

   

 



 





 

holds for all measeurable functions : (0, )f b R such that 

( )f t I  for all fixed 2t  where kA f  and 1r be 

defined by (1.8) and (1.11) respectively . 
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 If  0 ,p q    or 0,q p      is non-

negative (monotone) convex function then (1.13) and (1.14) 

holds with reverse order of integrals on its left hand side.  

    The rest of the paper is organized in the following way: In 

Section 2, we prove new Hardy-type and refined Hardy-type 

inequalities involving linear differential operator. We also 

establish the inequalities related to inequality of G. H. Hardy. 

Section 3 deals with the Hardy-type, refined Hardy-type and 

inequality related to inequality of G. H. Hardy for Widder’s 

derivative. 

2.0 POINCARÉ LIKE INEQUALITIES FOR 
 LINEAR DIFFERENTIAL OPERATOR  

Let [ , ] ,a b  R  ( ), =1,..., 1( ),ia x i n n N  and ( )h x  

be continuous functions on [ , ],a b  and let  

1

1 0= ( ) ... ( ),n n

nL D a x D a x

    

be a fixed linear differential operator on [ , ].nC a b  Let 

1( ),y x ... , ( )ny x  be a set of linearly independent solution to 

= 0Ly  and the associated Green’s function for L  is  

1

1

( 2) ( 2)

1

1

1

1

( 2) ( 2)

1

1

( ) ( )

'( ) '( )

( ) ( )

( ) ( )
( , ) :      (2.1)

( ) ( )

'( ) '( )

( ) ( )

( ) ( )

n

n

n n

n

n

n

n

n n

n

n

y t y t

y t y t

y t y t

y x y x
H x t

y t y t

y t y t

y t y t

y t y t

 

 

  

  

  

  

  



  


  

  

  

  

  



  

which is continuous function on 
2[ , ] .a b  Consider fixed ,a  

then  

( ) = ( , ) ( ) ,     for all    [ , ]

b

a

y x H x t h t dt x a b  

is the unique solution to the initial value problem  
( )= , ( ) = 0, = 0,1,..., 1.iLy h y a i n  

 

    Now we present the Poincaré like inequality for linear 

differential operators. 

Theorem 2.1 Let u  be a weight function on ( , )a b , H  be a 

positive Green function associated to the linear differential 

operator L. Suppose that the function 
( , )

( )
( )

H x t
x u x

H x
 is 

integrable on ( , )a b  for each fixed t ∈ (a, b), and that v  is 

defined on ( , )a b  by 

1

1

( ) ( , )
( ) : ( ) < .                    (2.2)

( )

u x H x t
v t d x

H x




   

If   is convex on the interval ,I  R  then the inequality  

 

1
( ) (x, t) (t)

(x)

( ) ( ) ,                                           (2.3)

b x

a a

b

a

u x H h dt dx
H

v t h t dt

 
 
 

 

 



holds for all measurable functions : (a,b)f R  such that 

Im ,h I  where H  is defined as: 

(x) (x, t)dt                                        (2.4)

x

a

H H   

Proof. Applying Theorem 1.1 with 

1 2 1 2( , ),  ( ) ,  ( )a b d x dx d y dy      and 

( , ) ( , )k x t H x t we obtain inequality (2.3). 

 

    We continue with the inequality of G. H. Hardy. Iqbal 

et.al. in their paper [3] proved the inequality of G. H. Hardy 

but here our purpose is to establish the inequality related to 

inequality of G. H. Hardy for linear differential operator. 

 

Remark 2.2. Choose the particular convex function  

(x) x ,   1   and weight function ( ) ( , )u x H x t  

in Theorem 2.1 we get  

1

1

( ) ( , ) ( )

( ) ( ) .                                                (2.5)

b x

a a

b

a

H x H x t h t dt dx

K t h t dt








 
 
 



 



  

Inequality (2.5)  gives  

1

1( ) ( ) ( ) ( ) .

b b

a a

H b y x dx K a h t dt      

 This implies that  
1

1

1

( )
( , ) ( , ).

( ( ))

K a
y a b h a b

H b



 

 
  
 

 

 

    If we substitute ),( txH  by )(),( 2 thtxH  and h  by 

2

1

h

h

, where : ( , ) ,   ( =1,2)ih a b iR  are measurable 

functions in Theorem 2.1 we obtain the following result.  

Theorem 2.3  Let u  be a weight function on ),,( ba  H  be 

a positive Green function associated to the linear differential 
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operator .L  Suppose that the function 
)(

),(
)(

2 xy

txH
xux  

is integrable on ),( ba  for each fixed ),,( bat  and that w  

is defined on ),( ba  by 

2

2

( , )
( ) : ( ) ( ) < .

