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ABSTRACT: This paper is devoted for the investigation of accelerating flow of Oldroyd-B fluid at a plate under the
assumptions of no slip effects. The analytical solutions are traced out for velocity and shear stress profiles by employing
mathematical transforms (integral transforms) on the governing partial differential equations of integer order. The generalized
solutions have been transcribed into the product of convolution theorem of transforms, multiple integrals and elementary
functions. These solutions fulfill all implemented conditions (natural, boundary and initial conditions) as well. Particularized
solutions have been reduced form generalized solutions for Newtonian, Second Grade and Maxwell fluids as the limiting cases
of present analysis. At last, in order to bring few physical features from modeled problem, graphical illustration is under lined
for contrast between models, flow parameters, retardation and relaxation time, material parameters with appropriate
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rheology.

NOMENCLATURE

v Kinematic viscosity

Tl Viscosity of the fluid

p Density of the fluid

Q, Non zero constant

1) Fourier sine transform parameter

n Laplace transform parameter

t Time parameter

A Relaxation time

A, Retardation time

Uop Velocity field for Oldroyd-B fluid
Uy Velocity field for Maxwell fluid
Uy Velocity field for Newtonian fluid
Uge Velocity field for Second Grade fluid
Tog Shear stress for Oldroyd-B fluid
Ty Shear stress for Maxwell fluid

N Shear stress for Newtonian fluid
Tsq Shear stress for Second Grade fluid
H(t) Heaviside function

INTRODUCTION

The Navier-Stoke’s equation is an equation which governs on
the characteristics of Newtonian fluids but the description of
rheology for complex fluids (non-Newtonian fluids) has
become inadequate by Navier-Stoke’s equation. The complex
fluids lie in non-Newtonian fluids for instance, paints,
cosmetic products, exotic lubricants, polymer solutions, clay
coatings, colloidal and suspension solutions, certain oils and
several others. The non-Newtonian fluid flows have
significance because of scientific point of view in which
nonlinearity of fluid has practical significance in science,
engineering and industries. In order to detect the
characteristics of non-Newtonian fluid, many models have
been presented in literature such as integral type, rate type and
differential type. The second grade fluid lies in the category of
differential type known as simplest subclass model which
delineates the differences of normal stress, on contrary the
phenomena. Of thickening and thinning can not be predicted
by this model. In continuation, the complexities in different
constitutive equations are apparent like, Maxwell model that
describes the relaxation phenomenon of fluids and Oldroyd-B

model that demarcates the relaxation as well as retardation
phenomenon of viscoelastic fluids [1-4]. Sanela and et al.
investigated effects of two vertical oscillating plates for
unsteady second grade fluid [5]. Zhang and et al. have
analyzed the thermal convection for Oldroyd-B fluid for
stability of nonlinear and linear in heated porous medium
from bottom [6]. Kashif and et al. examined effects of no slip
condition for analytical solutions of Maxwell fluid in
unidirectional plate. He obtained analytical results for velocity
field and shear stress using mathematical transforms satisfying
all imposed conditions [7], same authors extended the results
for second grade fluid embedded in porous medium using
fractional derivative approach [8]. In brevity, we include here
few recent references as well [9-14]. However, our aim is to
analyze the investigation of accelerated flow of generalized
Oldroyd-B fluid on the plate under the assumptions of no slip
effects. The analytical solutions are traced out for velocity and
shear stress profiles by employing mathematical transforms
(integral transforms) on the governing partial differential
equations of integer order. The generalized solutions have
been transcribed into the product of convolution theorem of
transforms, multiple integrals and elementary functions. These
solutions fulfill all implemented condition (natural, boundary
and initial conditions) as well. Particularized solutions have
been reduced form generalized solutions for Maxwell, Second
Grade and Newtonian fluids as the limiting cases of present
analysis. At last, in order to bring few physical aspects from
modeled problem, graphical illustration is under lined for
contrast between models, flow parameters, retardation and
relaxation time, material parameters and other rheology. The
graphs are drawn using Mathcad package (15) with Sl units.