( )

b

t

H x t
w t h t u x dx

y x
               (2.6) 

 If : I R  is a convex function and 

,
)(

)(
,

)(

)(

2

1

2

1 I
th

th

xy

xy
  then the inequality  

,
)(

)(
)(

)(

)(
)(

2

1

2

1 dt
th

th
twdx

xy

xy
xu

b

a

b

a


















                  (2.7) 

 holds for all 1,2)=(),,( iHhUy ii   and for all 

measurable functions : ( , ) ,  ( =1,2)ih a b iR . 

    Here we give Hardy-type inequalities for linear differential 

operators involving convex and increasing function.   

Theorem 2.4  Let u  be a weight function on ),,( ba  H  be 

a positive Green function associated to the linear differential 

operator .L  Suppose that the function 
( , )

( )
( )

H x t
x u x

H x
 

is integrable on ),( ba  for each fixed ),,( bat  and that v  

is defined on ),( ba  by (2.2).  If : (0, )  R  is 

convex and increasing function, then the inequality  

 

1
     ( ) ( , ) ( )

( )

( ) | ( ) | ,                                          (2.8)

b x

a a

b

a

u x H x t h t dt dx
H x

v t h t dt

 
  
 

 

 



 

 holds for all measurable functions ,),(: bah  such 

that IImh  where H  is defined by (2.4).   

Proof. Applying Theorem 1.3 with ),,(== 21 ba   

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequality (2.8).  

Remark 2.5.  Choose the particular convex function 

,=)( xx  1  and weight function ( ) = ( )u x H x  in 

Theorem 2.4 we get 
2( ) = ( , ) =: ( )

b

t

v t H x t dx K t  and  

 

1

2

( ) ( , ) ( )

( ) | ( ) | .                                          2.9

b x

a a

b

a

H x H x t h t dt dx

K t h t dt








 
  
 



 



 

 Inequality (2.9)  gives  

1

2( ) | ( ) | ( ) | ( ) | .

b b

a a

H b y x dx K a h t dt      

 This implies that  
1

2

1

( )
( , ) ( , ).

( ( ))

K a
y a b h a b

H b



 

 
  
 

 

  If we substitute ),( txH  by )(),( 2 thtxH  and h  by 

2

1

h

h
, 

where : ( , ) ,  ( =1,2)ih a b iR  are measurable functions 

in Theorem 2.4 we obtain the following result.  

Theorem 2.6  Let u  be a weight function on ),,( ba  H  be 

a positive Green function associated to the linear differential 

operator .L  Suppose that the function 
)(

),(
)(

2 xy

txH
xux  

is integrable on ),( ba  for each fixed ),,( bat  and that w  

is defined on ),( ba  by (2.6).  If : (0, )  R  is 

convex and increasing fuctionn and ,
)(

)(
,

)(

)(

2

1

2

1 I
th

th

xy

xy
  then 

the inequality  

,
)(

)(
)(

)(

)(
)(

2

1

2

1 dt
th

th
twdx

xy

xy
xu

b

a

b

a




























   

 holds for all 1,2)=(),,( iHhUy ii   and for all 

measurable functions : ( , ) ,  ( =1,2)ih a b iR .  

 

    The upcoming theorem is the generalization of Theorem 

2.1 for linear differential operator.  

Theorem 2.7  Let u  be a weight function on ),,( ba  H  be 

a positive Green function associated to the linear differential 

operator .L  Let  <<0 qp  and that the function 

( , )
( )

( )

q

pH x t
x u x

H x

 
 
 

 is integrable on ),( ba  for each 

fixed ),,( bat  and that v  is defined on ),( ba  by 

( , )
( ) : ( ) < .

( )

p
q q

b p

t

H x t
v t u x dx

H x

 
       

 

  

 If   is a non-negative convex function on the interval 

I  R , then the inequality  
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 

1

1

1
( ) ( , ) ( )

( )

( ) ( ) ,                               (2.10)

q q
b x p

a a

b p

a

u x H x t h t dt dx
H x

v t h t dt

 
   
   
    

 

 
  
 

 



 

holds for all measurable functions : ( , ) ,h a b R  such that 

,IhIm   where H  is defined by (2.4).   

 Proof. Applying Theorem 1.6 with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk , we 

obtain inequality (2.10).  

Remark 2.8.  Choose ,=)( xx  1  and 

( ) = ( ( ))

q

pu x H x  in Theorem 2.7 we get 

  )(=:),(=)( 3 tKdxtxHtv
q

p

p

qb

t













  and we obtain  

1

(1 )

1

3

( ( )) ( , ) ( )

( ) ( ) .                                    (2.11)

q q
qb x p
p

a a

b p

a

H x H x t h t dt dx

K t h t dt








 

  
  
  

 

 
  
 

 



 

 Inequality (2.11)  gives  

1

3( ) ( ) ( ) ( ) .

p
qb bq
p

a a

H b y x dx K a h t dt



 
 

 
 
 
   

 

    Now we provide a new class of sufficient conditions on 

weight functions u  and w , and on a Green function H ,  

for a modular inequality  involving  linear differential 

operator in next theorem. 

Theorem 2.9  Let  <<0 qp . Let u  be a weight 

function on ),( ba , w  be a positive function on ),( ba , H  

be a positive measurable function on ),(),( baba  , and H  

be defined on ),( ba  by (2.4) . Suppose that ( ) > 0H x  for 

all ),( bax  and that the function 
( , )

( )
( )

q

pH x t
x u x

H x

 
 
 

 

is integrable on ),( ba  for each fixed ),( bat . Let   be 

a non-negative convex function on an interval I  R . If  

1

1

( , )

( , )
= ( ) ( ) < ,sup

( )

q q
b p

p

t a b t

H x t
A w t u x dx

H x





 
       

 

  

then there exists a positive real constant C , such that the 

inequality 

 

1

1

1
( ) ( , ) ( )

( )

( ) ( ( ))                                  2.12

qb x q
p

a a

b p

a

u x H x t h t dt dx
H x

C w t h t dt

  
   

  

 
  

 

 



 

 holds  for  all measurable functions : ( , )h a b R  with 

values in .I  Moreover,  if C  is the smallest constant for 

(2.12)  to hold, then AC  .  

Proof. Applying Theorem 1.7 with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequality (2.12).   

    Now  we provide two-parametric class  of sufficient  

conditions  for a  weighted modular inequality involving  

linear  differential operator  to  hold. 

Theorem 2.10  Let  <<1 qp . Let u  be a weight 

function on ),( ba , v  be a measurable positive function on 

),( ba , H  be a positive measurable function on 

),(),( baba  , and H  be defined on ),( ba  by (2.4) . Let 

( ) > 0H x  for all ),( bax  and let the function 

( , )
( )

( )

q

H x t
x u x

H x

 
 
 

 be integrable on ),( ba  for each fixed 

),( bat . Suppose that )[0,:  I  is a bijective 

convex  function on an interval I  R . If  there  exist  a real 

parameter )(1, ps  and a positive measurable function 

: ( , )V a b R  such that  

1

( , )

1

( , ) = ( , ) ( )sup

( , )
( ) < ,

( )

s

p

t a b

q qb

t

A s V F V v V t

H x t
u x dx

H x





  
   
   


 

where  

,)()(=),(

1

1

1)( p
pp

spb

a

dttvtVvVF




















  

then there is a positive real constant C  such that the 

inequality  
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1

1

1
( ) ( , ) ( )

( )

( ) ( ( ))                                  (2.13)

b x q
q

a a

b p
p

a

u x H x t h t dt dx
H x

C v t h t dt

  
   

  

 
  

 

 



 

 holds  for  all  measurable functions : ( , )h a b R  with 

values in .I   Moreover,  if C  is the best possible constant in 

(2.13) , then  

                      
1< <

>0

( , ).inf
s p

V

C A s V                            (2.14) 

Proof. Applying  Theorem  1.8  with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequality (2.14).  

 By modifying Theorem 2.10, we obtain the following result. 

Theorem 2.11  Let  <<1 qp , ps <<1 , and 

b<0 . Let u  be a weight function on )(0,b , w  be a 

positive measurable function on )(0,b , and H  be a positive 

measurable function on ).(0,)(0, bb   Let I  be an interval 

in R  and )[0,:  I  be a bijective convex function. If  

1 1

0

( ) = ( ) <

t

p pV t w x x dx
     

 holds almost everywhere in )(0,b  and  

1

( )

0< <

1

( , )
( ) = ( ) ( )sup

( )

( ) < ,

q q p s qb

p

t b t

s

p

H x t dx
A s u x V x

H x x

V t





  
     

 


 

there exists a positive real constant C  such that  

 

1

0

1

0

1
( ) ( , ) ( )

( )

( ) ( ( ))                       2.15

b x q
q

a

b p
p

dx
u x H x t h t dt

H x x

dx
C w x h x

x

  
   

  

 
  

 

 



 

 holds for all measurable functions : (0, )h b R  with 

values in .I  Moreover, if C  is the best possible constant in 

(2.15) , then  

).(
1

inf

1

<<1

sA
sp

p
C

p

ps















  

Proof. Applying Theorem 1.9 with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequality (2.15).  

    Now we give refined Hardy-type inequalities involving 

linear differential operator for an arbitrary non-negative 

convex function in the following theorem. 

Theorem 2.12  Let  R , u  be a weight function on 1 , 

H  a non-negative measurable function on ),(),( baba  , 

and H  be defined on ),( ba  by (2.4) . Suppose that 

( ) > 0H x  for all ),( bax , that the function 

( , )
( )

( )

H x t
x u x

H x


 
 
 

 is integrable on ),( ba  for each 

fixed ),( bat , and that v  is defined on ),( ba  by  

1

( , )
( ) = ( ) .