GOVERNING EQUATIONS
The Oldroyd-B fluid is characterized by the constitutive
relations [15-16],

T=S—1Ip, S2+5=|322+A]u, (1)
In order to investigate the governing equations, we suppose
velocity field of the type

V=Vl =uly )i, S=Sut), (2)
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If fluid is at rest at the moment ¢t = 0 then constraint of
incompressibility is consistently justified for this flow,

V=(0)=0, =0 =0, 3)
solving (1) and (2) reduces to
1 du(y,t) 10t(y,t
ap/ax_ uly,t) 10t t) _ ’ @
p Jat p Ot

For nonappearance of pressure gradient, Oldroyd-B fluid has
equations are

s (112) 7521 01.2) 0.0
(1+Aa)r(y,t)— ug}’t)< xai) 0. (6

Suppose an incompressible Oldroyd-B fluid lodging the space
overhead an accelerated plate vertical to the y-axis, to arise
with fluid is at rest and at the moment t = 0" the plate is
suddenly taken to the variable velocity in plane. Due to shear,
the fluid overhead the plate is gradually accelerated. The
appropriate problem under initial and boundary conditions are

6u(y. 0)
u(y,0) = =0, 7(»b0) =0, y>0 (7)
u(0,t) = Q, H(t)t“, a>0,t=>0. (8)
Further
Ju(y, t)
u(y,t), % -0 asy—-o and t>0, (9)

equation (9) is satisfied.

YA

Figure 1. Schematic Graph of u(0,t) = QuH (t)t°.

SOLUTION OF THE PROBLEM
Applying Fourier Sine transform on equation (5) and
considering equation (7) and (8), we obtain

d\ 9 a 2
(1+7\a) us/at+wp (1+/1 6) S:Q()vgo\[%

x [H()t* + 1,.6(t)t% + A.aH()t* 1], (10)
where, Fourier sine transform is defined as
us(§,0) = | V2w, 05inGe)dy, (11)
0
must justify equation (7) as
d ,0
us((p,0)=M=0, >0, (12)

at
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By applying the Laplace transform to equation (10), (7) and
(8), we find

Qoveal 2/m(1+2A1n)

= ) 13
U = 0 + (L + AveD) + ve?) (13)
equivalently
_ Q2/mal) 1
s = ® [na+1
1+ Aq
- | (14)
n%(An% + (1 + A,ve?)n + ve?)

Inverting (14) by means of the Fourier sine formula, we get

20 al f°° sin(y¢) [
u=
T o 1) na+1
1+ Aq ] d 15
ne(An* + (1 + 4, ve*)n + vep?) & (15)
or equivalently
_ 2Qpa! (*sin(ye)
u= T fO [ a+1l
1+ /177 ] (16)
EECE DDl
where
B (1 + Arpr) + <1 + Arv<p2)2 _ 4vg?
A - A A
MM = ,(17)

2
are the roots of the algebraic quadratic equation

e (2222 o

Finally, we apply the inverse Laplace transform to (16) using
the fact integration

f sin(y¢) d T
0

o =5 y>0.

We find velocity fjgl_d>in convolution form,

(18)

2aQy H(t) (*sin(yp) pat

TA(n; — 132) 0 P
* {(1 + Any)e™t — (1 + Any)e"} do,

u=QyH()t*—
(19)

or equivalently in integral form,

top = QuH(O)® 2aQy H(t) J j sin(yg)

Ay — 12)

(¢ —)* {1 + Anyemi—(1 + Mz)e’m} de dq.(20)
For perusing shear stress, we apply Laplace transform on
equation (6), we get

(1+Aa)‘ ( +A a>aa 21
at) *ot)d @1
precisely solving, we find that

_ aﬂ(1+7\rn> 27
T‘“ay 1+A/) 22)

Finding derivative partially equation (16) with respect to y,
ou 2Q,a! jw o) + An do, (23)
—_— = cos )
dy by O A =m0 -1

Employing equation (23) in equation (22), we have
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2Qypal 1+ A7

T=———7—| cos(yp) do, (24
A fo U Nt (24
More equivalently equation (24) can be expressed as

_ ZQoua!J‘ ) — { 1+2A,.1m;
T= e e— COS
A e e M =10 —n2)
1 + rﬂz }
- do, 25
M =1 —1n2) ¢ 25)

Applying inverse Laplace transform on equation (25), we get
shear stress
2uaQoH@) (©
t=—————2| cos(yp)t? 1« {(1+A,1n,)eMnt
A —1n2) Jo e rh
—(1+ A,mp)e" }do (26)

or equivalently in integral form,

2paQy H(t)

oo t
— _ a-1
Top = —HE S f f cos(ye) (t — q)

X {(L + Am1)e™m? — (1 + 4,m2)e™9)} do dg. (27).