( )

b

t

H x t
v t u x dx

H x

   
     
  

If   is a non-negative convex function on an interval 

I  R  and : I R  is any function, such that 

)()( xx   for all Intx I , then the inequality 

1
( ) ( ( )) ( ) ( , ) ( )

( )

b b x

a a a

v t f t dt u x H x t h t dt dx
H x




   

     
   
  

 

1( ) 1
( , ) ( )

( ) ( )

( , ) ( , )                                           (2.16)

b x

a a

b

a

u x
H x t h t dt

H x H x

H x t r x t dtdx

 
 

   
 



 



holds for all 1  and all measurable functions 

: ( , )h a b R  with values in I , and the function 

: ( , ) ( , )r a b a b R   is defined by  

1
( , ) = ( ( )) ( , ) ( )         

( )

1 1
( , ) ( ) ( ) ( , ) ( ) .

( ) ( )

                                                                                (2.17)

x

a

x x

a a

r x t h t H x t h t dt
H x

H x t h t dt h t H x t h t dt
H x H x



 
  

 

 
   

 



 
 

If (0,1]  and the function : I R  is positive and 

concave, then the order of terms on the left-hand side of  

(2.16) is reversed, that is, the inequality  

 

1

1
( ) ( , ) ( ) ( ) ( ( ))

( )

( ) 1
( , ) ( )

( ) ( )

( , ) ( , )                                             (2.18)

b x b

a a a

b x

a a

b

a

u x H x t h t dt dx v t h t dt
H x

u x
H x t h t dt

H x H x

H x t r x t dtdx





 

   
     

   

 
   

 



  

 



 

holds. 
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Let the function 1 : ( , ) ( , )r a b a b R  is defined by 

1

1
( , ) = ( ( )) ( , ) ( )

( )

x

a

r x t h t H x t h t dt
H x

 
  

 
  

1 1
( , ) ( ) ( ) ( , ) ( ) .   (2.19)

( ) ( )

x x

a a

H x t h t dt h t H x t h t dt
H x H x


   

     
   

 

If   is non-negative monotone convex on the interval 

,I  R  and : I R  is any function, such that 

)()( xx   for all ,IIntx  then the inequality  

 

 

1

1

( ) ( )

1
( ) ( , ) ( )

( )

( ) 1
| ( , ) ( )

( ) ( )

1
( ) ( , ) ( )

( )

( , ) ( , ) |                                     

b

a

b x

a a

b x

a a

b x

a a

v t h t dy

u x H x t h t dt dx
H x

u x
H x t h t dt

H x H x

sgn h t H x t h t dt
H x

H x t r x t dtdx





 

 
 

 

 
   

 

 
   

 

 
  

 





 

 

 

              (2.20)

holds for all measurable functions : ( , ) ,h a b R  such that 

,)( Ith   for all fixed ).,( bat   

If   is non-negative monotone concave, then the order of 

terms on the left-hand side of (2.20)  is reversed.  

Proof. Applying Theorem 1.10 with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequalities (2.16)  and (2.20).     

   

    We start with the standard one-dimensional setting, that is, 

by considering intervals in R  and the Lebesgue measure, 

and obtain generalized refined Hardy and Pólya–Knopp–type 

inequalities for linear differential operator. 

Theorem 2.13  Let b<0  and 

: (0, ) (0, )k b b R , : (0, )u b R  be non-negative 

measurable functions and 

( , )
( ) = ( ) < , (0, ).

( )

p
q q

b p

t

H x t dx
w t t u x t b

H x x

 
        

 

  

If  <<0 qp  or 0<< pq  ,   is a non-

negative convex function on an interval I  R , and 

: I R  is such that )()( xx   for all Intx I , 

then the inequality  

0 0 0

1
( ) ( ( )) ( ) ( , ) ( )

( )

q
qb b xp
pdt dx

w t h t u x H x t h t dt
t H x x

   
     

   
    

1

0 0

0

( ) 1
( , ) ( )

( ) ( )

( , ) ( , )                                         (2.21)

qb x

p

x

q u x
H x t h t dt

p H x H x

dx
H x t r x t dt

x

  
   

 



 



 

holds for all measurable functions : (0, )h b R  with 

values in I  and r  is defined by (2.17) . If   is non-

negative monotone convex on the interval I  R  and 

: I R  is that )()( xx   for all ,IntIx  then 

the following inequality 

 
0

0 0

1

0 0

0 0

1

( ) ( )

1
( ) ( , ) ( )

( )

( ) 1
| ( , ) ( )      

( ) ( )

1
( ) ( , ) ( )

( )

( , ) ( , ) |                         

q
b p

qb x

p

qb x

p

x x

dt
w t h t

t

dx
u x H x t h t dt

H x x

q u x
H x t h t dt

p H x H x

sgn h t H x t h t dt
H x

dx
H x t r x t dt

x



 
 

 

 
   

 

 
   

 

 
  

 





 

 

 

               (2.22)

holds for all measurable functions : (0, ) ,h b R  such that 

,)( Ith   for all fixed )(0,bt  and 1r  is defined by 

(2.19). 

If  <<0 pq  or 0<< qp  , and   is a non-

negative (monotone) concave function, then (2.21)  and 

(2.22)  hold with the reversed order of integrals on its left-

hand side.  

Proof. Applying Theorem 1.11 with ),,(== 21 ba  

,=)(1 dxxd  dttd =)(2  and ),(=),( txHtxk  we 

obtain inequalities (2.21)  and (2.22).  

3.0 HARDY-TYPE INEQUALITIES FOR 

 WIDDER;S DERIVATIVE 
First it is necessary to give some important details about 

Widder’s derivatives (see[8]).  

Let 0,],,[,,,, 1

10   nbaCuuuf n

n  and the 

Wronskians 
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0 1

0

0

( ) ( )

0

( ) := [ ( ), ( ), , ( )]

( ) ( )

'( ) '( )

= ,

( ) ( )

i i

i

i

i i

i

W x W u x u x u x

u x u x

u x u x

u x u x

  

  

  

  

  

  

 

= 0,1, , .i n  Here 0 0( ) = ( ).W x u x  Assume ( ) > 0iW x  

over [ , ], = 0,1, , .a b i n  For 0,i   the differential 

operator of order i  (Widder derivative):  

0 1 1

1

[ ( ), ( ), , ( ), ( )]
( ) : ,

( )

i
i

i

W u x u x u x f x
L f x

W x





  

0=1, , 1; ( ) = ( )i n L f x f x   

for all [ , ].x a b  Consider also  

0

' '

0

0

( ) ( )

( ) ( )

1
( , ) : ,

( )

( ) ( )

i

i

i

i

i

u t u t

u t u t

g x t
W t

u x u x

  

  

  


  

  

  

 

=1,2,..., ;i n  0
0

0

( )
( , ) :=

( )

u x
g x t

u t
  

for all , [ , ].x t a b  

Example 3.1 [8].  Sets of the form },,,,{ 210 nuuuu   are 

},,,,{1, 2 nxxx    

1

1

{1,sin , cos , sin 2 ,cos 2 , , ( 1)

sin , ( 1) cos },  

n

n

x x x x

nx nx etc





  


 

We also mention the generalized Widder-Taylor’s formula, 

see [8](see also [1]).  

Theorem 3.2 Let the functions 

],,[,,,, 1

10 baCuuuf n

n

  and the Wronkians 

0>)(,),(),( 10 xWxWxW n  on ].,[],,[ baxba   Then 

for ],[ bat  we have 

0
1 1

0

( )
( ) = ( ) ( ) ( , ) ...

( )

( ) ( , ) ( ),n n n

u x
f x f t L f t g x t

u t

L f t g x t R x

 

 

 

where  

.)(),(:=)( 1 dssfLsxgxR nn

x

t

n   

    For example (see [8]) one could take 0.>=)(0 cxu  If 

,,0,1,=,=)( nixxu i

i   defined on [a,b], then  

].,[,
!

)(
=),()(=)( )( bat

i

tx
txgandtftfL

i

i

i

i 


    

We need the following corollary.  

Corollary 3.3  By additionally assuming for fixed a  that 

,0,1,...,=0,=)( niafLi  we get that  

].,[)(),(:=)( 1 baxallfordttfLtxgxf nn

x

a

  

    The proofs of all results in this section can be completed 

by taking ),,(== 21 ba  ,=)(1 dxxd  dttd =)(2  

and ),(=),( txgtxk n  in all theorems given in Section 1 

but we omit the details. 

    Now we prove Hardy-type inequalities for Widder’s 

derivative. 

Theorem 3.4  Let the assumptions of the Corollary 3.3 be 

satisfied. Let u  be a weight function on ),,( ba  ng  be a 

positive measurable function on ).,(),( baba   Suppose 

that the function 
( , )

( )
( )

n

n

g x t
x u x

g x
 is integrable on 

),( ba  for each fixed ),,( bat  and that v  be defined on 

),( ba  by  

( ) ( , )
( ) := < .

( )

b

n

nt

u x g x t
v t dx

g x
                            (3.1) 

 If   is convex on the interval ,I  R  then the inequality  

 

1

1

1
( ) ( , ) ( )

( )

( ) ( ) ,

b x

n n

na a

b

n

a

u x g x t L f t dt dx
g x

v t L f t dt





 
 
 

 

 



 

 holds for all measurable functions 1 : ( , ) ,nL f a b R  

such that ,1 IfLIm n   where ng  is defined as  

( ) := ( , ) < .

x

n n

a

g x g x t dx                                 (3.2) 

Remark 3.5  Choose the particular convex function 

,=)( xx  1  and weight function ( ) = ( )nu x g x  in 

Theorem 3.4 we get )(=:),(=)( 4 tKdxtxgtv n

b

t

  and we 

obtain  
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 

1

1

4 1

( ) ( , ) ( )

( ) ( ) .                                  3.3

b x

n n n

a a

b

n

a

g x g x t L f t dt dx

K t L f t dt













 
 
 



 



 

 Inequality (3.3)  gives  

1

4 1( ) ( ) ( ) ( ) .

b b

n n

a a

g b f x dx K a L f t dt  

   

 We have that  
1

4
11

( )
( , ) ( , ).