LIMITING CASES
Maxwell Fluid
Substituting A, — 0 into equations (20) and (27)

Uy = Q()H(t)ta -

2aQ, H(t)f f sin(y¢)

mA(m —12)
- A +An)e™T — (1 + Mz)e’“q} de dq.(28)

2uaQyH(t)

R = f f cos(yg) (t — )*

X (eM1 — eMq) dp dq (29)

Second Grade Fluid
Employing the limit A — 0 into equations (20) and (27)

2aQ H(t) [ (tsi
use = QoH(e)ee — 2201 [ JM
X (t —q)* ' (eM? —e"%) do dq. (30)
2uaQoH() (=t _
tg = =20 [ [ Ccosrp) (6 -
0 0

x{(1+ A,n)e™9 — (1 + A,ny)e"9)} de dq . (31).

Newtonian Fluid
Employing A - 0 and 4, — 0 into equations (20) and (27) and
having following relations
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lim Jh = —ve?,
xlal:r—lm M2 ==,
i A = 12) = 1
the solutions are reduced
2aQ,H(®) [ (tsin
uy = UH(Ot* ——— © f f G9)
x (t— q)“‘le“"/’zq do dq (32)
2auQy Ht) (= (¢
S TG o o
T 0 Yo
X (t—q)*lev9dEdq. (33)

are achieved.

NUMERICAL RESULTS AND CONCLUDING
REMARKS

In this section, analytical results have been plotted using
various numerical values in order to bring some physical
aspects from accelerating plate. The analysis for investigation
of accelerated flow of generalized Oldroyd-B fluid on the
plate under the assumptions of no slip effects is sought out.
The analytical solutions are traced out for velocity and shear
stress profiles by employing mathematical transforms
(integral transforms) on the governing partial differential
equations of integer order. Finally the validations and
accuracy of the fluid flow is illustrated by making several
graphs using Madcad software (15). However the main results
and outcomes are generated below:

e Figure 2 depicts the increasing behavior of velocity
as well as shear stress profile when time is varying
and all remaining parameters are fixed.

e The relationship between relaxation and retardation
phenomenon is under lined in figures 3 and 4.
Dynamically oscillations of fluid flows have been
examined on both velocity field and shear stress.

e Figure 5 is plotted to shoe effects of viscosity of fluid
on plate, in which velocity field has sequestrating
behavior of fluid, on contrary shear stress tends to
scattering.

e The opposite rheology is observed from figures 6 and
7. This is due to increment of nonlinearity on the
fluid motion.

e By seeing figures 8 and 9, motion of Newtonian fluid
for the velocity field and corresponding to the shear
stress are faster than as compare to and contrast with
Oldroyd-B, Maxwell and Second Grade fluid.

e Seeing figures 8 and 9, amongst all mentioned fluids
such as Maxwell, Second Grade and Newtonian,
sometimes  Newtonian  fluid moves fastest.
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Figure 2: Profiles of the welocity field u(y.t) and the shear stress T(ME) for Oldroyd-B fluid from equations (20) and (27) for
N, =2, v=076 =241, A=2, }, =3 a=2 and different values of .
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Figure 3. Profiles of the wvelocity field uly, t) and the shear stress T(¥t) for Oldrovd-B fluid from equations (20) and (27). for
0, =2, v=076, u=241, 4, =3, t=55a=2 and different vahies of 4.
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Figure 4. Profiles of the velocity field w(¥.t) and the shear stress T(3.t) for Oldrovd-B fluid from equations ({20} and {27). for
N, =2, v=076, u=241, A=2,t=5s5, a=2 and different vahies of Ar.
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Figure 5. Profiles of the velocity field u(¥:t) and the shear stress T(V:t) for Oldroyd-B fhuid from equations (20 and (27), for

N, =2, p=2413,t=55 A=2,4 =3,a= 2 and different values of v_
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Figure 6. Profiles of the velocity field u(3t) and the shear stress T(t) for Oldrovd-B fluid from equations (20} and (27), for
N, =2,v=076, u=241, A= Z,AV =3,t=2 s and different values of @
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Figure 7. Profiles of the velocity field u(¥,t) and the shear stress T 1) for Oldroyd-B fluid from equations (20) and (27) for

N, =2, v=076, p =241 1= 2,4 = 3,a = 2 and different values of v.
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Figure 9. Profiles of the velocity fields u(y:t) and the shear stresses 7722 for Oldroyd-B, Maxwell, Second grade, Newtordan fluids from equations (20), (28) , (30),
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