( ( ))
n

n

K a
f a b L f a b

g b



 

 
  
 

 

    Now we give the Hardy-type inequality involving 

Widder’s derivative in quotients. For this if we substitute 

),( txgn  by )(),( 21 tfLtxg nn   and f  by 

21

11

fL

fL

n

n



 , where 

1 : ( , ) ,  ( =1,2)n iL f a b R i   are measurable functions in 

Theorem 3.4 we obtain the following result. 

Theorem 3.6  Let the assumptions of the Corollary 3.3 be 

satisfied. Let u  be a weight function on ),,( ba  ng  be a 

positive measurable function on ).,(),( baba   Assume that 

the function 
)(

),(
)(

21 xfL

txg
xux

n

n



  is integrable on ),( ba  

for each fixed ).,( bat  Define v  on ),( ba  by  

.<
)(

),(
)()(:=)(

21

21 


  dx
xfL

txg
xutfLtv

n

n

b

t

n                 (3.4) 

 If : I R  is a convex function and 

,
)(

)(
,

)(

)(

21

11

2

1 I
tfL

tfL

xf

xf

n

n 


  then the inequality  

,
)(

)(
)(

)(

)(
)(

21

11

2

1 dt
tfL

tfL
tvdx

xf

xf
xu

n

n

b

a

b

a


























  

 holds for all 1,2)=(),,( 1 igfLUf nini   and for all 

measurable functions 1 : ( , ) ,n iL f a b R .  ( =1,2)i . 

 

    Now we prove Hardy-type inequalities for Widder’s 

derivative involving convex and increasing function.  

Theorem 3.7  Let the assumptions of the Corollary 3.3 be 

satisfied. Let u  be a weight function on ),,( ba  ng  be a 

positive measurable function on ).,(),( baba   Suppose 

that the function ( , )
( )

( )n

g x t
x u x

g x
 is integrable on 

),( ba  for each fixed ),,( bat  and that v  is defined on 

),( ba  by (3.1).  If   is convex and increasing on the 

interval ,I  R  then the inequality  

 

1

1

1
( ) ( , ) ( )

( )

( ) | ( ) | ,

b x

n n

na a

b

n

a

u x g x t L f t dt dx
g x

v t L f t dt





 
  
 

 

 



 

 holds for all measurable functions 1 : ( , ) ,nL f a b R  

such that ,1 IfLIm n   where ng  is defined by (3.2).  

Remark 3.8  Choose the particular convex function 

,=)( xx  1  and weight function ( ) = ( )nu x g x  in 

Theorem 3.7 we get )(=:),(=)( 5 tKdxtxgtv n

b

t

  and we 

obtain 

 

1

1

5 1

( ) ( , ) ( )

( ) | ( ) | .                           3.5

b x

n n n

a a

b

n

a

g x g x t L f t dt dx

K t L f t dt













 
  
 



 



             

 Inequality (3.5)  gives  

1

5 1( ) | ( ) | ( ) | ( ) | .

b b

n n

a a

g b f x dx K a L f t dt  

   

 We have that  
1

5
11-

( )
( , ) ( , ).

( ( ))
n

n

K a
f a b L f a b

g b



 

 
  
 

 

 

    Now we give the Hardy-type inequality involving 

Widder’s derivative in quotients for convex and increasing 

function. For this if we substitute ),( txgn  by 

)(),( 21 tfLtxg nn   and f  by 

21

11

fL

fL

n

n



 , where 

1 : ( , ) , ( =1,2)n iL f a b i R  are measurable functions in 

Theorem 3.7 we obtain the following result. 

Theorem 3.9  Let the assumptions of the Corollary 3.3 be 

satisfied. Let u  be a weight function on ),,( ba  ng  be a 

positive measurable function on ).,(),( baba   Assume that 

the function 
)(

),(
)(

21 xfL

txg
xux

n

n



  is integrable on ),( ba  

for each fixed ),( bat  and define v  on ),( ba  by (3.4).  

If : I R  is a convex and increasing function and 

,
)(

)(
,

)(

)(

21

11

2

1 I
tfL

tfL

xf

xf

n

n 


  then the inequality  

,
)(

)(
)(

)(

)(
)(

21

11

2

1 dt
tfL

tfL
tvdx

xf

xf
xu

n

n

b

a

b

a


































  
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 holds for all 1,2)=(),,( 1 igfLUf nini   and for all 

measurable functions 1 : ( , ) ,n iL f a b R .  ( =1,2)i . 

 

    The upcoming theorem is the generalization of Theorem 

3.4.  

Theorem 3.10  Let the assumptions of the Corollary 3.3 be 

satisfied. Let u  be a weight function on ),( ba  and ng  be a 

positive measurable function on ).,(),( baba   Let 

 <<0 qp  and that the function 

( , )
( )

( )

q

p
n

n

g x t
x u x

g x

 
 
 

 is integrable on ),( ba  for each 

fixed ),,( bat  and that v  is defined on ),( ba  by  

( , )
( ) := ( ) < .

( )

p
q q

b p
n

nt

g x t
v t u x dx

g x

 
     
  

 

  

If   is a non-negative convex function on the interval 

,I  R  then the inequality  

 

1

1

1

1

1
( ) ( , ) ( )

( )

( ) ( ) ,

q q
b x p

n n

na a

b p

n

a

u x g x t L f t dt dx
g x

v t L f t dt





 
   
   
    

 

 
  
 

 



 

 holds for all measurable functions ,),(:1  bafLn  

such that ,1 IfLIm n   where ng  is defined by (3.2).   

Remark 3.11  Choose ,=)( xx  1  and 

( ) = ( ( ))

q

p

nu x g x  in Theorem 3.10 we get 

  )(=:),(=)( 6 tKdxtxgtv
q

p

p

q

n

b

t













  and we obtain  

1

(1 )

1

1

6 1

( ( )) ( , ) ( )

( ) ( ) .                          (3.6)

q q
qb x p
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g x g x t L f t dt dx

K t L f t dt













 
  
  
  

 

 
  
 

 



 

Inequality (3.6)  gives  

1

6 1( ) ( ) ( ) ( ) .

p
qb bq
p

n n

a a

g b f x dx K a L f t dt



 



 
 

 
 
   

 

    Here a new class of sufficient conditions on weight 

functions u  and w , and on ng , for a modular inequality 

involving is given.  

Theorem 3.12  Let  <<0 qp . Let u  be a weight 

function on ),( ba , w  be a positive function on ),( ba , ng  

be a positive measurable function on ),(),( baba  , and 

ng  be defined on ),( ba  by (3.2) . Suppose that 

( ) > 0ng x  for all ),( bax  and that the function 

( , )
( )

( )

q

p
n

n

g x t
x u x

g x

 
 
 

 is integrable on ),( ba  for each 

fixed ),( bat . Let   be a non-negative convex function 

on an interval I  R . If  

1

1

( , )

( , )
= ( ) ( ) < ,sup

( )

q q
b p

p n

t a b ny

g x t
A w t u x dx

g x





 
     
  

 

  

then there exists a positive real constant C , such that the 

inequality  
1

1

1

1

1
( ) ( , ) ( )

( )

( ) ( ( ))                              (3.7)

qb x q
p

n n

na a

b p

n

a

u x g x t L f t dt dx
g x

C w t L f t dt





  
   

  

 
  

 

 



 

 holds for all measurable functions 1 : ( , )nL f a b R  with 

values in .I  Moreover, if C  is the smallest constant for 

(3.7)  to hold, then AC  .  

 

    We continue by providing a new two-parametric class of 

sufficient conditions for a weighted modular inequality 

involving Widder’s derivative. 

Theorem 3.13  Let  <<1 qp . Let u  be a weight 

function on ),( ba , v  be a measurable positive function on 

),( ba , ng  be a positive measurable function on 

),(),( baba  , and ng  be defined on ),( ba  by (3.2) . Let 

( ) > 0ng x  for all ),( bax  and let the function 

( , )
( )

( )

q

n

n

g x t
x u x

g x

 
 
 

 be integrable on ),( ba  for each 

fixed ),( bat . Suppose that )[0,:  I  is a bijective 

convex function on an interval I  R . If there exist a real 

parameter )(1, ps  and a positive measurable function 

: ( , )V a b R  such that  
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1

( , )

1

( , ) = ( , ) ( )sup

( , )
( ) < ,

( )

s

p

t a b

q qb

n

na

A s V F V v V t

g x t
u x dx

g x





  
   
   


 

where  

,)()(=),(

1

1

1)( p
pp

spb

a

dttvtVvVF




















  

then there is a positive real constant C  such that the 

inequality  

 

1

1

1

1

1
( ) ( , ) ( )

( )

( ) ( ( ))                       3  .8

b x q
q

n n

na a

b p
p

n

a

u x g x t L f t dt dx
g x

C v t L f t dt





  
   

  

 
  

 

 



  

 holds for all measurable functions 1 : ( , )nL f a b R  with 

values in I . Moreover, if C  is the best possible constant in 

(3.8) , then  

1< <

>0

( , ).inf
s p

V

C A s V  

By modifying Theorem 3.13, we obtain the following result. 

Theorem 3.14  Let  <<1 qp , ps <<1 , and 

b<0 . Let u  be a weight function on )(0,b , w  be a 

positive measurable function on )(0,b , and ng  be a positive 

measurable function on ).(0,)(0, bb   Let I  be an interval 

in R  and )[0,:  I  be a bijective convex function. If  



 <)(=)( 11

0
dxxxwtV pp

t

 

 holds almost everywhere in )(0,b  and  

1

( )

0< <

1

( , )
( ) = ( ) ( )sup

( )

( ) < ,

q q p s q
b

pn

t
t b n

s

p

g x t dx
A s u x V x

g x x

V t





  
  
   

 


 

then there exists a positive real constant C  such that  
1

1

0

1

0

1
( ) ( , ) ( )

( )

( ) ( ( ))                         (3.9)

b x q
q

n n

n a

b p
p

dx
u x g x t L f t dt

g x x

dx
C w x f x

x



  
   

  

 
  

 

 



 

 holds for all measurable functions 1 : (0, )nL f b R  with 

values in .I  Moreover, if C  is the best possible constant in 

(3.9) , then  

).(
1

inf

1

<<1

sA
sp

p
C

p

ps















  

    The rest of this section is dedicated to new refined 

inequalities. A new general refined weighted Hardy-type 

inequality with ng  related to an arbitrary non-negative 

convex function is given in the following theorem. 

Theorem 3.15  Let R  , u  be a weight function on 

),( ba , ng  a positive measurable function on 

),(),( baba  , and ng  be defined on ),( ba  by (3.2) . 

Suppose that ( ) > 0ng x  for all ),( bax , that the function 

( , )
( )

( )

n

n

g x t
x u x

g x


 
 
 

 is integrable on ),( ba  for each 

fixed ),( bat , and that v  is defined on ),( ba  by  

1

( , )
( ) = ( ) .

( )

b

n

ny

g x t
v t u x dx

g x

   
  
   
  

If   is a non-negative convex function on an interval 

I  R  and : I R  is any function, such that 

)()( xx   for all Intx I , then the inequality  
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1

1

1

( ) ( ( ))

1
( ) ( , ) ( )

( )

( ) 1
( , ) ( )

( ) ( )

( , ) ( , )

b

n

a

b x

n n
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b x
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n na a

b

a

v t L f t dt

u x g x t L f t dt dx
g x

u x
g x t L f t dt

g x g x

H x t r x t dtdx















 
 

 

 
   

 

 
   

 





 

 



  

holds for all 1  and all measurable functions 

1 : ( , )nL f a b R  with values in I , and the function 

: ( , ) ( , )r a b a b R  is defined by  

 

1 1

1 1 1

1
( , ) = ( ( )) ( , ) ( )

( )

1 1
( , ) ( ) ( ) ( , ) ( ) .(3.11)

( ) ( )

x

n n n
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g x

g x t L f t dt L f t g x t L f t dt
g x g x



 
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  
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
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 If (0,1]  and the function  I:  is positive and 

concave, then the order of terms on the left-hand side of 

(3.10) is reversed, that is, the inequality  
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( ) ( , ) ( )
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( ) 1
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 
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holds.  

Let the function  ),(),(:1 babar  is defined by 

1 1

1

1

1 1

( , ) = ( ( ))

1
( , ) ( )

( )

1
( , ) ( )                    

( )

1
( ) ( , ) ( ) .            (3.12)
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If   is non-negative monotone convex on the interval 

,I  R  and : I R  is any function, such that 

)()( xx   for all ,IIntx  then the inequality 
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                                                    (3.13) 

                                                                                         (3.13) 

 holds for all measurable functions 1 : ( , ) ,nL f a b R  

such that ,)(1 ItfLn   for all fixed ).,( bat   

If   is non-negative monotone concave, then the order of 

terms on the left-hand side of (3.13)  is reversed.  

 

    We give the standard one-dimensional setting, that is, by 

considering intervals in R  and the Lebesgue measure, and 

obtain generalized refined Hardy and Pólya–Knopp–type 

inequalities involving Widder’s derivative.  

Theorem 3.16  Let b<0  and 

: (0, ) (0, )ng b b R , : (0, )u b R  be non-negative 

measurable functions and  

( , )
( ) = ( ) < , (0, ).
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g x t dx
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 
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 <<0 qp  or 0<< pq  ,   is a non-negative 

convex function on an interval I  R , and : I R  is 

such that )()( xx   for all Intx I , then the 

inequality 
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holds for all measurable functions 1 : (0, )nL f b R  with 

values in I  and r  is defined by (3.11) . If   is non-

negative monotone convex on the interval I  R  and 

: I R  is that )()( xx   for all ,IntIx  then 

the following inequality  
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  5)

holds for all measurable functions 1 : (0, ) ,nL f b R  

such that ,)(1 ItfLn   for all fixed )(0,bt  where 1r  is 

defined (3.12) .  
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If  <<0 pq  or 0<< qp  , and   is a non-

negative (monotone) concave function, then (3.14)  and 

(3.15)  hold with the reversed order of integrals on its left-

hand side.  
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